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Abstract
I The paper aims to define a new iterative method called the three-step type in which Jungck

resolvent CR-iteration and resolvent Jungck SP-iteration are discussed and study rate convergence
and strong convergence in Banach space to reach the fixed point which is differentially solved of
nonlinear equations. The studies also expanded around it to find the best solution for nonlinear
operator equations in addition to the varying inequalities in Hilbert spaces and Banach spaces, as
well as the use of these iterative methods to approximate the difference between algorithms and
their images, where we examined the necessary conditions that guarantee the unity and existence
of the solid point. Finally, the results show that resolvent CR-iteration is faster than resolvent
Jungck SP-iteration using Jungck resolvent estimation.

Keywords: Jungck mapping, Rate of convergence, Jungck CR - iteration, Rsolvent Jungck SP
— iteration.

1.Introduction and Preliminary
In the last three decades, a lot of literature has been published on the iterative approximation of

fixed —points for certain classes of operators, using the methods of the Mann and Ishikawa
algorithm. Fixed—point theorems were developed for single-valued or definite-value assignments
of metric spaces and Banach. Among the topics of fixed—point theorem, the topic of fixed—point
approximations for assignments is important because it is useful for proving the existence of
fixed—point assignments. However, once one knows that there is a fixed— point for some map,
then finding the value of that fixed point is not an easy task, which is the reason of why we use
iterative operations to calculate it. Over time, many iterative processes have been developed. These

380

@. EY This work is licensed under a Creative Commons Attribution 4.0 International License




IHJPAS. 36(1)2023

iterative processes have been used, to solve various types of differential equations in recent years.
The well-known Bannack deflationary theorem uses the process of Picard's algorithm to
approximate the fixed— point [1]. Some other well-known iterative processes are Agarwal [2],
Noor [3], SP [4], Piccard S [5], and so on. Recently, Qing and Qhou [6] extended their results to a
random period and the Ishikawa algorithm. They gave some control conditions for the convergence
of the Ishikawa algorithm over a random period. In 2006, [7] presented that Mann's algorithm
converges faster than Ishikawa's algorithm. Subsequently, many studies were conducted on this
subject see [8, 9, 10].

This paper aims to propose new iterative schemes for a fixed point and proves the convergence
and speediness using resolvent ZA-Jungck mapping

Now, let D be a nonempty subset closed -convex of a Banach space N ,we recall the following:
Definition 1.1 [11]: Let {v,, };—, be a bounded sequence in N for all v € Nand

r(v,(v,)) = é%sup || Uy v” Then

1. the asymptotic radius of (v,,) relative to D is given by:
r(D,(v,) ) = inf {r(v, (v,)) : veD}
2. The asymptotic center A(D, (v,)) of (v,) is defined as:
A (D, (up)) ={v € D:r(v,(vy) =r(D,(vp))}.
Definition 1.2 [12]: Let (y, ), (0,,) be areal sequence such that (y,, ) converges to y,

(0,,) Converges to 0. And E = lim [yn—yI

n—oo |op—ol|
1.IfE = 0 » the sequence (y,, ) is converge to y Faster then (0,,) converge to o
2.if 0 <KE<w » (Y, )and(0,) have the same rate of convergence.
Lemma 1.3 [13]: Let B be a uniformly convex - space and (u,,) be any sequence such that
0<q<u, <1 Forsomeq € Randv n > 1. Let (v,) and ([,,) be any two sequences of B such
that Ai_r)gosupllvnll <c, Ai_r)rgosuplllnll <cand c = 1’111_1;1010 sup|lu,v, + (1 — u,)L,|| for some ¢ >

0.
Then ?{Hgllvn - Ll =0.
2.Main Results
In this part, we will present a new iteration and study the existence of fixed points and the
convergence of these iterations
Definition 2.1: A resolvent Jungck CR — iteration
Sepyq = Jrn(( 1- an)TS"""rn + ap tj'rnTTWn) ’
Sw, =(1- ¢c,)J, TSz, + ¢, TTzZ,,
Sz, = (1= by)Jd,uTSen + byd,n Ten, where z, € C, S, T commute mappings are
onC and (ap),(b,) and (c,) are sequences in [0,1]
Definition 2.2: A resolvent Jungck SP — iteration
Sunir = (1= a)JmnTSxn + an Txy,
Sxn = Jprn((1= c)Svy + ¢ Twy),
Sv, = (1— by)Su, + byJ,m Tu,, where u, € C,(ay), (b,) and (c,) are sequences in [0,1]
Definition 2.3 [14]: A self-mapping, T:D — D is called a resolvent Z.A-Jungck mapping if
ITn - Thil < e(aqllSn - Shll + a,lISn - Jymhll)
”Sn - Jrnnll + ”tjmh - Sh”
2

ITh —Jmhll}

+ min {lIJmn —Tn||,

vn,he€(Cayaye€ [0,1land a; + a, <1

Now, we give new results.

Lemma 2.4: Let(N, || .|| ) be a Banach - space, and T be a resolvent Z.A-jungck self-maping on
D with b € [0,1).Suppose that (SU,,) be a resolvent Jungck SP — iteration scheme in D. There
existsp € F(s) NF (T) N A™*(0) # @, then Illi_l;glo||.S".u:1,1 - 1| exists, forall n € N.
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Proof: Since # be a fixed point of § ,T and A~*(0) . Then the following inequalities hold
”Sun—i-l - p” = ”( 1- an)tjstxn + a, Tx, — p”

< ( 1- an)”cr]fr“nTsxn - p” + an ” Txn - p”

< ( 1- (ln)”Tan _p” +ay ” Txn - p”
(1— a)bP(ayllSSxy - SPI| + @, lISSxg - Jympll) + minf{  [17,nSxa -

S$Sxn—JrnSxn PP —S
TSy ||, B0 denSenlt e =52l oy, — g, 1}

2
+and(a, [|Sxy - Spll + a,1Sxy - Jpnpll)

. 1Sxn = JrnXnll + lJ5-np = Sp|
+ mln{llc‘]mxn— Ty |l, ————— 5 = ANTp = drnpll

= (1 - an)blpllsxn - p” + anb'\b(llsxn _p”)

< ( 1- (ln)b”S.?Cn - p” + anbllsxn _P”

<((1- an) + ayb)lISx, -Pl|

< blISxy - pll. (2.1)

IA

[1Sx, — Pll = |Jpn[(1 — c)SVy + ¢, Tvy,] — pll
= ”( 1- Cn)Svn + Cn Tvn _p”
=< (1 - Cn)”SUn - ’t” + Cn” Tvn _p”
< ( 1- Cn)”SUn - p” + Cnblp(a’lllsvn _Sp” + a’zllsvn _Jmp”)
”Svn - van” + ”Jmp - Sp”
5 ,IITP—JMPII}
= ( 1- Cn)”SVn - p” + Cnblp(a’lllsvn _p” + a’zllsvn _p”)
< ( 1- Cn)”SUn - p” + Cnblp(llsvn _p”)
< (1 - Cn)”SUn - p” + Cnb”SUn _p”
= (( 1- Cn) + Cnb)”SVn _p” (22)

+ min{ ||(7mvn_Tvn||;

”Svn - p” = ”( 1- bn)Sun + anrn Tuﬂ - p”

< (1= by)lISu, = pll + bulITu, — pll

< (1= by)lISu, =PIl + by, [ITu, — P||

< (1= b)lISu, = pll + byby(a,|[Su - Spll + a,lSu, = Jrapll)

. ISw,, — Jpnttnll + |Tmp — SpII
+ mln{ Tyt — Tty , ————— 5 ar NTp = Jpnpll

= (1= by)llSu,, = Pl + bybyp(a4llSu, - Pll + a,l|Su, - Pll)
< (1- bylISu, —pll + b,dyY(lISu, -pll)
< (1- by)lISu, — £l + b,bllSu, - pl|

= ((1= by) + bypb) lISuy -pll (2.3)
We substitute (2.3) in (2.2) as follows
IS — pll = ((1 = ¢p) +¢x0)((1 = by) + byb)) ISy -l (24)

We substitute (2.4) in (2.1) as follows
ISttnss = pll < B(L = cn(1—B)(1 = bu(1—B)) lISuy, -l
< (1= ca(1—5) [ISuy -l
ISun+s = pll < lISuy -pll
ISun+s —pll < ISup -pll < -+ oo oo < ISuo -pll.
So, {||Su, - pll} is decreasing and bounded, for each p € f(S) N f(T) N A~1(0), this implies that
Illi_l;glollSun - p|| exists.
Theorem 2.2: Let(N, || . || ) be a Banach-space, and T be a resolvent Z.A-jungck self-mapping
on. If (Su,,) is resolvent Jungck SP — iteration scheme. Then the resolvent Jungck SP
— iteration scheme converge-strongly to a unique common fixed- point of S, T and A~1(0)
Proof: Let P € F(S)NF(T) N A~1(0) . By Lemma. (2.1), we have
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”Sun—i-l - p” < (1 - Cn(l - b) ”Sun _p”

ISup+1 - pll < TT7-0(1 — ¢;(1 =) [ISuo - pli (2.5)
ISty ~pll < ™D &||Suq - p|

Since c; € [0,1] andb € [0,1] and }.72oc; =

Then e (1™MZ}=0% 5 0 asn — oo
from (2.5), lim ||Sw, -p|| = 0 . Therefore, (Se, ) converges strongly to #
Inn —co

Now, we prove that the unique common fixed point of S, T and A~1(0). Let there exist another
point p* € Csuch that Tp* = J,.,p" = Sp™ = p”
0<llp—pll=ITp—-Tpll
< by(a,lISp -Sp*ll + a,lISp - Jrn 7 I) +
: ISp = Jpn DIl + |y ™ = S|
min {IIJmp —7pll, —
< b(a4lISp-Sp°ll + a.lISp = Jn P71
< bliSp-Sp°ll
p=p°
Theorem 2.3: Let V' be a uniformly convex Banach-space, D be a nonempty convex-closed subset
of N and T be a resolvent Z.A-jungck self-mapping on D. If (Su,) the resolvent Jungck SP
—iteration scheme inD then F(S)NF(T)NA1(0)# ¢ if and only if lim||Tu, —
n—oo
JrnStnsell = 0.
Proof: Since F(S)NF(G)NA(0)#0=3IpeFS)NF(T)NA(0)=p=F() =

f(©) = A74(0).
By Lemma (2.1) We have , lim||Su, —p|| =&
n—oo

ANTP™ = Jpn D*II}

We get, lim Supll(?rnsun+1 - p” <6 (26)
n—oo
Now, To prove that lim sup||Tu, —p|l <36
n—oco
lim sup|[Tun = pll < lim sup (s St - Pl + @5 ISty - TrmplD)

: ISu = Jpnunll + lJnp — Spll
+ min {”tjmun — Tuyll, = 5 = ANTp = Jrnpll
= lim supbi (a4 [|Su, - Spll + a,lISun - Jrapll)
< lim sup||Su, - Spl|.
n—oco
=6
We get, lim sup||Tu, —p|l < & (2.7)
n—oo

Now by Lemma (2.1) we have
6= Illi_l;lt;losup ISup+, —pll = Illi_r)gsup”( 1= ap)JrnTSxn + ay Tx, — pll

< Illi_r)gosup [( 1- an)llJstxn - p” +an ” Txn - p”]
= rlli_{gsup [( 1- an)”TS-xn - p” +an ” Txn - p”]
< limsup [(1 = an)b¥(a4[ISSxn = Spll + alISSxn = Jrmpl) +

. ISSxn — JrnSxnll + |Tnp — SpI|
min {IIJmen — TSxyll, - “2 — NTp = Jrnpll
+ anbw(”chIIan -Spll II+ aﬁIIan -Jmﬁ'll)
. ) Sxn — JrnXnll + | Tpnp — Sp )
+min {”men — Tx|, —————= 5 — ANTp = Jrapll

< Illi_r)gosup [( 1- an)blpllsxn - p” + anb'\b(llsxn _p”)]
< limsup [(1 = an)blISx, = pll + @nbl[Sxy - pll]
= Illi_l;lt;losup [(( 1- an) + anb)llsxn _p”]
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< lim supb||Sx, -p]|| . (2.8)
n—oo

[1Sx, — Pll = |Jpn[(1 — c)SVy + ¢, Tvy,] — pll
= ”( 1- Cn)Svn + Cn Tvn _p”
=< (1 - Cn)”SUn - ’t” + Cn” Tvn _p”
= ( 1- Cn)”SUn - p” + Cnbl.b(alllsvn _Sp” + a'zllsvn _Jrnpll)
”Svn - tjmvn” + ”tjfr'np - Sp”
2
= ( 1- Cn)”SVn - p” + Cnblp(a’lllsvn _p” + a’zllsvn _p”)
=< ( 1- Cn)”SUn - p” + Cnblp(llsvn _p”)
=< (1 - Cn)”SUn - p” + Cnb”SUn _p”
= (( 1- Cn) + Cnb)llsvn _p” (2.9)
”Svn - p” = ”( 1- bn)Sun + anrn Tuﬂ - p”
< (1= bp)lISun = pll + byl Tuy — pl|
< (1= b)lISup = Pll + by [ITuy, — PI|
< (1= bp)lISu, = pll + bpbyp(a,lISu - Spll + a; lISup = Jrnpll)
N min{ Uit — T | ’IISun Jmun||2+ Ty SPII'”TP —Jmpll}
= (1= by)lISun — Pll + bpbyp(a, ISy - Pl + a,llSuy - PII)
< (1= bp)lISun = pll + bpby(|ISun - pll)
< (1= b)lSun — £l + bypbllSu, - pll

+ min ||Jrnvn - Tvn”; ’ ”Tp - ({]fr'np”}

= ((1= by) + byb) lISuy, -pll (2.10)
We substitute (2.10) in (2.9) as follows:
IS — pll < ((1 = ¢p) +¢x0)((1 = by) + byb)) ISy -l (2.11)

We substitute (2.11) in (2.8) as follows:
ISttnss = pll < limsupb(1 = cu(1—B)(L = by(1 = B)) ISy - pl

< limsup(1 = cq(1 = b) lISuy -pll.
lim supl|Sep,; — £|| < lim sup||Se,, ~£]|=& (2.12)
By (2.6), (2.7), (2.12) and use Lemma (1.3) we get
rlli_)ngollTen = JrnSenall = 0
Now, to prove that f(T) =@
Letp € A(D,(JrnSun+1)) = r(D,{(Sup)) = r(Tp,(JrnSun+1))
Now, 1(Tp,(JynSuni1) ) = Umsup ||JpnStinsa= To| < limsup[||JrnStnsa- TOn || +
||Tun— Tp ||]

< limsup[ by (a4 [ISun — pll + a2 |ISu, = pll)

. ISun — Jrntull + | Jrnp — Spll
+ mln{llc‘]mun =Ty, —————5——— TP = Tyl
= lim sup bip(a4ISun = pll + a2[ISyn — pll)]
= ?{L?gsup”sun —pll =r(p,(Suy)) =r(D,(Suy,))
r(D,(Sup)) = r(Tp,{(JrnSuns+1) )

Tp € A(D,{(Su,)) D auniformly convex = A(D, (Su,) ) is singleton
>p=Tp=2P€ f(T) = f(T) #0
In the same way, we get, p € f(T) & p € A~1(0)
= f(T)Nf(S)NAL(0) # 0
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Lemma 2.7: Let(N , || . || ) be a Banach-space, and T be a resolvent Z.A-jungck self-mapping on
D with b € [0,1). Suppose that ( Se,,) be a resolvent Jungck CR — iteration scheme in D. There
existsp € F(S) NF (G) N A™1(0) # @, then lim||Se, - #|| exists, forall n € N.

n—co

Proof: As the same proof of lemma 2.1
Theorem 2.8: Let(N, || .|| ) be a Banch-space, and T be a resolvent Z.A-jungck self-mapping on
D If (Se,) is resolvent Jungck CR — iteration scheme . Then the resolvent Jungck CR — iteration
scheme converges-strongly to a unique common fixed— point of §,T and A™?!
Proof: As the same proof of Theorem 2.2
Theorem 2.9: Let N be a uniformly convex Banach-space, D be a nonempty convex-closed subset
of N and T be a resolvent ZA-jungck self-maping onD. If ( Se,,) the resolvent Jungck CR
—Iteration scheme inD then F(S)NF(T)NA™*(0) # ¢ if and only if Illi_r){)lollgen -
tj'rn‘sen+1” =0
Proof:  the same proof Theorem 2.3
Theorem 2.10: Let(N, || . || ) be a normed—space, and T be a resolvent Z.A-jungck self-mapping
onDifP € f(s)n f(T)N A 1(0) # ¢ where 0 < r < ap, by, c, <1 then the resolvent Jungck
CR — iteration scheme is faster the resolvent Jungck §P — iteration scheme
Proof: Letp € f(S) N f(T) N A~1(0)
The resolvent Jungck CR — iteration scheme, we have
”Sen+1 - p” = ”Jrn(( 1- an)T‘SWn + a, JMTTWn) - p”

< “(1 — an )TSWn + a, TTWn - p”

< (1 — an )”TSWH - p” + an”TTWn - p”

= (1 — Qn )blp(a'lllfsswn —Sp” + (12”5514’11 _Jrnpll)

: ISSwy — JrnSwall + [|Jrnp — Sp|
+min {IIJMSWH — TSwyll, — ; = ANTp = Jrnpll
+ anby(aqlISTwy - Spll + @, ISTwy, - Jpnpll) +
: ISwy = Jpnmall + [l Jr-np — SpI
min {IIJmTWn — TTwy||, ————— 5 = AT = Jpnpll

< (1 - an)bylISwy — pll + anbl[TSwy, — pl|
< (1 — ap)blISwy — pll + anbbip(a, lISSwy - Spll + azllsSSwy - Jrnpll)

: SSWn—JrndSWnllH|Jdprnp—S p
+ min {17,nSwy — GSw, ||, LTS n ek 0L G — 7.}
= (1 — Qan )b”SWn - p” + anbzllfswn - p” (213)

<b(1— a,(1— B)l|Swy -l
Now, to find ||Sw,, — pll.
ISwyp, =PIl =l (1= c)JrnTSzn + cn TTzy —pl|
= (1 — Cn )”TSZn _p” TCn ” ITz, — p”
< (= )ITSzy = pll +enll T Tz, —pll
< (1 —cp )bY(aqllSSz, - Spll + a5llSSzy - Jrnpll) +
min{lwqw.nﬁzn — 75z, 50 Il + 9rd Sp”,IITp—JmpII}

+ cnbp(aylISTzy - Spll + a,IST 2y - Jpnpll) +

. ISTzy = JpnTZnll + [|Jrnp — SpI|
mln{IIJmTZn — TTzll, - n2 = ANTp = Jrpll
= (1 - Cn)b”SZn _p” + Cnb(”TSZn _p”)
= (1 - Cn)b”SZn _p” + Cnbblp(alllszn _Sp” + a’zllszn _tjmp”)
. ISzn — Jrnzall + |Jrmp — SpI

+ mln{ll(?rnzn_ Gzpll, ———= > - ANTp = Jrpll
= (1 - Cn )b”SZn_p” + Cnbzllszn_p”
=b(1~ ca(1-0))lISz, -pll - (2.14)
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”SZn - p” = ”( 1- bn)Jsten + anm Tenp”
= ( 1- bn)”tjsten - p” + bn”(?rn Ten - p”
< (1- by)lITSe, — pll + by [ITe, —plI
< (1= b)byp(a;lISSe, - Spll + a,lISSeq - apl) +  min {171 Se, -
TSe,||, SISl 0m =52l g9 pl}

2
+bnblp(a’ﬁ”59n - Spll +”a’2||||59n -Jmpllll)
. Sen — dpnenll + lJrmp — Sp
+ mln{ll(?rnen — Tep||, ————— 5 == ANTp = Jrnpll

< (1— by)bl|Se, — pll + byb(lISe, - pll)

< b||Se, -pll

< 1]||Se, -pll (2.15)
We substitute (2.15) in (2.14) as follows
lISw, —pll <b?(1 = cn(1 = b))lISe, -2l (2.16)
We substitute (2.16) in (2.13) as follows
ISenss —pll <b?(1 = ap(1— b)(1— cu(1-D))lISe, £l

<b2(1- r(1-b))"[ISe, - £l

' 2n
ISensy — £l <B?"(1— r(1—=1))" |ISeo - £l
The resolvent Jungck SP — Iteration scheme, we have
”Sun—i-l - p” = ”( 1- an)tjstxn + a, Tx, — p”
< ( 1- an)”cr]fr“nTsxn - p” +a, ” Txn - p”
< ( 1- (ln)”Tan _p” +an ” Txn - p”
(1= a)bip(a,lISSx, - SPI + @, lISSxy ~ Tyapl) + min{  1T,mSxn -
5Sxn—JrnSxnl|+|JrnP—S
TSy ||, B0 enZnl e 520 ey, — g, o1}
+a,bY(a,lSx, - Spll + a5 l1Sxn = Jrnpll)
. ISxy = drnull + lJrnp — SpII
+ min {”men_ Tty |l, ————— 5 - ATp = Jrnpll
= (1 - an)blpllsxn - p” + anb'\b(llsxn _p”)
< ( 1- (ln)b”S.?Cn - p” + anbllsxn _P”
< ((1= ay) + apb)llSx, - Pl
< blISx, - pll (2.17)

”an - P” = “Jm[( 1- Cn)Svn + Cq Tvn] - p”
= ”( 1- Cn)Svn + Cn Tvn _p”
=< (1 - Cn)”SUn - ’t” + Cn” Tvn _p”
= ( 1- Cn)”SUn - p” + Cnbl.b(alllsvn _Sp” + a'zllsvn _Jrnpll)

: ISvy = Jrnvnll + [|Jnp — SpIl
+ mm{ T vn = Tnll, —— mnz = ANTp = Jrnpll

= ( 1- Cn)”SVn - p” + Cnblp(a’lllsvn _p” + a’zllsvn _p”)
=< ( 1- Cn)”SUn - p” + Cnblp(llsvn _p”)
=< (1 - Cn)”SUn - p” + Cnb”SUn _p”
= ((1= cp) + cnb)lISvy -plI (2.18)

”Svn - p” = ”( 1- bn)Sun + anrn Tuﬂ - p”
< (1— bp)lISuy —pll + by lITu,, — pl|
< (1= by)lISu, =PIl + by [ITu,, — P||
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< (1= b)lISup — pll + bpbp(a,lISu - Spll + a,lISuy - Jmpll)
”Sun - tjmun” + ”Jmp - Sp”
5 ATy = Jrnpll
= (1= b)lISuy — Pl + bybp(a, lISuy, - Pll + a,|[Su, - PI)

< (1- bylISu, —pll + b,dyY(lISu, -pll)
< (1- by)lISu, — £l + byblISu, -pll

+ min ”({]frnun - Tun” ’

= ((1 - by) + byb) [Suy, - pli (2.19)
We substitute (2.19) in (2.18) as follows
ISxn = pll < ((1 = ¢) +cxb)((1 = by) + byb)) [ISuy, -l (2.20)

We substitute (2.20) in (2.17) as follows

ISups1 —pll < B(1 = ¢, (1 =b)(1 = by(1—D)) [[Su, -pll
< (1= ¢n(1 D) [ISu, - pll

ISttnss =l < B"(L — (1 —B))*" [ISeo - £]

2
ISenss —#ll _52"(1~ x(1-5))"lISeo - £l
ISunss =1~ (1 — (1 - )™ lISup -1

-0 n—-o

3. Conclusion

In this section, we will provide some conclusions. New iterations were performed and the
convergence and acceleration of these iterations to the common fixed point were demonstrated.
We also install the resolvent Jungck CR — iteration is faster than resolvent Jungck SP — iteration.
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