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The charge density distributions (CDD), charge form factors, 

occupation numbers of states, and root mean square charge (rmsch) 

radii, have been calculated for several 1f-2p shell-model nuclei, 

such as 48Ti, 50Ti, 50Cr, 52Cr, 58Ni, and 60Ni nuclei using the wave 

functions for a single particle in a harmonic oscillator (HO) 

potential. The size parameter b of the HO potential is considered as 

a free parameter chosen to reproduce the rmsch radii. The nuclear 

real states occupation numbers have been assumed to differ from 

the simple shell model predictions. Introducing extra parameters 

such as 1  and 2  to characterize the disparity between the 

occupation numbers of real states and those anticipated by the 

simple shell model, leads to achieving a high level of agreement 

between the calculations and experimental data. Obtained results 

lead to the conclusion that the proposed parameters 1  and 2 , 

bring the calculated CDD and form factors closer to the 

experimental data along with all values of radius r and momentum 

transfer q, respectively. 
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1. Introduction  

     Electron scattering from nuclei [1-3] has shown to be one of the most efficient methods for 

researching the nuclear structure. This method has been recognized as an efficient way to obtain 

crucial information regarding the size of the nucleus and the spatial distributions of its charge, 

current, and magnetization [4]. The cross-section of the target nucleus, as measured, can 

directly correspond to the matrix elements of these quantities and the structure of the target 

nucleus [5]. The measurements of electron scattering can be performed without affecting the 

structure of the target because the interaction is weak and well-known [6]. This concept is in 

contrast to the case of using nucleon scattering from nuclei, where the mechanism of the 

interaction cannot be separated from the structural effects of the target. The information 

magnitude deduced by the electron scattering measurements depends on the de Broglie 

wavelength of the incident electron. This wavelength is associated with the incident electron 

energy. Electron energy must be equal to or more than 100 MeV to bring the de Broglie 

wavelength within the spatial dimensions of the target nucleus [7] and thus compiling accurate 

information about the nuclear structure of the investigated nucleus. The nuclear size is 

associated with the nuclear form factor, which relies on the distribution of current, charge, and 

magnetization within the target nucleus. The form factor of the nucleus is embedded within the 

measured cross-section and can be experimentally determined by considering the momentum 

transfer q if the scattered angle and the energies of the incident and scattered electrons are 

known. Gul'karov et al. [8] have proposed a simple method of calculation of the CDD for the 

nuclei in sp and sd shell. The HO wave functions beside the fractional filling numbers of states 

were used to calculate the CDD of 12C, 16O, 18O, 24Mg, 28Si, 32, 34S, and 40,48Ca nuclei. The 

additional parameter  , was included in calculations and a good agreement was achieved 

between the CDD and model-independent results along all values of r. This method has been 

adopted by several studies to investigate the nuclear ground-state properties such as the 

occupation numbers, root mean square (rms) radii, CDD, and related form factors for 1p-shell 

nuclei [9], 1d-2s shell nuclei [10-12], and 1f-2p shell nuclei [13,14]. The present work is 

devoted to investigating the rms charge radii, occupation numbers of states, CDD, and elastic 

form factors for 48,50Ti, 50,52Cr, and 58,60Ni nuclei using the Gul'karov method [8] that has been 

extended to include 1f-2p shell. 
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2. Theory 

     In the context of the harmonic oscillator (HO) wave functions, it is possible to determine 

the CDD by [8, 15]: 

( ) ( ) ( )
21
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ch nl
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r j R r
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= +                                                                                              (1) 

where (r)nlR  is the radial part of the HO wave function, which is given by [16]: 
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According to the simple shell model predictions, protons are distributed within the 1f-2p shell 

in the following manner: there exists an inert core comprising fully occupied 1s, 1p, 1d, and 2s 

orbits, while (Z-20) protons occupy the 1f orbit. So, from the equations (1) and (2), one can 

get: 
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where b is the HO size parameter. 

     The mean square charge radii (MSR) is given by [17, 18]: 
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and the normalization of the CDD is given by [19]: 
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From the equations (3) and (4), one can get the MSR of the considered 1f-2p shell nuclei as: 
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     Due the insufficient agreement between the calculated CDD using the basic shell model 

outlined in equation (3) and data from experiments, an alternative method for calculating CDD 

is suggested. In real nuclear states, this alternative assumes that the 1s, 1p, and 1d core orbits 

are filled by 2, 6, and 10 protons, respectively, while the remaining protons are distributed over 
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2s, 1f and 2p orbits with 1(2 )− , 2(Z 20 )− −  and 1 2( ) +  protons, respectively. Hence, 

the CDD for 1f-2p shell is represented by: 
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where the parameter   that equals to 1 2( ) + , represents the difference between the 

occupation numbers in real nuclei and the simple shell model predictions. From equations (4) 

and (7), the MSR becomes: 
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The central CDD at r= 0 is given according to equation (7) by: 
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where the parameter 1  can be obtained from equation (9), after slight rearrangement, as: 
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where the values of (0)ch  are known and can be taken from experiments and b are chosen to 

reproduce the experimental rmsch. The 2  represents a free parameter that is chosen to get the 

accordance between the calculated and experimental CDD. If 1 2 0  = = = , the obtained 

results of equations (7) and (8) are equal to the obtained results of equations (3) and (6), 

respectively. 

     In plane-wave Born approximation (PWBA) [20], the elastic electron scattering form factors 

from spin-zero nuclei can be determined using the Fourier transform of the CDD, and vice 

versa [21, 22]. Thus: 
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Here, 0( ) sin ( )j qr qr qr= represents the zeroth-order spherical Bessel function. Therefore, 

equation (11) can be expressed as: 
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To acquire the form factors for 1f-2p shell nuclei, equation (7) for the CDD can be incorporated 

into equation (12) as: 
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Here, ( )cmF q  denotes the correction for the center of mass, while ( )fsF q  representing the 

correction for the finite size of nucleons. The both corrections are given by [23]: 

2 2 4( ) eq b A
cmF q =                                                                                                                  (14) 

20.43 4( ) e q
fsF q −=                                                                                                                  (15) 

where the nucleus mass number is denoted by A. 

 

3. Results and discussion  

The size parameter values for the considered nuclei are chosen to reproduce the experimental 

rmsch radii using equation (8). The values of 1  used in equation (8) are calculated using 

equation (10), where the central CDD ( 0)ch r =  are obtained from experimental data cited in 

Ref. [17]. The rmsch radii are calculated with and without 1  values using equations (8) and 

(6), respectively. The 2  values are considered as free parameters chosen to reproduce the 

experimental results of the CDD. The calculated values are presented in Table-1 alongside the 

experimental values. The calculated values of rmsch radii with 1 0   are very close to the 

experimental values compared to those calculated with 1 0 = . Incorporating 1  parameters 

into the calculations results in a high favorable alignment between the calculated rmsch radii 

and experimental measurements, consequently leading to the selection of realistic and effective 

size parameter b values for the studied nuclei.  The present work considered the studied nuclei 

consisting of a filled core of 1s, 1p, and 1d orbits with 2, 6, and 10 protons, respectively. Other 

orbits such as 2s, 1f, and 2p are considered to be occupied by 1(2 )− , 2(Z 20 )− −  and 
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1 2( )  = + , respectively. Table-2 contains all calculated proton occupation numbers of the 

orbits outside the filled core for each isotope. 

Table 1: Calculated size parameters b, rmsch radii, 1  and 2  for 1f-2p shell nuclei, 

alongside experimental values for rmsch radii and central CDD at r=0. 

Nucleus Z b (fm) 

1 2
2

.calc
r  

(fm) 

Eq.(6) 

1( 0) =       

 
1 2

2

.calc
r  

(fm) 

Eq.(8) 

1( 0)    

1 2
2

exp .
r  

(fm) [17] 

exp.(0)  

(fm-3) 

[17] 

1  2  

48Ti 22 2.02 3.577 3.601 3.597 0.0787958 0.921 0.174 

50Ti 22 2.00 3.542 3.564 3.572 0.0827655 0.874 0.324 

50Cr 24 2.02 3.642 3.664 3.662 0.0777930 0.952 0.188 

52Cr 24 2.01 3.624 3.645 3.643 0.0794942 0.936 0.279 

58Ni 28 2.03 3.759 3.775 3.769 0.0806858 0.825 0.001 

60Ni 28 2.04 3.777 3.793 3.797 0.0800473 0.808 0.087 

 

Table 2: Calculated proton occupation numbers of the states outside the core. 

Nucleus 

Occupation Numbers of 

2s orbit 

1(2 )−  

Occupation Numbers of 

1f orbit 

2(Z 20 )− −  

Occupation Numbers of 

2p orbit 

1 2( )  = +  
48Ti 1.079 1.826 1.095 

50Ti 1.126 1.676 1.198 

50Cr 1.048 3.812 1.140 

52Cr 1.064 3.721 1.215 

58Ni 1.175 7.999 0.826 

60Ni 1.192 7.913 0.895 

 

 The calculated CDD according to equations (7) and (3) with and without the inclusion of 1  

and 2  parameters, respectively, are presented in Figures 1(a)-1(f) and compared with the 

fitted to the experimental data of Model-Independent (MI) [17]. The obtained results are 

displayed using dashed curves for 1 2 0  = = =  and solid curves for 1 2 0     , while 

filled circles represent the experimental data of MI. The radius r is considered up to 10 fm to 

display the theoretical results over a wide range. Evidently, the dashed curves demonstrate a 

significant lack of agreement with the experimental data, particularly at r 2.75 fm. The 
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incorporation of 1  and 2  parameters in the calculated CDD, indicated by the solid curves, 

achieving high level of concordance with the experimental data. Thus, considering the 

parameters 1  and 2 , leads to an improvement in the CDD calculations and makes them more 

accurate compared to simple shell model calculations that neglect the effects of these 

parameters. Consequently, the higher orbits occupation numbers have the effects of reducing 

the CDD at the central regions, where charges are redistributed from these regions to the surface 

and the tail regions. Thus, the calculated rmsch radii with 1  parameters are slightly larger than 

those calculated without these parameters or, in other words, without accounting for the effects 

of the higher orbits, as shown explicitly in Table-1. For the nuclei 48Ti, 50Ti, 50Cr and 52Cr, 

there are slight deviations between the solid curves and experimental data in the central regions, 

ranging from r 0.5 fm to r 2.5 fm, where the calculations overestimate the data. These 

deviations may be overcome by considering additional orbits such as 1g or 2d or 3s to achieve 

exact agreement between the calculation and experimental results. Nevertheless, these 

deviations do not significantly affect the significant agreement obtained across most of the 

radius r.  Electron scattering experiments enable a direct correlation between the scattering 

cross sections and the current, charge, and magnetization densities, offering valuable insights 

into the nuclear structures [23]. The CDD and their associated form factors provide a thorough 

comprehension of the spatial distribution of nuclear charge, and both quantities contain 

equivalent data amount. By employing the Fourier transform of the CDD, the elastic charge 

form factors can reveal the internal structure of the nuclei [24]. The calculated elastic charge 

form factors, with 1  and 2  parameters, are presented in Figures 2(a)-2(f) as a function of 

momentum transfer q. The calculations are represented by solid lines, while the experimental 

data of MI [17] are denoted by filled circles. There are very good agreements between the 

calculations and experimental data for momentum transfer values up to q  1.90 fm-1, q 

1.80 fm-1, q  1.9 fm-1, q  1.80 fm-1, q  2.55 fm-1, and q  2.50 fm-1 for 48Ti, 50Ti, 50Cr, 

52Cr, 58Ni, and 60Ni, respectively. The calculated results describe the positions of the first 

diffraction minima accurately for all nuclei, as well as the second diffraction minima for 58Ni 

and 60Ni nuclei. However, for higher values of q, deviations between the calculations and 

experimental results become noticeable.     
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Figure 1: The CDD for 48,50Ti, 50,52Cr, and 58,60Ni nuclei. The dashed curves, solid curves, 

and filled circles are the calculations with 1 2 0  = = = , the calculations with 

1 2 0      , and the experimental data of MI [17], respectively. 
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Figure 2: The elastic charge form factors for 48,50Ti, 50,52Cr, and 58,60Ni nuclei. The solid 

curves, and filled circles represent the calculations with 1 2 0     , and the 

experimental data of MI [17], respectively. 
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4. Conclusions  

In accordance with predictions of the simple shell model, the obtained results lead us to 

conclude that the calculated rmsch radii, CDD, and the associated form factors for the nuclei 

48,50Ti, 50,52Cr, and 58,60Ni, exhibit notable deviations from the experimental data. Subsequently, 

the calculations have been adjusted through the introduction of supplementary parameters, 

denoted as 1  and 2 , which are designated to account for the occupation numbers associated 

with the 2p orbit in real nuclei. This strategic adjustment results in an impressive degree of 

concordance with the experimental rmsch radii and concurrently leads to a reduction of the 

calculated CDD within central regions. The results show significant agreement with the 

experimental data in these specific regions, as well as across all values of r. Elastic electron 

scattering form factors have been calculated using 1  and 2  parameters, and the obtained 

results exhibit a commendable alignment with the experimental data. 
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 1f-2pتفسير أنموذج القشرة الواقعي للتركيب النووي لبعض نظائر القشرة 

 *، علي احمد عبدالحسن احسان مشعان رحيم

 هيئة الطاقة الذرية العراقية، بغداد، العراق 

 

 المستخلص 

النووية   الحالات  انشغال  اعداد  المرنة،  الالكترونية  للاستطارة  التشكل  عوامل  النووية،  الشحنة  كثافة  توزيعات  دراسة  تم 

  Ni60و   Ti48  ،Ti50  ،Cr50  ،Cr52  ،Ni58مثل النوى    2p-1fوانصاف اقطار الشحنة لبعض نوى انموذج القشرة النووية  

الدوال الموجية   التوافقي. تم اعتبار متغير الحجم  باستخدام  لجهد   bللجسيمة المنفردة التي حُسبت باستخدام جهد المتذبذب 

المتذبذب التوافقي كمتغير حر تم اختياره لإعادة انتاج انصاف اقطار الشحنة بحيث تتوافق مع النتائج التجريبية. تم افتراض  

البسيط. تم افتراض معاملات إضافية يرمز لها النووية تختلف عن توقعات انموذج القشرة    الواقعية  ان اعداد انشغال الحالات

النووية عن تلك التي تنبأ بها انموذج القشرة الواقعية وذلك لوصف الاختلاف بين اعداد انشغال الحالات  2و 1 بالرموز

البسيط. ان تلك المعاملات المقترحة أدت الى جعل نتائج توزيعات كثافة الشحنة النووية وعوامل التشكل المحسوبة أقرب الى  

 على التوالي.  qوالزخم المنتقل  rعبر جميع قيم نصف القطر النتائج العملية 
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