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Abstract:  

 Our aim in this paper is to find a solution of Linear Systems of Partial Differential 

Equations (LSPDE) with variable coefficients subjected to some initial conditions by using              

Al-Tememe transform ( .T) through generalized the methods that found in [1]. 
 

 المستخلص

هذفنا من هزا البحث هو ايجاد الحل للأنظمت الخطيت للمعادلاث التفاضليت الجزئيت راث معاملاث متغيرة والمتضمنت بعض 

 . [1]الشروط الابتذائيت بواسطت استخذام التحويل التميمي من خلال الطرق المعممت التي توجذ في 
 

Introduction: 

Integral transformations are an important role to solve the linear partial Differential 

equations (    ) with constant coefficients and variable coefficients. We will use Al-Tememe 

Transform (    ) to solve systems of linear partial differential equations of a first- order with 

variable coefficients. And the method summarized by taking (   ) to both sides of the equations 

then we take (     ) to both sides of the equations and by using the given initial conditions we 

find the functions. 
 

Definition 1: [2] 

 Let   is defined function at period (   ) then the integral transformation for   whose it′s symbol  

 ( ) is defined as: 
 

 ( )   ∫   (   )  ( )     

 

 

 

Where k is a fixed function of two variables, called the kernel of the transformation, and a, b 

are real numbers or ∓∞, such that the above integral is convergent. 
 

Definition (2): [3] 

The Al-Tememe transformation for the function   ( )         is defined by the following integral: 

    ( )   ∫    

 

 

 ( )       ( )  
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such that this integral is convergent, s is positive constant. From the above definition we can write: 

 ( (   ))  ∫     (   )  
 

 

 

      (   ) 

such that  (   )  is a function of    and     
 

Property (1): [3]  
This transformation is characterized by the linear property, that is  

      (   )     (   )        (   )        (   )  , 
Where A and B, are constants while, the functions    (   )    (   ) are defined when (   ).  

The Al-Tememe transform for some fundamental functions are given in table (1) [3]: 
 

 

            

            

 ( )  ∫    

 

 

 ( )    

      ( )  

 

          ( ) 

 

   

 

      
 

 
 

(    ) 
 

 

                

 

  

 

         

 

(   (    )) 
 

 

        

 

  

 

      
 

 

(    )  
 

 

    

 

  

 

      

 

    (    )   
 

 

           
 

 

  

 

      

 

(     )    
 

 

    (   ) 
 

 

  

 

     
 

     

(     )     
 

 

    (   ) 

 

 

  

 

            

 

(     )    
 

 

     (   ) 
 

 

  

 

            

     

(     )     
 

 

     (   ) 
 

 

  

From the Al-Tememe definition and the above table, we get:  
 

Theorem (1): [3]  

If    ( (   ))   (   ) and a is constant, then   ( (     ))   (     ). 
 

 

 

 

 

 

 

 
 



Journal University of Kerbala , Vol. 15 No.2 Scientific . 2017 
  

36 

 

Definition (3): [3]  

Let  (   ) be a function where (   ) and  ( (   ))    (   )   (   ) is said to be an inverse 

for the Al-Tememe transformation and written as    ( (   ))    (   )  where      returns the 

transformation to the original function. For example 
  

   [
     

(   ) 
]       (   )  

 

Property (2): [3]  

If    (   (   ))    (   ),     (  (   ))    (   )         (   (   ))     (   ) and  

              are constants then, 

        (   )      (   )        (   )      (   )      (   )         (   ) 
 

Theorem (2): [3]  

If the function    (   )  is defined for       and its derivatives   (   )    (   )      
( )

(   ) 

are exist then: 

  *    
( )(   )+     

(   )(   )  (   )  
(   )(   )     

  (   ) (   (   ))  (    )  (   )    (   )  (   ).                 
 

Solving Linear Systems of Partial Differential Equations of the first order by using Al -

Tememe transformation  

Let us consider we have a linear system of partial differential equation of first order with variable 

coefficients which we can write it by: 

    (   )       (   )       (   )    (   ) 

                                                                         ( ) 

    (   )       (   )       (   )    (   ) 

Where               and     are constants     (   ) the first derivative of function    (   ) and 

    (   ) the first derivative of function    (   )   such that    (   ) and    (   ) are continuous 

functions and the (   ) of    (   ) and    (   ) are known. 

To solve the system  ( )  we take  (   ) to both sides of it, and after simplification we put 

  (   )   (  (   ))   (   )   (  (   ))    (   )   (  (   ))    (   )   (  (   )) so 

by using Theorem 2, we get:       

(   )  (   )    (   )       (   )       (   )    (   )                 ( ) 

(   )  (   )    (   )       (   )       (   )    (   )                 ( ) 

So 

(       )  (   )       (   )    (   )    (   )              ( ) 

(       )  (   )       (   )    (   )    (   )              ( ) 

By multiplying equation  ( )  by     and equation  ( )  by (       ) and collecting the result 

terms we have 

  (   )  
  (   )

  ( )
      ( )                                                                           ( ) 
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By the similar method we find  

  (   )  
  (   )

  ( )
      ( )                                                                             ( ) 

 

Where   (   ) and   (   ) are polynomials of   and s,   ( ) and   ( ) are Polynomials of 

s, such that the degree of    (   ) is less than the degree of   ( ) and the degree of    (   ) is less 

than the degree of   ( ). By taking the inverse of Al-Tememe transformation (     ) to both sides 

of equations (6) and (7) we get:  
 

  (   )     [
  (   )

  ( )
] 

                                                                                                                                 ( )   

  (   )     [
  (   )

  ( )
] 

  

Equations (8) represent the general solution of system (1) which we can be written it as follows    

  (   )  ∑  ( )  ( )

 

   

 

                                                                                                                                 ( ) 

  (   )  ∑  ( )  ( )

 

   

  

 

Where    ( )   and    ( )  are functions of  x and   ( ) and   ( ) are functions of t where the 

number of i depend on the degree of  ( )  To find the  forms of the functions   ( ) and   ( ) we 

use the initial conditions   (   ) and   (   ) in system but the conditions   (   ) and   (   ) 

are not enough to find out the above  functions thus we find    (   )        
(   )(   )  and 

   (   )       
(   )(   ) by using system (1), so we get number of equations equal to 2m with 

initial conditions also we use the equation (9) for finding derivatives and by using the initial 

conditions we get 2m equations which is formed linear system, this  linear system  can  be  solved 

to obtain the forms  of   ( )    ( )     ( ) and   ( )    ( )      ( )  
 

Example (1): To solve the linear system of partial differential equation  

     (   )    (   )    (   )                             (   )     

    (   )      (   )     (   )                  (   )     

We take Al-Tememe transformation to the above system, so we get 

 (    (   ))   (  (   ))   (  (   ))   ( ) 

   (   )  (   )  (   )    (   )    (   )  
 

   
  

(   )  (   )    (   )  
 

(   )
                                                                           (  ) 
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 (    (   ))    (  (   ))    (  (   ))    (   ) 

   (   )  (   )  (   )     (   )     (   )  
 

 
 

(   )  (   )     (   )  
 

 
                                                                                                        (  ) 

by multiplying  equation (10) by (   ) and  equation (11) by 1   

(   )(   )  (   )  (   )  (   )  
 (   )

(   )
 (   )                                                   (  ) 

(   )  (   )     (   )  
 

 
                                                                                                        (  ) 

from equation (  ) and (  ) we get   

  (   )  
  (   )

 (   )(   )(   ) 
      (   )    (   )  (   )(   )   

 (   )   (   ) 

And  

  (   )  
  (   )

 (   )(   )(   )
       (   )       (   )(   )   (   )(   ) 

Therefore after using     T we get 

  (   )    ( )      ( )    ( )     ( )   , 

and 

  (   )    ( )      ( )    ( )     ( )    

the conditions    (   ) and    (   )  are not enough to get the above functions from  two 

equations so we will substitute the two conditions and their derivatives in the differential equations 

(linear system) to get :  

    (   )          (   )                (   )            

    (   )      ,      (   )      ,        (   )         

By substituting these initial conditions in the derivatives of the general solution of 

  (   )     (   ) we get: 

  ( )    ( )    ( )    ( )    

   ( )     ( )     ( )    

   ( )     ( )      ( )      

    ( )       ( )         

By solving these equations we get: 

   ( )     
 ⁄    ( )     

 ⁄    ( )   
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By the same method we find : 

  ( )           ( )            ( )  
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Example (2): To solve the linear system of partial differential equation   

      (   )     (   )     (   )                               (   )    

    (   )     (   )    (   )                                    (   )    

We take Al-Tememe transformation to both sides of the linear system  

 (    (   ))    (  (   ))    (  (   ))     (   ) 

By using Theorem 2 we will have 

   (   )  (   )  (   )     (   )     (   )  
  

(   ) 
 

(   )  (   )     (   )  
  

(   ) 
                                                                                                (  ) 

 (    (   ))    (  (   ))   (  (   ))     (  ) 

   (   )  (   )  (   )     (   )    (   )  
  

(   )
 

   (   )     (   )  
  

(   )
                                                                                                            (  )   

By multiplying equation (14) by s and equation (15) by 2 we get   

 (   )  (   )       (   )  
   

(   ) 
                                                                                          (  )  

    (   )     (   )  
   

   
                                                                                                               (  ) 

From (16) and (17) we get 

  (   )  
  (   )

(   ) (   ) (   )
        (   )     (   )     (   )  

And  

  (   )  
  (   )

(   ) (   ) (   )
      (   )     (   )    (   )(   )   

Therefore after using        we get  

   (   )    ( )    ( )      ( )    ( )       ( )   

And also,    (   )    ( )    ( )      ( )    ( )       ( )   

The conditions   (   ) and   (   )  are  not  enough  to  get  the above  functions  from the above  

two equations  so  we  will  substitute  the two  conditions and  their derivatives  in  the differential 

equations (linear system)  to get :-  

    (   )          (   )             (   )           
( )(   )       

   (   )      ,     (   )        ,        (   )          
( )(   )       

By substituting these initial conditions in the derivatives of the general solution of   (   ) 

  (   ) we get: 

  ( )    ( )    ( )    

  ( )    ( )    ( )     ( )    

   ( )    ( )      ( )       

   ( )    ( )      ( )      

    ( )     ( )      ( )       
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By solving these equations we get: 

  ( )      ,   ( )     ,   ( )          ,   ( )     

 ⁄      ( )      

 ⁄  

     (   )            
    

 
  

   

 
     

   

 
   

By the same method we find: 

   ( )         ( )         ( )              ( )            ( )       

     (   )             
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