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Abstract
By using IFIS* g _ closed sets we introduce the notion of IFI o g _continuous functions in

intuitionistic fuzzy ideal Topological spaces . we obtain several properties of IFIS* g —

continuity and the relationship between this function and other related functions.
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1. Introduction

After the introduction of fuzzy sets by Zadeh in 1965[1] and fuzzy topology by Chang in 1967
[2],there have been a number of generalizations of this fundamental concept.The notion of
intuitionistic fuzzy sets introduced by Atanssov in 1983 [ 3 ] is one among them .

Using the notion of intuitionistic fuzzy sets Coker [ 4] introduced the notion of intuitionistic
fuzzy topological spaces .

Coker and Demirci [ 5 ] introduced the basic definitions and properties of intuitionistic fuzzy
topological spaces in Sostak's sense , which is generalized form of " fuzzy topological space "
developed by Sostak [ 6, 7] .

In 2006 the concepts of fuzzy g — closed sets and fuzzy g — continuous mappings due to Thakur
and Malviya [ 8 ] was been extended in intuitionistic fuzzy topology space by Thakur and Rekha
chaturvedi [ 9] .

In 2011 Khan and Hamza [ 10 ] introduced and investigated the notion of Is* g —closed setin

ideal topological spaces as a generalization of | g — closed sets .
In this paper , we introduce the intuitionistic fuzzy Is* g—closed sets and use it to introduce

the intuitionistic fuzzy | , g— continuous functions , intuitionistic fuzzy strongly I.. g-continuous
S S
functions and intuitionistic fuzzy weakly Is* g — continuous functions ,weaker than intuitionistic

It turns out that intuitionistic fuzzy weak Is* g —continuity is
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continuity . we obtain several properties of intuitionistic fuzzy fuzzy weak | —and other
related functions . Is* g —continuity and the relationship between this function

2 — preliminaries :
Definition 2.1. [1] :

Let X be a non — empty set and I = [0, 1] be the closed interval of the real numbers . A fuzzy
subset p of X is defined to be membership function pu : X — I ,such that p(X) € I for every x € X.
The set of all fuzzy subsets of X denoted by I1¥ .

Definition 2.2. [3] :-

An intuitionistic fuzzy set ( IFs , for short ) A is an object have the form :

A ={<x,1am),Vae) > ;X € X}, where the functions pa:X — I,v,:X — I denote the degree
of membership and the degree of non — membership of each element x € X to the set A respectively

,and 0 < pa(x) +va(x) < 1, for each x € X . The set of all intuitionistic fuzzy sets in X denoted
by IFs (X) .

Definition 2.3. [4] :-
0.=<x,0,1>,1_=<x,1,0 > are the intuitionistic sets corresponding to empty set and the
entire universe respectively .

Definition 2.4. [11] :-

Let X be a non — empty set . An intuitionistic fuzzy point ( IFP , for short ) denoted by
X (o, B) is an intuitionistic fuzzy set have the form

x(a,B)(y) :{::gli> i;i’, , Where x € X is a fixed point , and a,f€[0,1]
satisfy a + B < 1. The set of all IFPs denoted by IFP (x) . If A € IFs (x) . We say the x(a,B) €
Aif andonly if a < pa(x) and B = vp(x) , foreachx € X.

Definition 2.5. [11] :-

Let A={<x,us X),valx)>:x€X} and B={<x,pug(x),va(x)>:x€ X} be two
intuitionistic fuzzy sets in X . A is said to be quasi — coincident with B ( written AgB ) if and only if
, there exists an element x € X such that ps (x) > vg(x) or va(x) < pg (x) , otherwise A is not
quasi — coincident with B and denoted by AgB .

Definition 2.6. [11] :-

Let x (a, ) € IFP(x) and A € IFs (x) . We say that x (a, B) quasi—coincident with A denoted
X (a, B)q A if and only if , a > va(x) or B < p, (x) , other wise x (a, ) is not quasi —
coincident with A and denoted by x (o, B)GA .

Definition 2.7. [4] :-
An intuitionistic fuzzy topology ( IFT , for short ) on a nonempty set X is a family t of an
intuitionistic fuzzy set in X such that
(i)o.,1. €T,
(ii)G; NG, €T, foranyG,,G, €T,
(1) U Gj € T, foranyarbitrary family { G;:i€]} S T.
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Definition 2.8. [4] :-
Let ( X, ) be an intuitionistic fuzzy topological space and
A={<x,up (x),va(x) >, x € X} be an intuitionistic fuzzy set in X then , an intuitionistic
fuzzy interior and intuitionistic fuzzy closure of A are respectively defined by
int (A) =U{G: GisanlFosin Xand G € A}
cl(A) =n{K:KisanIFcsin Xand Ac K}.
Proposition 2.9. [4] :-
Let A be an intuitionistic fuzzy set in X, then we have :
(1) Aisanintuitionistic fuzzy open set in X if and only if , A = int (A) .
(2) Alis an intuitionistic fuzzy closed set in X if and only if , A = cl(A) .

Proposition 2.10. [4] :-
let(X, T)be an intuitionistic fuzzy topological space and A ,B be an intuitionistic fuzzy sets in X,
then the following properties hold :

(@) int(A)c A.

(b) Accl(A).

(c) If AcB=int(A) cint(B).

(d) If AcB=cl(A)ccl(B).

(e) int(int(A))=int(A).

(f) cl(cl(A)=cl(A).

(9) int(ANB)=int(A)Nint(B) .

(h) cl (AUB)=cl (A)Ucl (B) .

@) int(l.)=1_.

(j) c1(0-)=0-.

Definition 2.11. [12] :-

A non — empty collection of intuitionistic fuzzy sets L of a set X is called intuitionistic fuzzy
ideal on X ( IFI, for short ) such that :
(1)IfAeLandB <A = B €L (heredity)
(f)IfAeLand Be L= AVB €L (finite additivity ) . If (X, t) be an IFTS , then the triple
(X,t,L) is called an intuitionistic fuzzy ideal topological ( IFITS, for short) .

Definition 2.12. [12] :-

Let (X,t,L) bean IFITS . If A € IFs (X) . Then the intuitionistic fuzzy local function A*(L,t)
(A, for short ) of Ain (X, T, L) is the union of all intuitionistic fuzzy points x(a, B) such that :

A"(L,t)=v{x(a, B):AAU¢L ,foreveryUe N ( x(a, B),T)} ,wWhere

N (x(a, B),T) is the set of all quasi — neighborhoods of an IFP x(a, B) in T . The
intuitionistic fuzzy closure operator of an IFs A is defined by

cl*(A) = Av A", and t*(L) is an IFT finer than t generated by cl* () and defined as

(L) ={A: cI*(A®) = A®}

Theorem 2.13. [12] :-
Let (X,t) be an IFTS and L; , L, be two intuitionistic fuzzy ideals on X . Then for any
intuitionistic fuzzy sets A, B of X . Then the following statements are verified
(i)ASB= A*(L,T) S B*(L,1),
(ii)L; €L, = A"(L,,t) € A*(L;,T).
(iii) A" =cl(A") € cl(A) .
(iv) A" =A™
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(v) (AvB)" =A"VB*.

(vi)(AAB)"(L) < A"(L) AB*(L) .
(vii)feL=(Av)"  =A".

(viii ) A*(L, ) is intuitionistic fuzzy closed set .

Theorem 2.14. [12] :-

Let T, , T, be two intuitionistic fuzzy topologies on X . Then for any intuitionistic fuzzy ideal L on
X, 11 < 1, implies

(i1)A"(L, ) € A*(L,ty),foreveryA€eL.

(i)t 1.

Definition 2.15. [12] :-

Foran IFTS (X,T), A € IFss . Then A is called

i ) Intuitionistic fuzzy dense if cl(A) = 1. .

i ) Intuitionistic fuzzy nowhere dense subset if Int(cl(A)) = 0.

iii ) Intuitionistic fuzzy codense subset if Int(A) = 0. .

Vv ) Intuitionistic fuzzy countable subset if it is a finite or has the some cardinal number .

iv ) Intuitionistic fuzzy meager set if it is an Intuitionistic fuzzy countable union of Intuitionistic
fuzzy nowhere dense sets .

Definition 2.16 [13] :-

AnlIFs A =<x,ua, va >inan IFTS (X, 1) is said to be an

(i) Intuitionistic fuzzy semi — cloed set ( IFScs in short ) if int(cl(A)) S A . The complement of
Intuitionistic fuzzy semi — closed set is said to be Intuitionistic fuzzy semi — open set ( IFSos for
short ) if A  cI(int(A)) .

(1) Intuitionistic fuzzy pre — closed set ( IFPcs for short ) if cl(int(A)) C A . The complement of
Intuitionistic fuzzy pre — closed set is said to be Intuitionistic fuzzy pre — open set ( IFPos for short )
if A < int(cl(A)) .

(it ) Intuitionistic fuzzy a — closed set ( IFacs in short ) if cl (int(cl(A))) C A . The complement
of intuitionistic fuzzy a — closed is said to be intuitionistic fuzzy o — open (IFaos for short ) if

A < int(cl(int(A)))

Definition 2.17 [13] :-

AnlIFs Aisan

(i) intuitionistic fuzzy regular closed set (IFRcs for short ) if A = cl(int(A)) . The complement of
intuitionistic fuzzy regular closed set is intuitionistic fuzzy regular open set ( IFRos for short ) if
int(cl(A)) = A.

(1) intuitionistic fuzzy generalized closed set ( IFg —closed for short ) if cl(A) € U whenever
A c Uand U is an IFos . The complement of an IF g —closed set is said to be intuitionistic fuzzy
generalized open set ( IF g —open for short ) if (X - A) is IF g —closed .

Remark 2.18. [ 9] :-
Every intuitionistic fuzzy closed set (intuitionistic fuzzy open set ) is intuitionistic fuzzy g —closed
set (intuitionistic fuzzy g —open set ) .

Definition 2.19. [13] :-
An IFTS (X, 1) is said to be IFT; /, space if every IF g —closed set in (X, ) isan IFcs in (X, 1) .
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Since (X,t,L) is an intuitionistic fuzzy ideal topological space and IFs A is subset of
X, then (A,za,Lp) is an intuitionistic fuzzy ideal topological space ,where 7 is the relative IF

topology Aand Ly={AN/¢:¢eL}.

3 — Main Results
3. 1 Intuitionistic fuzzy | o+ 9~ closed sets (IFI o* 9~ closed)

In this section we will give the definition of intuitionistic fuzzyls* g— closed sets
properties of IFIS* g—closed sets in (IFIS* g—closed for short )and we will view the
intuitionistic fuzzy ideal topological spaces (X, t,L).

Definition (3.1.1):-

An intuitionistic fuzzy A ( IFs A ') which is subset of an IFTS (X, T ,L ) is said to be IFSos in X.
AcU and U is IFIS* g—closed if A® —U , wheneverThe complement of

IF Is* g—closed set is said to be intuitionistic fuzzy

IS* g—open ( IFIS* g—open for short) if F cint®(A), whenever,F c A
For every intuitionistic fuzzy semi — closed set ( IFScs) Fin X.

Lemma(3.1.2):-
Every intuitionistic fuzzy closed ( intuitionistic fuzzy open set ) is intuitionistic fuzzy Ig- g —
closed set (intuitionistic fuzzy I+ g — open set ) .
Proof :- Let A be intuitionistic fuzzy closed set ( IFcs ) by remark (2.18)
= Ais IF g — closed set
i.e cl(A) € Uwherever A € Uand U is IFos
Since A* € cl(A) and cl(A) € U
Therefor A" C cl(A) c U= A"c U
Now U is IFos . By proposition (2.10)
inttU)cU = cl(int(U)) c cl(U)
= U < c(int(U)) <€ cl(U)
=UCc cl(int(U))
= U is IFSos
= A" € U, whenever A c Uand U is IFSos
= A is IFl¢- g —closed set .
Lemma(3.1.3):-
Let ( X, T, L) be an intuitionistic fuzzy ideal topological space andB < A< X . Then,
B*(1n,74)=B*(I,7)NA.
Proof:-the proof is directly conclusion by the properties of the local function .

Lemma(3.1.4):-
Intuitionistic fuzzy U is IFos and A is IFIS* g-open , then UNA s IFIS* g—open .

proof:- we prove that X — (U 1 A) is IFI.g—closed
Let X—(UNA) <G, where Gis IFSo in X . This implies (X -U)U(X-A)c G

since (X—A)cG and (X —-A)is IFIS* g —closed in X , therefore (X —-A)*cG

Moreover X — U is IFcs and contained in G , therefore , (X -U)* < ¢l (X -U)cG, Hence
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(X=(UNA)")=((X-U)U(X-A)"
=(X-U)*"U(X-A)'cG.
This prove thatU M A is IFIS* g —open .

Theorem (3.1.5):-
Let ( X, T, L) be an intuitionistic fuzzy ideal topological space and A, B are two
intuitionistic fuzzy subsets of X such thatBc Ac X . If Biis an IFI o* g—closed set relative .to A

, Where A is IF open set and IFI o* g—closed set in X , then B is IFI §* g —closed set in X

proof : -Let B< G, where G is an intuitionistic fuzzy semi —open in X (IFSo) .
Then, Bc ANG and ANG is IFSo in X and hence in A . Therefore By « ANG .
It follows from lemma (3.1.3) that ANBY < ANG.or AcGU(X -BY).

By is IF closed setin X and GU(X —B¥ ) is IFSo in X since A is IFl .

g—closed set in X Ay cGU(X —B¥) and hence
B*=B"NA"cB*N[GU(X-B%)]cG.
Therefore , we obtain B} — G.This proves that B is IFIS*g—cIosed in X.

Theorem (3.1.6) :-
Let A be intuitionistic fuzzy semi — open set ( IFSos ) in an intuitionistic fuzzy ideal topological
space (X, t,L)andBcAcX. ifBis IFIS*g—cIosed in X ,then B is IFIS*g—cIosed

relative to A .
proof: -Let B<U whereU is IFSo in A.Then, there exists an IFSo setVV in X. such that

U =ANV.Thus Bc ANV . Now B <V impliesthat B, cV .
It follows that AN By, — ANV . By Lemma (3.1.3) B, ANV =U
This proves that B is an IFI o g-closed relative to A.

Corollary (3.1.7) :-
g —closed in IFTS intuitionistic fuzzy open set (IFos ) and IFI s* BcAc X and Abe

(X,t,L). ThenBis IFIS* g —closed relative to A if and only if B is IFIS* g—closed in X .

Theorem (3.1.8) :-
If Bisan IF subset of IFTS (X, t,L)suchthat Ac B< A* and A'is IFIS* g—closed in X,

then B is also IFIS* g—closed in X .

proof :- Let G be IFSo set in X containing B , then Ac G . since A is IFIS* g — closed ,therefore
A" =G and hence B = (A")" < A" = G.This implies that B is IFIS* g—closed in X .
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Theorem (3.1.9):-

Let Bc Ac X and suppose that B is IFIS* g-openin X and A is an intuitionistic fuzzy semi —
regular set in X (IFSR) , then B is IFIS* g —open relative to A.

proof : - we prove that A-B is IFI -9 —closed relativeto A.Let U e IFSo(A)
such that (A—B)cU. Now (A-B)c(X-B)cUU(X-A),
where UU (X — A) e IFSo(X) because A e IFSR(X) .Since X-B is IFI o* g —closed in X,

therefor (X —B)yx cUU(X —A)or (X-B); NAc(UU(X-A))NAcU . By
lemma(3.1.3) (A-B), =(A-B); NAc (X -B)} MAcU and hence

(A—B) cU .This proves that B is IFIS* g—open relative to A.

Theorem(3.1.10):-Let Bc Ac X , Bis an IFI_. g—openin Aand Ais IFosin X .
ThenBis IFIS*g—open in X .

proof : - Let F be an intuitionistic fuzzy semi — closed ( IFSc) subset of B in X ..
since A is IFo set, thereforeF e IFSc(A). since B is IFIS*g —open in A therefore,

F cint’,(B) = ANint} (B) cint (B) . This proves that Biis IFI_. g—openin X .

3. 2 Intuitionistic fuzzy Is-g — continuous functions
( IFIg+ g — continuous functions )
In this section we will introduce the definition of intuitionistic fuzzyls* g —continuous Function

(IFl. g—continuous for short) in intuitionistic fuzzy ideal topological space and
its properties and the relationship between this function and other related functions .

Definition (3.2.1) :-

Afunction f:(X,z,L)——(y,Q,J),where(X,z,L) is IFTS with IF ideal L on X and

IFTS (y,Q,J)is IFTS with IF ideal J onY ,is said to be intuitionistic fuzzy weakly 1 —
continuous ( IF weakly I — continuous for short ) if for eachx € X and each IFosVin Y

containing f (x) , there exists an IFos U containing x such that f (U)ccl*(V) .
Definition (3.2.2) :-
A function f:(X,z,L)——(y,Q) is said to be intuitionistic fuzzy Is* g —continuous
(IFIS* g —continuous for short)if forevery U eQ, f*(U) is
IFIS*g —open in (X,7y,L).

Definition (3.2.3) :-

A function f:(X,7)——(y,Q,J)is saidto be intuitionistic fuzzy strongly Is- g — continuous
( IF strongly 1..g—continuous for short) if for everyIFlI_.g—open setUinY, f 1)
is IF openin X.
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Definition (3.2.4) :-
intuitionistic fuzzy weakly A function f:(X,z,L)——(y,Q,J) issaid to be
Is* g —continuous (IF weakly Is* g—continuous for short) if for each xe X and each

intuitionistic fuzzy open set V in Y containing f(x) , there exists an IFI . g —open set U containing

x such that such that f (U) ccl™(V).

Lemma(3.2.5):-

By the above definitions , for a function f:(X,7,L)——(y,Q,L)
We obtain following implications :

IF strong Is* g — continuity = IF continuity = IFIS* g — continuity

U
IF weak | —continuly = IF weak Is* g — continuity

Remark (3.2.6):-
IFIS* g —continuity and IF weak | —continuity are independent of each other .

Theorem (3.2.7):-
An intuitionistic fuzzy ideal topological space ( X, T, L) is said to be intuitionistic fuzzy T — dense

( IFT — dense for short ) if every IF subset A of X is *— dense in itself (i.e Ac A™) Proof: it is clear

Definition (3.2.8) :-
called an N be an IF subset of an IFTS (X,z,L)and xe X .Then, N is Let
IFIS* g — open neighborhood of X if there exists an IFIS* g —open set U containing x

such that U < N .

Theorem (3.2.9):-

Let (X,z,L) be IFT —dense . Then, for a function f:(X,z,L)——(y,Q) the following
are equivalent :statement
1-f is IFI_. g —continuous.

2—For each x e X and each IF open setV inY with f (x) eV ,there exists an IFI .
g —open set U containing x such that f U)cV .
3- for each x e X and each IF open setV inY with f (x)eV ,f™*(v)is an IFI..
g —open neighborhood of X .
proof ;- () = (2)
intuitionistic fuzzy open set (IFos ) in Y such that f (x) eV . Let xe X and Let V be an
Since f is an IFIS* g — continuous f‘l(\/) Is IFIS*g —open in X . By putting

fU)cV.U-= f‘l(\/) , we have x eU and
2=0)
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an IFIS* g —open exists LetV be an IFo setin Y and let f(x) eV . Then by (2) , there

set U containing x such that f(U)cV ,so xeU c f_l(v) . Hence f_l(v) is an
of X. IFIS* g —open neighborhood

F=@
Let V be an intuitionistic fuzzy open setin Y and let f(x) eV . Then by (3), f _1(\/) is an

IFIS* g —neighborhood of x thus for each x f‘l(\/) , there exists an IFIS* g —open

set U, containing x such that x eU, < f 2(V) Hence f 1(V) :UX f_l(V)UX
S

IFIS*g—open in X .= f‘l(\/) IS an

Theorem (3.2.10) :-
A function f :(X,7)——(y,Q, J) is IF strongly Is* g —containuous if and only if the
inverse image of every IFI Y —closed set inY is IF closed in X .

proof :by using the definition of IFI_.g —closed set ,we can proof it directly.

Theorem (3.2.11) :-
Let f:(X,z,L)——(y,Q) be IFIS* g —continuous andU e IFRo(x) . Then the restriction

f/U:(U,Ty, Ly )—>(Y,Q)isIFIS* g — continuous .

proof :- let V be any intuitionistic fuzzy open set of ('Y, zy ) since fis IFI s+ 9 —continuous

f‘l(\/) is IFIS*g—open in X, f‘l(\/)ﬂU is IFIS* g —open in X .Thus by theorem(3.1.9)

(f/U)™*(V)=f*(V)NU is IFl .g—open in U because U is IF regular —open in X.
. This proves that f/U:(U,z/U,1/U)——>(Y,z,)is IFIS*g— continuous

Theorem (3.2.12) :-

Let f:(X,r,L)——(y,€,J) be function and {U, :a € V}be an intuitionistic fuzzy open
cover of IFT — dense space X . If the restriction /U, is IFl . g —continuous for each
aeV , then fis IFIS* g — continuous .

proof:- suppose F is an arbitrary IFos in (Y ,Q,J). Then for each « €V , we have
(f/u,)*(v)=f*(V)NU,. Because f/U, is IFl_.g—continuous , therefore f *(V)NU,
is IFl_.g—openin X for each aeV. Since for eachaeV, U, is IFo in X , by theorem

(3.1.10), f_l(\/) NU, is IFIS*g —open in X .Now since X is IFT-dense ,

Uaevf_l(\/)ﬂua = f_l(\/) is IFIS*g-open in X. This implies fis 1FI_.g —continuous .
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Theorem (3.2.13) :-
If (X,z,L)isan IFT —dense and f:(X,z,L)——(y,Q) s IFIS*g—continuous,

then graph functiong: X —— X xY defined by g (x)=(x, f(x)) for each xe X ,
is IFIS* g —continuous .

proof :- letx e X and W any IFos in X xY containing g(x) = (x, f(x)) .
Then there exists a basic IF open set UxV such that g(x) cU xV < W .Since f
IS IFIS* g —continuous , there exists an IFIS* g —open set Uy in X containing X.

Such that f(U;) <V . By Lemma (3.1.4) U; U is IFIS*g—open in X and we have

xeU,NUcU and , gU,NU)cU xV cW. Since X is IFT —dense,
therefor by theorem(3.2.9),gisIFI Y — continuous .

Theorem (3.2.14) :-
A function f:(X,z,L)——(y,Q)is IFIS*g —continuous if the graph function

g:X——>XxYis IFIS*g—continuous .

proof :- let VV be an IFos in Y containing f (x) . then X xV is an IFos in X xY and by the
IFI 5*9 —continuity of g, there exists an IFI §* g-open set U in X containing x such that

g(U) « X xV .Therefore , we obtain f (U) =V . This shows that f is IFI s+ 9 — continuous .

Theorem (3.2.15) :-
Let { X, :a €V} Dbe any family of intuitionistic fuzzy topological spaces . If

f:(X,7,L)—>II v X, IS an IFIS*g—continuous function , then p, o f:X——X,,

is IFIS* g —continuous for each o € V , where p,, is the projectionof TIX_, onto X .

proof : - we will consider a fixedeg € V . let G, be an IFos of X, .
then (Pao)_l (Gao) Is IFo in ITX,, . Since f is IFIS*g — continuous ,

F 7 ((Pay) M (Gyg)) = (Pag © T) H(Gyy) s IFI_.g—open in X .Thus P, o f is

IFI §* g — continuous .

Corollary (3.2.16) :-
for any bijective function f:(X,t)——(y,Q,J), the following are equivalent .

1—f_l:(y,Q,J)——>(X,r)iS IFIS*g—continuous.
2—-fU)is IFIS*g—open inY for every IFo set U in X.
3-fU)is IFIS*g—cIosed inY for every IFc setU in X.
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proof :- It is clear.

Definition (3.2.17) :-
An intuitionistic fuzzy ideal topological space ( X, t, L) is an IFRI space , if for each
x € X and each intuitionistic fuzzy open neighborhood V of x, there exists an intuitionistic fuzzy

open neighborhood U of x such that xeU ccl™(U) cV.

Theorem (3.2.18) :-
let (Y,Q,J) be an IFRI —space and (X,l,7) beanIFT —dense . Then

f:(X,7,L)—>(y,Q,J) is IF weak Is*g—continuous, if andonly if f is
IFIS*g—continuous :

proof :- The sufficiency is clear .
Necessity . Letx € X and V be an IFo set of Y containing f(x).Since Y is an IFRI-space ,there

f(x) eW ccl(w)cV , Since fis IF weakly I..g - exist an IFo set W of Y such that
Continuous, there exists an IFI_.g—open set U such that xeUand f(U)c cl”(W).Hence we
obtain that f (U) < cl”(w) = V. By theorem (3,2,10) f is IFIS* g — continuous .
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