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Abstract

This paper studies the concepts of fuzzy normed space and introduces
definitions to the convergence fuzzy normed space, fuzzy continuity. It also
proves some theorems in this subject.

Keywords: fuzzy Cauchy sequence, fuzzy convergent sequence, fuzzy
completeness in fuzzy normed space, fuzzy continuous function.

1. Introduction
Many mathematicians have studied fuzzy normed spaces from

several angles. The concept of fuzzy norm was introduced by Katsaras in
1984. This paper introduced some theorems related to this concept as fuzzy

convergence and fuzzy continuity.
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2. Preliminaries

Definition(2.1):[1] A binary operation *:[0,1]x[0,1]—[0,1] is a t-norm if *

is satisfies the following condition:

(1) *Is commutative and associative;
(1) a*1=a forallae[0,1];

(i) a*b=c*dwhenevera <candb=d foralla,b,c,d € [0,1].

Definition (2.2): [4] Let X be a non-empty set, * be a continuous t-norm on
I=[0, 1].A function N : X X (0,00) — [0, 1] is called a fuzzy norm

function on X if satisfies the following axioms for all x,y € X, t,s>> 0:
(i) N(x t)=o;
(ii) N(xt)=1le=x = 0;
(i) N (ax,t) = N (x, |?t|) ;

(iv) N(x,t)*N (y,s)=N(x+y,t+35);
(v) N(x,.): (0,00) — [0,1] is continuous;

(Vl) le t—00 N (x’ t] = 1.
(X, N,*) is said to be a fuzzy normed space
Lemma (2.3): Let N be a fuzzy norm. Then:

(1) N (x,.) is non-decreasing with respect to t for each x€ X.



(2) N (—x,t) = N (x,t)hence N (x —y,t) = N (y— x, t).

Proof: (1) Suppose N (x,.) is not non-decreasing, for some 00 << s < t,
N(x,t) <N(x,s) ..(1)

N(x,5)*N (0,t —s) =N (x,t)
N (x,5) * 1= N (x,t)by axiom(ii)=N (x,5) = N (x,t)
Contradiction with (1) therefore N (x,.) 1s non-decreasing.
(2)Itis direct from axiom (iii).
Definition (2.4): [2] Let (X, N, =) be a fuzzy normed space .Then:

(a) A sequence {x,, } in X is said to fuzzy converges to x in X if for each

€ (0,1) and each t =0, there exists n, €Z " such that

Nx,—xt)=1— ¢

For all n = n, (Or equivalently lim,,_,., N (x,, —x,t) = 1).
(b) A sequence {x,,} in X is said to be fuzzy Cauchy if for each

£ € (0,1)and each t > 0, there exists 11, €Z" such that

N (x,—x,,, t) = 1—¢for all n,m = n,.(or equivalently

lim N (x,, — x,,,t) =1).

T, mM—oo
(c) A fuzzy normed space in which every fuzzy Cauchy sequence is fuzzy
convergent is said to be complete. A complete fuzzy normed space is

called a fuzzy Banach space.

3. Main results



Theorem (3.1): Let {x,}, {v,} be a sequences in fuzzy normed space X and

for all a,€ (0, 1) there exist & € (0,1) suchthata * a = a,
(1) Every sequence in X has a unique fuzzy convergence.
(2Q)If x,,— x then c x,,—c x, c € F/{0}(F is field).
It x,—x,y,—y, thenx,+y, = x +y.

Proof: (1) Let {x,} be a sequence in X such that x,— x and x,— y and
x # y then there exist t,s > 0 such that lim,,_.., N (x,, —x,5) = 1,
lim, ., N(x, —yt—s)=1

N(x—y,t)=N(x, —x,8)*N(x,, —y,t—s)

Taking limit:

Nx—y,t)=1+*1=1ButN(x—y,t)=1= N (x —y,t) = 1. Then
by axiom (i) x —y=0=>x=y.

(2) Since x,;, —x then if for each £ € (0, 1)and each t==0, there exists

ng €Z " suchthat N (x, — x,t) > l—c foralln =n, putt = = such

el

that, t, >0, ¢€F/{0L

N(cx, —cxt;)) =N (xn—x,i)zN(xn—x,t]} l—¢.
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Then cx,, = cx.

(3) Since x,, —x then if for all £ € (0,1)and all t == 0, there exists



n,€ Z " such that N (x,, — x, E] > l—gforalln = ny sincey, —y
then if for all £ € (0,1)and all t=> 0, there exists n,€ Z * such that
N (y, — yé] > l—¢ foralln = n,.Take ny, = min {n,, n,}, forall
£1€ (0,1)such that (1—¢)* (1—<) =(1—¢) and all == 0, there exists

NgE Z  such that

N ((x,t .}’nj o [:X + :}’); tj =N (Ex‘]‘l o Ijl + (..}In o J’); t) =
t i
N (xn - X, E) *N E}Jn - ¥ E)

By taking limit as n — oo =

lim, ., N ((x, + 1) —(x+ y),t)=1x1=1
Then lim,_ N ([xﬂ + y,) — (x+ y), t) =1
Therefore x,+vy, = x + y.

Theorem (3.2): Let x,,— x,y,, —V, such that {x,,} and {y,,} two

sequences in X. a, f € F/ {0} then

a f(x,)+B g (v, — a f(x) + S g(y) whenever f and g are two
identity function.
Proof: Lett =0, for all € € (0, 1) there exists £, € (0, 1)such that

(1— &)*(1— &) =(1— ¢),since x,, = x,y, — y then for all

£,€ (0, 1)and t =0 there exist n, € Z ' such that



N (x, —x, s l] 1— g foralln = n,,forall e,€ (0, 1) and £ =0
there exists n,€Z * such that N (y,, — y, fﬁl}l — &, for all

n= n,,take ny,=min {n,, n,},

N ((a f(xn) 69 ) - (af(x) + B g(¥))t) =
N(a (F(xn) —f()) + B(gOn)—gO),t) =

N (F ()~ F )50 N () —g (), 5=

2|8l

N G, = %3N O = Yigiz)> (1= 2= (1 — &) > (1 — &) for

alln = n, therefore a f (x,,) +8 g (v,) = af (x) + B g(v).

Theorem (3.3): A fuzzy normed space (X, N, *) is complete fuzzy normed
space if every fuzzy Cauchy sequence {x,,} in X has fuzzy

convergent subsequence.

Proof: Let {x,,} be a fuzzy Cauchy sequence in X and {x,,,} be a

subsequence of {x,} such that x,,,,, —x.

Now to prove x,—x. For all £,€ (0, 1) there exist €€ (0, 1) such
that (1 — &4)* (1 — &4) =( — &). Since {x,,} 1s a fuzzy Cauchy
sequence then for all £ >0 and £,€ (0, 1) there exists n, € Z*such

that: N (x,, — xm,g):: 1— g4, foralln,m = n,.

Since {x,,,, } fuzzy converges to x, there exists im = n, such that



N (i =) > 1 &
N (% =2, 8) =N (X = Xign) + (i — 1)) =
N [xﬂ—xl-m,g)* N (X — x,g) >(1-e)*(1—-e)=(1-¢).

Therefore x,, —x, {x,,} is fuzzy converges to x.

Hence (X, N,*) is complete fuzzy normed space.

Definition (3.4): [2] Let (X, N,*) and (¥, N,*) be a fuzzy normed spaces. A
mapping f:X — Y is said to be fuzzy continuous at x, € X i1s for

every € € (0,1), t >0 there exist § € (0,1),s > 0 such thatx € X
N(x —xp,8) > 1—3&implies N (f(x) — f(xp),t) =1 — €.
Then f is continuous on X if it is fuzzy continuous at each point of X.

Theorem (3.5): Every identity fuzzy function is a fuzzy continuous function

in fuzzy normed space.

Proof: Forall £ € (0,1),t = 0 there exist & € (0,1),5s = t = 0 such that

e>d,x€EX'N(x,—x,8)>1-6

N () —f),0)=N{Fx, —x),t) =N, —x5)>1-6>1-=¢
therefore f is a fuzzy continuous at x € X, since x is arbitrary point in X

then f is a fuzzy continuous function.

Theorem (3.6): Let X be a fuzzy normed over F. Then the functions
XXX =X f(x,y) =x+yvandg:FXX ->X,g(4,x) = Ax
are fuzzy continuous functions.
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Proof: (1) Let € € (0, 1) then there exists £, € (0,1) such that
1-¢e)*(1—-¢g)=(1—9).
let x,y € X and {x,,}, {y,,} in X such that x, = xand y,— yas

n — oo, then for each £, € (0,1) and each 5 > 0 there exists
n, €Z%suchthat N (x, — x,gj >1—¢g,foralln =n, ,and for
each &; >0 and eachg > ( there exists n, € Z such that

N (}fﬂ — y,g) >1—e¢g,foralln =n, ,put n, = min{n,,n,}
N(f(n¥n) — (), 0) = N((x, + ) — (x+ ¥),1) =
N((x,—x)+(y,—v),t) =N (xﬂ — x,zi) * N (}fﬂ —yé) >
(1—e4)*(1—¢,) =1— eforalln = n,, therefore

(X Va) = f(x,¥) asn — oo, f is fuzzy continuous function at
(x,v) and (x,y)1s any point in X X X, hence f is fuzzy continuous
function.

(2)Letx € X,Ae Fand {x, }in X, { 4,,} in [F such that x,, »x and

t
2|ayl

A, > Aasn — oo, l.e.foreach € € (0, 1) and each > 0 there

exists n, € Z* such that N (x,, — x =

’zlﬁnlj >1—¢foralln =n,,

| A, —4 | 20 asn — oo,

N (g('q'ﬂ! x‘]‘l] -4 (‘;LJ X], t] = N (’q'nxn - .;LX, tj =
N ((Apxn — Apx) + (A,x — X A), 1)



= N (A =), * N (x (A — 2),0) =

t

N (x —x
n P21,

t t
) N @) = NG = %5

)1 >1—¢
foralln = n,,

g(i,,x,) = g(i,x)asn — oo,g is fuzzy continuous at (4, x) and

(A, x) is any point in F X X, hence g is fuzzy continuous.

Definition (3.7): [3] Let (X, N,*) and (Y, N,*) be vector spaces over the
same F. A function f: X — Y is called a linear if

flax+ By) = af(x) + Bf(y) forall x,y € X and @, 8 € F.

Theorem (3.8): Let (X, N,*), (Y, N,*) be fuzzy normed spaces and let
f + X — Y be a linear function. Then f is a fuzzy continuous either

at every point of X or at no point of X.

Proof: Let x;and x, be any two points of X and suppose f is fuzzy
continuous at x,.Then for each £ € (0,1), t = 0 there exist
6 € (0,1) such that x € X,
Nx—x,8)=1-30=2N(f(x)—f(xy)t) =1—¢

Now:
N(x—x5,,8)>1—6 = N ((x +x; —x)—x4,
s)=>1—-60 =2N({f(x+x; —x)—f(x)t)=1—¢

= N (f(x)+ fx) — flx2) — fix
t)=1—e= N(f(x) — f(x,),t) > 1—¢, fis afuzzy
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continuous at x,, since X, is arbitrary point. Hence f is a fuzzy

continuous.

Corollary (3.9): Let X, ¥ be fuzzy normed spaces andlet f : X = ¥ be a
linear function. If f is a fuzzy continuous at 0 then it is fuzzy

continuous at every point.

Proof: Let {x,} be a sequence in X such that there exist x, , and x,, = x,,

since f is continuous at 0 then:

Forall £ € (0,1),t = 0 there exist § € (0,1),5s = 0:(x,, —x) € X,

N ((x, — %5)—0,8) >1—8 = N (f(x, — %) -f(0), ©) >1—¢,
N (X, — %,8) >1—8= N(f(x,— x,)-f(0),0) >1—¢
N (X, — %,8) >1—8= N(f(x,)—f(%)-f(0),t) >1—¢
N (X, — X%,8) >1—8= N(f(x,)—f(%),0) >1—¢

X, = X, = f(x,) — f(x,) therefore f is fuzzy continuous at x,

since X, is arbitrary point then f i1s fuzzy continuous.

Theorem (3.10): Let (X, N,*), (Y, N,*) be a fuzzy normed spaces then the
function f : X — Y is fuzzy continuous in x, € X if and only if
for all a sequence { x,,} is convergent to x, in X then the

sequence {f( x,)} is convergent to f( xy) in V.

Proof: suppose the function f is fuzzy continuous in x, and let {x,,} isa

sequence in X such that x,, = x,.Lete € (0,1),t = 0, since f is
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fuzzy continuous in x, =>there exist § € (0,1),s > 0, such that

forallx EXN(x— xp,8) >1—- 6=

N{fx)—f(xp),0)>1—¢
Since x,, = X, 6 € (0,1),s >0 = K € Z such that

N (x, — x4,8) =1 — § foralln > K hence

N (f(x,) — f(xp),t) = 1— & forall n = K therefore f(x,,) = f( xy).

Conversely suppose the condition in the theorem is true.

Suppose f is not fuzzy continuous at x,.

There exist £ € (0,1),t = 0 such that for all § € (0,1),s > 0 there

existx EXand N (x —x5,8) >1— & =

N (f(x) — f(xp) t) = 1 — g =foralln € Z" there exist x,, € X
such that
N (6 — %.8) > 1== N(f(x,) = f(%0), £) < 1—¢ that is

mean x,, = X,in X, but f(x,) = f(x,) inY this contradiction

thus f is fuzzy continuous at x,.

Theorem (3.11): Let (X, N,,*) (¥, N,,*) be tow fuzzy normed spaces. If the
functions f X =Y, g: X — Y are two fuzzy continuous

functions and with a * @ = a for all a € [0,1] then

f +g,Kf where K € F/{0}, are also fuzzy continuous functions

over the same filed F.
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Proof :( 1) Let {x,,} be a sequence in X such that x,, — x .Thus forall t > 0,

there exists > 0 3 lim,_ N,(x,—x,5)=1..(1)
Since f, g are fuzzy continuous at x then (1) implies
lim,,_, N (f(x,) = f(x),2) = 1
lim,, .. N, (g(x,) — g(xj,zij —1 forall £ > 0.
N, (f (xn) + g () — f(x) — g(x), 1)
2 N, (F () = £, 5) * Ny (g Gxa) — g (3),)
Taking limit: lim,,_ ., N, ((f + g)(x,) — (f + g)(x),t) =

lim,, o Ny (f () = £ (30),2) * limy o Np (g (%) = 9(0),) = 1= 1=1
= lim, .., N, ((f + 9)(x,) — (F + 9) (), ) = 1

then f + g is fuzzy continuous function.

(2) Let {x, } be a sequence in X such that x,, — x .Thus for all £ > 0, there
exists >0 3 lim,_ N,(x, —x,5) = 1 implies

lim,_.. N,(f(x,) — f(x),t) = 1 take 0 < t, = t|k|

N, ((k 1)) — (kO (X), 1) = N (k(f () — F(0), 1) =
N, (f (xn) — F (2, 0)

Taking limit:
lim,,_, oo No ((k ) () — (R0, 1) =1
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Then kf i1s a fuzzy continuous function.
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