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Abstract:

In this paper, recall the definitions of F-ideal and fuzzy F-ideal of QS-algebras, Q-ideal and
fuzzy Q-ideal of Q-algebras. We discussed some of the relationships and characteristics
associated and it is hiring some examples to illustrate unlike some theorems,

Also, we introduce a new ideas of fuzzy F-ideal of fuzzy point on QS-algebras and fuzzy Q-
ideal of fuzzy point on Q-algebras and we give some properties and theorem of its.

The introduction of the concept of the normal fuzzy F-ideal of fuzzy point on QS-algebra and
normal fuzzy Q-ideal of fuzzy point on Q-algebra and we study some of the properties related
thereto,
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Introduction

In 1999, S.S. Ahn and Kim H.S. were introduced the class of QS-algebras and give some
properties of QS-algebras [2] and described connections between such QS-sub-algebra and
congruences, see [4]. In 2006, A.B. Saeid considered the fuzzification of QS-sub-algebra to QS-
algebras [10]. In 2012, M.A. Al-Kadhi, was introduce the F-ideals and fuzzy F-ideals [1].

In 2001, J. Neggers, S.S. Ahn and H.S. Kim [8] introduced the class of Q-algebras which is a
generalization of BCK(BClI)-algebras. In 2009, S.M. Mostafa, M. A.Abd-Elnaby and O.R. Elgendy
[7] applied the concept of fuzzy subset to Q-algebras.

In this paper, we introduced a definition of the Q(F)-ideal , fuzzy Q(F)-ideal and fuzzy Q(F)-
ideal of fuzzy point. We study some of the related properties, homomorphism fuzzy Q(F)-ideal on
fuzzy point, normal fuzzy Q(F)-ideal on fuzzy point, homomorphism normal fuzzy Q(F)-ideal of
fuzzy point on Q(QS)-algebras .
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1. Preliminaries
In this section ,we study the definition of QS-algebra ,QS-sub-algebra , F-ideals, fuzzy
QS-sub-algebra , fuzzy F-ideals of QS-algebras and we give some properties of it. We study
the definition of Q-algebra , Q-sub-algebra , Q-ideals, fuzzy Q-sub-algebra , fuzzy Q-ideals of Q-
algebras and we give some properties of it.

Definition 1.1([2],[4]) :
Let (Xx;, 0) be a set with a binary operation () and a constant (0).Then (X; =, 0) is called a QS-
algebra if it satisfies the following axioms: for all X, y ,ze X,
1. x*x=0,
2. x*0=x,
3. (x*xy) xz=(x*2z) *y,
4. (xxz)* (x*y)=(y *2).
For brevity we also call X a QS-algebra, we can define a binary relation ( <) by putting x <y
ifand only if x*y =0, as [6].

Proposition 1.2 ([3].[4]):
Let (X;*,0) be a QS-algebra, then the following hold: for any x,y, z € X,
(@ iIf xxy=zthenx*z=y,
(b) x*y=0implies x=vy,
(€) 0x(x*y)=y=*x,
(d) x*(0xy) =y *(0*x).

Example 1.3 ([2]):
Let X ={0, a, b, c} in which (*) be defined by the following table:

O| T | O] %
O T 9 ©f ©
|l 9 Ol o o
L Ol ol T T
ol O T 92 O

Then (X;*,0) is a QS-algebra .

Definition 1.4 ([9].[10]):
Let (X; *, 0) be a QS-algebra X and S be a nonempty subset of X. Then S is called a QS-sub-
algebraof Xif, x xy €S, forany x,y € S.

Definition 1.5 (19],[10]):
Let X be a QS-algebra. A fuzzy subset p of X is said to be a fuzzy QS-sub-algebra of X if it
satisfies: p ( x * y) >min{ pn (x), p(y) }, forall x,y e X.

Definition 1.6 ([1]):
Let (X; *, 0) be a QS-algebra and | be a non empty subset of X. I is called a F-ideal of X if it
satisfies:

i. Oel
ii. xxy)*z€land yel imply x*z €l forallx,y,z e X.
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Definition 1.7 ([1]):

Let X be a QS-algebra. A fuzzy subset p of X is said to be a fuzzy F-ideal of X if it
satisfies:
(1) u(0) = u(x), forall x X,

(2) uxx2) = min{,u((x * Y) * z),u(y)}, forall x,y,ze X.
Proposition 1.8 ([1]):

Let (X; *, 0) be a QS-algebra, then every fuzzy F-ideal of QS-algebra is a fuzzy QS-sub-
algebra.

Definition 1.9([5].[11]):
If ¢ is the family of all fuzzy subsets on a BCK-algebra X, x e { is called a fuzzy point if
and only if, there exists a e (0,1] such that forally € X,

xa(y)={ o x=y

0 otherwise

Remark 1.10([31.[5]) :
If (X; *,0) is a BCK-algebra and FP4(X) denote the set of all fuzzy points of X,then (FP4(X),O,
0q) is a BCK-algebra, which is called a fuzzy point BCK-algebra, where the value g, (0 <q < 1).

Definition 1.11(3].[5]) :

For a fuzzy subset p of a BCK-algebra X, we define the set FP(u) of all fuzzy points of X
covered by p to be the set FP(n) = {x,€ FP(X) | w(x) > a, 0 <o <1}, and
FPo(w) = {xq€ FP(X) | n(x) = q} , for g € (0, 1] , xeX.

Definition 1.12:
Let (X;*,0) be a QS-algebra, the set of all fuzzy points on X denote by

FP(X) = {x4| X €X, a € (0, 1]}. Define a binary operation () on FP(X) by :

Xq © ¥ = (X* Y)minfa,y » fOrall x, yge FP(X) , then

(QSl) - X O Xa = 00( )

(QSZ') - Xg @ O(x =Xq

(QSs) : ( XaQYB) sz:(xa@zy) QYB ;

(QS4') : (X(x O Zy) * (Xa O YB) = (YB O Zy)-
In X we can define a binary relation (<) by : x, < yg ifand only if, x, © yg = Ominfa,p; -
Now, we give some properties and theorems of QS-algebras.

Theorem 1.13:
If (X;*,0) isaQS-algebra, then the following hold: for all x4, yg, z, € FP(X),
a) Xa O OB = Xmin{a,B}
b) (X(x@ YB)GXOL :OaQYBv
C) Ooc © (Xoc © YB) =¥s © Xots
d) x, © 0, =0, implies that x,= 0,
e) Xa = (Xoc O Ooc) O Oou
f) (Xa O YB) O Omin{a,B} = (Xa O, Oa) O (YB O] 00()1
9) z, © Xq =2z, O yg impliesthat 0, © x4 =0, O yg .
Proof:
a) Itis clear by (QS,).
b) (Xoc@ YB) Qxcx =(Xa©Xa) @ YB:OOLQYB'
C) 00( O] (ch O YB) = (Xa © XO() © (XO( © YB) =Yyg © Xay by (QSl') and (QS4)
(d), (e) and (f) are clears by (QS2).
g) OyOXa: (ZVOZy) Qxa: (ZYQXO() sz: (ZYGYB) sz:(zygzy)GYB: OYQYB- a
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Proposition 1.14:

Let (X; *,0) be a QS-algebra. Then the following holds: for any xq, yg, z,€FP(X),

Xq @ yp <z, imply x, © z, <yg,

Xq <yg impliesthat z, O x,<z, Oyg ,
Xq < yp impliesthat x, © z, <yg Oz, ,
4. (Xoc O Zy) O (YB O Zy) < (YB O Xoc)-
Proof:

1. It follows from (QSy) .

w N e

2. By (QSy), we obtain [(z, © yg) © (zy O x¢)] = (X« O yp), but x4 < yg implies
Xa @ yB = Omin{a,B} ) then we get (Zy O YB) O (Zy @ Xa) = Omin{a,B}-

e, zy Oxq < zZy Oyp-
3. Itisclear.

4. By (QS3) , (QS«) and (QSy) , we have [(yg © zy) O (xa O z)] O (v O Xa)

= [(YB @ Zy) @ (YB @ Xa)] @ (Xa @ Zy) = (Xa @ Zy) @ (Xa @ Zy) = Omin{a,y}-

Thus (xq © zy) O (yg O zy) < (Y O Xo). O
Definition 1.15 [8] :

Let (X;«,0) be an algebra with a single binary operation («). Then (X;«,0)
algebra if it satisfies the following axioms : forany x,y,z eX,

Q) : x*xx=0,
(Q2: xx0=x,
(Qa): (xxy)xz=(x*2z)*y.

is called a Q-

For brevity we also call X a Q-algebra, we can define a binary relation (<) by putting

x<yifandonlyif x *xy=0.
Proposition 1.16 [8]:

Let (X;*,0) be a Q-algebra, then the following hold: forany x,y, z € X,

Q1) (x*(x*y))*y=0.
Q) (xx2)* ((xx2)*y))xy=0.
Example 1. 17 [11] :

Let X ={0, 1, 2 } be a set with a binary operation() defined by the following table:

0 1

2

N[ O %

0 2
1 0
2 1

1
2
0

Then (X;*,0) is a Q-algebra.
Definition 1.18 ([7]):

Let (X; *, 0) be a Q-algebra X and S be a nonempty subset of X. Then

Q- sub-algebraof X if ,x xy €S, forany x,y € S.
Definition 1.19 ([7]):

S is called a

Let X be a Q-algebra. A fuzzy subset u of X is said to be a fuzzy Q-sub-algebra of X if it

satisfies:  p(x*y)>min{ n(x), n(y) }, forall x,ye X.
Definition 1.19 (I8]):

Let (X; %, 0) be a Q-algebra and | be a nonempty subset of X. I is called a Q-ideal of X if it

satisfies:
i. 0€el

ii. (x*y)xzelandy€elimply (x*z) €l forallx,y,ze X.
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Definition 1.20 ([81):
Let X be a Q-algebra. A fuzzy subset p of X is said to be a fuzzy Q-ideal of X if it satisfies:
i. u(0)= u(x)forall x€X,

iu(x*xz) = min{,u ((x * ) * Z),u (y)}, forallx,y,ze X.

Proposition 1.21 ([8]):
Let (X; *, 0) be a Q-algebra, then every fuzzy Q-ideal of Q-algebra is a fuzzy Q-sub-algebra.

Definition 1. 22:
Let (X;«,0) be a Q-algebra, the set of all fuzzy points on X denote by

FP(X) ={X, |x €X, a € (0, 1]}. Define a binary operation (©) on FP(X) by :
Xa ©Yg = (X * Y)minfapy» fOrall x4, yg,z,€ FP(X), then
(Ql) - Xg © Xa = Oou
(QZ) - X O 00( = Xa
(Q3): (% Oyp) Ozy = (2 O 2) Oyp

In X we can define a binary relation (<) by : X, < Y, ifandonlyif,x*y =10

Remark 1.23:
If (X; «,0) is a Q-algebra and FPy(X) denote the set of all fuzzy points of X, then (FP4(X),©, 0q)
is a Q-algebra, which is called a fuzzy point Q-algebra, where the value q, (0<q<1).

Definition 1.24 :

For a fuzzy subset p of a Q-algebra X, we define the set FP(u) of all fuzzy points of X covered
by u to be the set FP(p) = {x,€ FP(X) | w(x) > a, 0 <a <1}, and
FPq(w) = {xq€ FPq(X) | u(x) > q}, for g € (0, 1], xeX.

Now, we give some properties and theorems of Q-algebras.

Theorem 1.25:
If (X;«,0) isa Q-algebra, then the following hold: for all x, yg, z, €FP(X),
a) Xp O] 00( = Xmin{a,B}
b) (X(xQYB) O X¢=0g4 QYB .
c) 04 O x4 =0, implies that x,= 0,
d) z, O xq =z, O yg impliesthat 0, O x4 =0, O yg .
Proof:
a) Itis clear by (Qz).
b) (X(x QYB) QXa:(XaQXa)GYB ZOQGY&
c) Itisclear.
d) 0, ©x4=(zy Oz) Oxc=(2y O xe) O2zy=(zy Oyp) ©z,=(zy O zy) Ox,=0, Oyp. O
Proposition 1.26 :
If (X;*,0) isa Q-algebra, then (xq © (X © ¥p)) © Y= Omin(a,p} for all x4, ygeFP(X),and
(o, B) € (0,1]

Proof:
(Xoc @ (Xoc @ YB)) @ yp = (Xa @ YB) @ (Xa @ YB) = Omin{a,B}v by (QS) and (Ql)

The following example shows that a fuzzy point Q-algebra may not satisfy the associative law.
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Example 1.27 :
Let X : = {0,1,2} with the table as follows:
x |0 1 2
0 |0 2 1
1 |1 0 2
2 |2 1 0

Then X is a fuzzy point Q-algebra, but associativity does not hold , since
(Op © 1q) © 2p = Omin{p,q} * 1min{p,q} = (Op © (1p © Zq))v for all {p, Q}E (011]

Theorem 1.28:

Every fuzzy point Q-algebra X satisfying the associative law is a group under the operation "
o"
Proof:

Putting x4, yg, zy€FP(X) and x,= yg= z, in the associative law
(¢ Oyp) Oz, = x, O (z, ©yp) and using (Qr) and (Qz), we obtain
04 O Xy = x4 © 0, = X, This means that 0, is the zero element of X. by (Q1), every element x
of X has as its inverse the element x itself. Therefore (X;* ,0) is a group. o

2. Fuzzy point Q(QS)-sub-algebras of Q(QS)-algebra
In this section, we introduce the concept of fuzzy point Q(QS)-sub-algebra of FP(u) and give
some examples and properties of its .

Definition 2.1 :
A subset S of X. FP(X) is called a fuzzy point QS-sub-algebra if x, © yge S whenever X,

Y eS.

Example 2.2:
Let X ={0, 1, 2 } be a QS-algebra. In example (1.3) , it is routine to check that

(FPo3(X),®, 0p3) is a fuzzy point QS-algebra, and that S = {0g3, bos} is a fuzzy point QS-sub-
algebra of FPg3(X).

Definition 2.3 :
A subset S of X or FP4(X). FP(X) is called a fuzzy point Q-sub-algebra if

Xe ©yge S whenever X, ,Y; €S.

Example 2.4:
Let X ={0, 1, 2 } be a QS-algebra. In example (1.17) , it is routine to check that

(FPo2(X),®, 09>) is a fuzzy point Q-algebra, and that S = {0¢,, bo.} is a fuzzy point Q-sub-
algebra of FPg »(X).

Remark 2.5:
FP4(X) is a fuzzy point Q(QS)-sub-algebra of FP(X), for every q € (0, 1].

Theorem 2.6:

Let u be a fuzzy subset of a Q-algebra X. Then the following are equivalent:
(1) pis a fuzzy Q-sub-algebra of X.
(i) FP4(p) is a fuzzy point Q-sub-algebra of FP4(X), for every q € (0, 1].
(iii) U(w; t) is a Q-sub-algebra of X when it is nonempty, for every t € (0, 1].
(iv) FP(p) is a fuzzy point Q-sub-algebra of FP(X).
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Proof.
(i) = (ii) Assume that p is a fuzzy Q-sub-algebra of X and let X, , Y, €FPq(n) where q € (0, 1].

Then w(x) > q and u(y) > q. It follows that p(x * y) > min{u(x), w(y)} >q

so that (xq © yq) = (X * y)q€FPq(n).Hence FPqy(p) is a fuzzy point Q-sub-algebra of FP¢(X).

(if) =(iii)  Suppose that FPqy(p) is a fuzzy point Q-sub-algebra of FPy(X), for every q € (0, 1].
Let X, y € U(w; t), where t € (0, 1]. Then p(x) >t and p(y) > t, and so xi, yieFP: (p). It follows that
(x*y)e = (X O yr)e FPu(p) so that u(x « y) > t, i.e. (x = y) € U(y; t). Therefore U(y; t) is a
Q-sub-algebra of X.

(iii) =(iv) Suppose U(u; t) (#L) is a Q-sub-algebra of X, for every t € (0, 1]. Let X, , Y, €

FP(p) and let t = min{p, q}. Then wx)>p>t and wy)>q=>t andthus x,y € Uy t). It
follows that (X = y) € U(u; t) because U(w; t) is a Q-sub-algebra of X. Thus u(x+y) > t, which
implies that

(xp Oyqg) = X * ¥Imingp, 3 = (¢ Oy)= (X » yre FP(u). Hence FP(n) is a fuzzy point
Q-sub-algebra of FP(X).

(iv)=>(1) Assume that FP(p) is a fuzzy point Q-sub-algebra of FP(X). For any X, y € X, we
have X; y: € FP(u) which imply

that (X * y)i= (X¢© Yi) € FP(n), that is, u(x * y) > min{u(x), w(y)}. Consequently, p is a fuzzy
Q-sub-algebra of X. &

Corollary 2.7:

Let p be a fuzzy subset of a QS-algebra X. Then the following are equivalent:
(1) pis a fuzzy QS-sub-algebra of X.
(i) FP4(p) is a fuzzy point QS-sub-algebra of FPy(X), for every q € (0, 1].
(iii1) U(y; t) is a QS-sub-algebra of X when it is nonempty, for every t € (0, 1].
(iv) FP(p) is a fuzzy point QS-sub-algebra of FP(X).
Proof.

Similarly as theorem (2.6) . o

Proposition 2.8:
Let p be a fuzzy subset of a Q-algebra X. If FP(p) is a fuzzy point Q-sub-algebra of FP(X),
then Oy,e FP(p), for all p eIm(p).
Proof. Letp eIm(p), then there exists x eX such that p(x)=p. Hence xpe FP(u), and so
Op = (X = X)p = Xp © Xp€ FP(). 0

Corollary 2.9:
1) Let u be a fuzzy subset of a QS-algebra X. If FP(u) is a fuzzy point QS-sub-algebra of
FP(X), then O, FP(p), for all p eIm(p).

Corollary 2.10:

1) If p is a fuzzy Q-sub-algebra of a Q-algebra X, then O,e FP(p), for all p eIm(p).

2) If p is a fuzzy QS-sub-algebra of a QS-algebra X, then Oye FP(n), for all p eIm(p).

3) If pis a fuzzy Q(QS)-sub-algebra of a Q(QS)-algebra X, then 0,eFP4(w), forall q € (0, 1].

4) Let p be a fuzzy subset of a Q(QS)-algebra X and let p, q € (0, 1] with p>q. If X, FP(), then
Xq€ FP(p).
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Proposition 2.11 :

Let p be a fuzzy subset of Q-algebra X . If FP(u) is a fuzzy point Q-sub-algebra of FP(X) if
and only if , for every t €[0,1], u is either empty fuzzy Q-sub-algebra of X.
Proof:

Assume that FP(p) is a fuzzy point Q-sub-algebra of FP(X). Forany x,y € X, we have x, ,

Yq € FP(n), hence you get (X * Y)minfp, 3=t = Xp © Yq € FP(), that is p(x * y) = min{p(x), p(y)}-
Consequently, u is a fuzzy Q-sub-algebra of X.

Conversely, Assume that 1, =0 is a fuzzy Q-sub-algebra of X, forevery t € (0, 1]. Letx,, ,

yq€ FP(u) and let t = min{p, q}. Then p(x) = p >t and u(y) = q > t, and thus x, y € p. It follows
that (X * y) € p because p is a fuzzy Q-sub-algebra of X, which implies that u(x = y) > min{u(x),
w(y)}, thus p(x*y) >t which implies that X,©O Yq = (X*Y)mingp, g3 = (X * Y)re FP(n).

Hence FP(p) is a fuzzy point Q-sub-algebra of FP(X). o

Corollary 2.12 :
Let p be a fuzzy subset of QS-algebra X . If FP(u) is a fuzzy point QS-sub-algebra of FP(X) if
and only if , for every t €[0,1], p is either empty fuzzy QS-sub-algebra of X.

3. Fuzzy point Q(F)-ideal of Q(QS)-algebras
In this section, we introduce the concept of fuzzy point Q(F)-ideal of Q(QS)-algebra X and give
some examples and properties of its .

Definition 3.1:

A subset FP(p) of FP(X) is called a fuzzy point Q-ideal of FP(X) where X is Q-algebra, if
Ql;) 0,€FP(p), for all A eIm(p) and
Qly) ((xa ©) yﬁ)min{a’ﬂ} O] zy), yg € FP(u) implies that (x * z) minge g 43 €FP(R), forall x4, yg,
z,e Xanda, B,ye (0,1].

Definition 3.2:

A subset FP(u) of FP(X) is called a fuzzy point F-ideal of FP(X) where X is QS-algebra, if
Fl1) 0,eFP(w), for all A elm(p) and
Fly) ((xa ©) yﬁ)min{a,ﬁ} ©) Zy), yge FP(u) implies that (x * z) minga,p 13 €FP(W), for all x4, yg,
z,e Xanda, B,ye (0,1].

Theorem 3.3:

If p is a fuzzy Q-ideal of a Q-algebra X, then FP(p) is a fuzzy point Q-ideal of FP(X).
Proof.

Since p(0) > w(x), for all x eX, we have p(0) > A for all A eIm(p), hence 0, FP(w). Let x4, ¥p,
z,e Xand a, B,ye (0, 1] such that ((x * ¥)minga,py © 2y), € FP(1) and yge FP(u), then
((X * Yminfa,py © 2zy) 2min{a,B,y} and u(y)> . Since pis a fuzzy Q-ideal of X, it
follows that u(x * z)zmin{u((x * y) * z) ,,u(y)}z min{ a, B,y }, so that (x * Z)min(a,py} €
FP(p). o

Corollary 3.4:
If pis a fuzzy F-ideal of a QS-algebra X, then FP(p) is a fuzzy point F-ideal of FP(X).

Proposition 3.5:
FP4(X) is a fuzzy point Q-ideal of FP(X) where X is Q-algebra, for every q < (0, 1].

Corollary 3.6:
FP4(X) is a fuzzy point F-ideal of FP(X) where X is QS-algebra, for every q € (0, 1].
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Theorem 3. 7:
Let pu be a fuzzy subset of a Q-algebra X. Then the following are equivalent:

(i) p is a fuzzy Q-ideal of X.

(i) FPq(p) is a fuzzy point Q-ideal of FP4(X), for every q € (0, 1].

(ii1) U(w; t) is a Q-ideal of X when it is nonempty, for every t € (0, 1].

(iv) FP(n) is a fuzzy point Q-ideal of FP(X).

Proof.

(i) = (ii) Assume that p is a fuzzy Q-ideal of X and letx, y,ze Xand qe(0, 1], then

p((xxy) =z)>qand u(y)=>q . It follows that z(x * z)> min{u((x * y) *2z)), 1(y)}>q, so that
(x * z) 4 €FPq(1). Hence FPq(p) is a fuzzy point Q-ideal of FPq(X).

(i) =(iii) Suppose that FPq(w) is a fuzzy point Q-ideal of FPq(X), for every q € (0, 1]. Let x4, yz,
zy€ U(y; t), where min{a,,y} € (0, 1] . Let t = min{a,B,¥}. Then u((x * ¥)minfap; O
zy) > tand u(y)>t. so ((xxy) *z), and y,e FPy(p). It follows that (x * z), €FPy(u) so that
u(x x z)>t ,ie.(X = z) € U(w; t). Therefore U(p; t) is a Q-ideal of X.

(iii) =(iv) Suppose U(u; t) () is a Q-ideal of X forevery t € (0, 1]. Letx,, yp,z,€ Xand

o, B,y €(0, 1] and let t=min { o, B, ¥ }. Then u((x * Y)mina,;3y © 2,) =t and u(y)=p=>t, and
thus ((x *y) xz)y € U(u; t). It follows that (x * z) € U(y; t) because U(y; t) is a Q-ideal of X,
Thus
u(x = z)>t, which implies that (x * 2)mingay3 = (x * 2).€ FP(). Hence FP(u) is a fuzzy point
Q-ideal of FP(X).

(iv)=(i) Assume that FP(n) is a fuzzy point Q-ideal of FP(X). For any X, y, z € X, we have
Xa» Vg zy€ Xand a, B, y €(0, 1], which imply that((x * ¥) minge,gy © 2,) = t € FP(u) and
Ya € FP(w), It follows that (x * Z)minga, y3€ FP (1) so that u(x * z)>min{a, v}, thatis
p(x + z)>min{u((x * y) * z) ), u(y)}. Hence,  is a fuzzy Q-ideal of X. o

Corollary 3.8:
Let u be a fuzzy subset of a QS-algebra X. Then the following are equivalent:
(i) p is a fuzzy F-ideal of X.
(i) FP4(p) is a fuzzy point F-ideal of FP4(X), for every q € (0, 1].
(ii1) U(; t) is a F-ideal of X when it is nonempty, for everyt (0, 1].
(iv) FP(p) is a fuzzy point F-ideal of FP(X).

Proposition 3.9 :

Let { FP(w;) | ieA} be a family of fuzzy point Q-ideal of Q-algebra X , then N;¢, FP(w) is a
fuzzy point Q-ideal of X.
Proof:

Since { FP(y;) | ieA} is a family of fuzzy point Q-ideal of Q-algebra X ,we have

(1) 03€ N FP(wi), forall i eA and A eIm(y;), then 03 € N;¢, FP(w)
(2) For any x4, yg,zy,€X suppose ((x * ¥)minga,py © 2Zy), € NieaFP(Wi) and yge Ny, FP(Wi) |
then ((x * ¥)minga,py © 2z,)€FP(u;) and yge FP(y;), for all i €A, but FP(u;) is a fuzzy point
Q-ideal of Q-algebra X, for all i e A. Then(x * z)minga,y; €FP(w;), foralli eA, therefore,
(X * Z)minfa,y} € NieaFP(i) . Hence Ny, FP(wi) is a fuzzy point Q-ideal of Q-algebra X.o

Corollary 3.10 :
Let { FP(w) | ie A} be a family of fuzzy point F-ideal of QS-algebra X , then N;¢,FP(w) is a
fuzzy point F-ideal of X.
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Proposition3.11:

Let { FP(u;)| ieA} be a family of fuzzy point Q-ideal of Q-algebra X, then U;c,FP(w) is a
fuzzy point Q-ideal of Q-algebra X, where FP(u;)SFP(u;4,), forall i eA .
Proof:

Since { FP(u;)| ieA} is a family of fuzzy point Q-ideal of Q-algebra X, we have
(1) 0,€FP(y;), forsomei eA and A eIm(y;), then 0; € U;c,FP(i)
(2) For any x, Yp ,ZyEX suppose ((x * y)min{a,ﬁ} O] Zy)e UiEAFP(Mi)a
and yg € Uje, FP(u;) = 3i,jeA such that ((x * Y)mingepy © 2,)€FP(1;) and yz € FP(u;) .By
assumption FP(u;)SFP(uy), and FP(u;)SFP(uy) , keA, hence ((x * ¥)minfa,py © 2,) €FP (1)
yg € FP(ug) , but FP(uy) is a fuzzy point Q-ideal of Q-algebra X, then
(X * Z)minfa,y} €FP(ui). Therefore (x * z)minga, y3€ VieaFP(Wi) . Hence U, FP(wi) is a fuzzy point
Q-ideal of Q-algebra X.

Corollary 3.12:

Let { FP(y;)| ieA} be a family of fuzzy point F-ideal of QS-algebra X, then U;c,FP(wi) is a
fuzzy point F-ideal of QS-algebra X, where FP(u;) € FP(u;41), forall i eA .
Note that :

The converse of proposition (3.11) is not true as seen it the following example

Example 3.13:
Let X ={0,1,2,3} be a set with a binary operation («) defined by the following table:
« [0 |1 [2 |3
0 |0 |1 |2 |3
1 |1 |0 |3 |2
2 |2 |3 |0 |1
3 |3 |2 |1 |0

Then (X; *, 0) is a Q(QS)-algebra.l;={0,1} and 1,={0,2} are fuzzy Q(F)-ideal of Q(QS)-algebra
X. But 13U 1,={0,1,2} since (1 *0),=(1)geliU I, and (2 * 0)z= (2)gehu I, forall a, g € (0,1],

but (1 * 2)minge,8)= (3 mingasy & 1V I2.

Theorem 3.14:

Let u be a fuzzy subset of Q-algebra X . If FP(p) is a fuzzy point Q-ideal of FP(X) if and only if
, forevery t €[0,1], p is either empty or a fuzzy Q-ideal of Q-algebra X
Proof:

Assume that FP (p) is a fuzzy point Q-ideal of FP (X) =0, eFP(p), for all A eIm(p) and xeX,
therefore 4(0)> p(x)>t , for x e pand so 0 € .

Let x,y,z € X, where a, 8,y € (0, 1], ((x *y) * Z) €p y€ep andLet t=min{a,f,y} Then
1((x * V)mingapy O 2zy) = tand u(y)>t,so ((x *y) *z), and y. € FP(w). It follows that
(x * z); eFP(n) such that p(x *z) > min{u((x *y) * z), u()}= u(x *z) >t, then (x *z) €
u. Hence p is fuzzy Q-ideal of X.

Conversely , Suppose pu = is a fuzzy Q-ideal, letx, y,ze X and qe(0, 1] .Then
w1 ((x*y) xz) >qand u(y)=>q . It follows that z(x * z)>min{u((x *x y) *2z)),u(y)}>q, so that
(x * )4 €FPq(n). Hence FPq(p) is a fuzzy point Q-ideal of FPq(X). o

Corollary 3.15:
Let n be a fuzzy subset of QS-algebra X . If FP(u) is a fuzzy point F-ideal of FP(X) if and only
if, for every t €[0,1], p is either empty or a fuzzy F-ideal of QS-algebra X
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Proposition 3.16:

Every fuzzy point Q-ideal of Q-algebra X is a fuzzy point Q-sub-algebra of X.
Proof:

Since FP(p) is fuzzy point Q-ideal of a Q-algebra X, then by theorem (3.14), for every t €[0,1],
4 is either empty or a fuzzy Q-ideal of X. By proposition (1.21), then Every fuzzy Q-ideal of
Q-algebra X is a fuzzy Q-sub-algebra of X, for every t €[0,1], wis either empty or a fuzzy
Q-sub-algebra of X by Proposition (2.13). Hence FP(p) is a fuzzy point Q-sub-algebra of Q-
algebra X. o

Corollary 3.17:

Every fuzzy point F-ideal of QS-algebra X is a fuzzy point QS-sub-algebra of X .
Note that :

The converse of proposition (3.16) is not true as seen it the following example.

Example 3.18:
Let X ={0,1,2,3}be a set with a binary operation (x)define a by the following table:
« [0 |1 [2 |3
0 |0 |0 |0 |O
1 |1 |0 |0 |O
2 |2 |1 |0 |1
3 |3 |1 |1 |0

Then (X;+,0) is a Q(QS)-algebra .Define a fuzzy subset «: X — [0,1] by:

X0 [1 |2 3
L|08 0706 |05

Then p is fuzzy point Q(QS)-sub-algebra of X, but not fuzzy point Q(F)-ideal of X. since
1={0,1,2} € FP(w). Let( (305 © 20,6) @ 00) = (10.7) €FP() and (20,6) € FP(u) but
(30.5 © 09.8)= (30.5) FP(p).

4- Homomorphism fuzzy point Q(F)-ideal of Q(QS)-algebras:
In this section ,we introduce the definition of homomorphism of Q(QS)-algebra and we study
some properties of it.

Definition 4.1([2]):

Let (X; =, 0) and (Y; #,0")be Q(QS)-algebras. A mapping f : (X; *, 0) — (Y; %,0"), is said to be
a homomorphism if f (x *y) =1 (x) = f (y), for all x, ye X.
Definition 4.2([5]) :

For any homomorphism f : (X; x, 0) — (Y; %,0"), the set {X e X| f (x) =0%}is called the kernel
of f, denoted by Ker ().

Proposition 4.3:
Let (X;=,0) and (; %,0") be Q-algebras and f : (X; =, 0) = (Y; %#,0") be a homomorphism,
then Ker(f) is fuzzy point Q-ideal of Q-algebra X .
Proof:
(1) Since f(0;),then 0,€ Ker( f) and Aelm(p)

(2) Foranyx,y,z eX let ((x *Y)mintap; O z,)e Ker(f) and ygeKer(f)
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f((xa ©yp) ©z,)eKer(f)and f(yg)e Ker(f) = f ((xa Oys) O zy) = 0"and
f(78) = =1 (x2) © f(2) = f (e © ) 2 min{ £ (5 O ys) © 7). f ()} = 0

= f ((xa © Zy)) =0
Thatis (X * Z)minfe,y} € Ker(f) then Ker(f) isafuzzy point Q-ideal of X.o

Corollary 4.4:
Let (X; *,0) and (; %,0") be QS-algebras and f : (X; *, 0) — (Y; %, 0" )be a homomorphism, then
Ker(f) is fuzzy point F-ideal of QS-algebra X .

Proposition 4.5:
Let (X; *,0) and (; %,0") be Q-algebras, f: (X; *, 0) — (Y; %,0")be a homomorphism ,onto
and
(1) 1 be a fuzzy point Q-ideal of X, then f (I)is fuzzy point Q-ideal of Q-algebra Y.
(ii) S be a fuzzy point Q-sub-algebra of X, then f (S)is fuzzy point Q-sub-algebra of Y.
Proof:
(i) Since I is a fuzzy point Q-ideal of X =0,€ | =f(0,)ef () forall Aelm(p). Letx,y,z eX
and ((l, B' )/) € (Oll]J f((x * y)min{a,ﬁ} O Zy) Ef(l)' f(yﬁ) Ef([)
= ((x *Y)minfa,py © 2z,)€ L, (yp)< 1, Since I is a fuzzy point Q-ideal of X
= (X * Z) min{ay} EI=f (X * Z) mingayy €f (). Hence f (1) is fuzzy point Q-ideal of Q-algebra Y.
(i) Since S is a fuzzy point Q-sub-algebra of X, such that x, © yq€ S whenever x, , yqe S,
let (a«b) f(S) and x, = f (a),yq = f(b),
f(axb) = f(a) #f (b) =x, @ yq =f (xp O yq) =F(X* Y) mingp, gy €£(S).
Hence f(S) is fuzzy point Q-sub-algebra of .

Proposition 4.6:
Let (X; %,0) and (; *,0") be QS-algebras , f : (X; *, 0) — (Y; %,0")be a homomorphism ,onto
and
(i) 1 be a fuzzy point F-ideal of X, then f ()is fuzzy point F-ideal of QS-algebra Y.
(i) S be a fuzzy point QS-sub-algebra of X, then f (S)is fuzzy point QS-sub-algebra of Y.

Proposition 4.7:

Let (X; *,0) and (; %,0") be Q-algebras , f : (X; *, 0) — (Y; %,0")be a homomorphism and B
be a fuzzy point Q-ideal of Y, then f *(B)is fuzzy point Q-ideal of Q-algebra X.
Proof:
(1) SinceBisa fuzzy point Q-ideal of Y = (0’ )eB=f"*(0",)ef~*(B) since
0,=f~*(0",), then 0, f~*(B) for all AeIm ().
(2) Letx,y,zeXand (a,pB,y)e(0,1], ((x * ¥)minfa,g} © zy)ef‘l(B), (yﬁ)e f'(B)=
F (& *Y)minta,py © 2,)€B, f(yp)eB, Since B is a fuzzy point Q-ideal of Y
=f (X * D min{ay} €B =X * Z)min{ay} € f*(B) . Hence f *(B)is fuzzy point Q-ideal of Q-algebra
X.0

Proposition 4.8:
Let (X; *,0) and (; %,0") be QS-algebras , f : (X; *, 0) — (Y; %, 0" )be a homomorphism and B
be a fuzzy point F-ideal of Y, then f *(B) is fuzzy point F-ideal of QS-algebra X.
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