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Abstract 

      The main goal of this work is to create a new type of proper G – space , namely,  regular  

proper G – space and to explain some of  examples and propositions of  r -  proper action; 

where X and G is T2 – spaces.   

 

Introduction 

        One of the very important concepts in topological groups is the concept of group actions 

and there are several types of these actions. This paper studies an important class of actions 

namely,  regular proper actions .Proper G – spaces were studied by many mathematicians such 

as group, Bourbaki, Palais, Abels,  and others. 

       Let B be a subset of a topological space (X,T). We denote the closure of B and the interior 

of B by B and oB , respectively.The subset B of (X, T) is called regular open (r – open) 

if
O

BB   .The complement of a regular open set is defined to be a regular closed (r – closed) 

. If oBB  then the family of all r – open sets in (X,T)forms a base of asmaller topology T
r
on 

X ,called the semi – regularization of T . In section one of this work, we include some of 

results which then will needed in section two.  

 In section two, we deal with the definitions, examples, remarks, propositions, theorem and 

corollaries of  regular proper function. Section three recalls the definition of proper G – space, 

gives a new type of  proper G – space (to the best of our Knowledge), namely, regular proper 

G – space and studies some of its properties, where G- space is meant T2 – space topological X 

on which an r – locally r – compact, non – compact, T2 – topological group G acts 

continuously on the left. 

1. Preliminaries 

1.1 Definition [3]: 

  A subset B of a space X is called regular open (R – open) set if 
O

BB  . The complement of 

a regular open set is defined to be regular closed (r – closed) set, then the family of all r – open 

sets in (X,T)forms a base of a smaller topology T
r 
on X ,called the semi – regularization of T . 

In [3] that the subset B of X is r – open if and only if B T 
r
. 
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1.2 Proposition [3]: 

 Let X be a space. Then 

(i) If A and B are r- open sets then A∩B is an r-open set. 

(ii)If Ais an r-closed subset of X and B is aclopen set in X, then A∩B is an r – closed in X. 

 

1.3 Proposition [3]: Let X and Y be two spaces. Then A1  X, A2 Y be r – open(r – closed) 

sets in X and Y , respectively if and only if A1A2 is r – open(r – closed) in XY. 

 

1.4 Definition[3]: A subset B of a space X is called regular neighborhood (r – neighborhood) 

of xX if there  is r- open subset O of X such that xO  B. 

 

1.5 Definition [3]: Let X and Y be spaces and ƒ: XY be a function. Then: 

(i) ƒ is called regular continuous (r – continuous) function if ƒ-1
(A) is an r – open set in X for 

every  open set A in Y. 

(ii) ƒ is called regular irresolute (r – irresolute) function if ƒ-1
(A) is an r – open set in X for 

every r- open set A in Y. 

 

1.6 Proposition [3]: Let ƒ:XY be a function of spaces. Then ƒ is an r - continuous function 

if and only if ƒ-1
(A) is an r - closed set in X for every closed set A in Y. 

 

1.7 Proposition: Let X and Y be spaces and let ƒ: XY be a continuous, open function. Then 

ƒ is r – irresolute function. 

. Proof:  

 (i)Let A be an r-open set of  Y,then A=
O

A .Since f is continues and open then 

 ƒ-1
(A)= ƒ-1

(
O

A )=  











  )(1)(1 AfAf ,  ƒ-1
(A) is an r-open set of X. 

. 

1.8 Definition [3]: 

(i) A function ƒ: XY is called  regular closed ( r – closed) function if 

     the image of each  closed subset of X is an r – closed set in Y.   

(ii) A function ƒ: XY is called  regular open ( r – open) function if 

     the image of each open subset of X is an r – open set in Y. 

 

1.9 Definition [3]:Let  X  and  Y  be  spaces . Then a function  ƒ: X  Y  is  called a  r–  

 homeomorphism if: 

(i) ƒ is bijective . 

(ii) ƒ is  continuous . 

(iii) ƒ is r– closed ( r– open). 
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1.10 Proposition[3]: Every r- homeomorphism is  homeomorphism. 

 

1.11 Definition [3]: Let (d)dD be a net in a space X , xX. Then : 

i) (d)dD r – converges to x (written d r
x) if (d)dD is eventually in every r – 

neighborhood of x . The point x is called an r – limit point of (d)dD, and the notation 

"χd r
∞" is mean that  (χd)dD has no r – convergent subnet. 

ii) (d)dD is said to have x as an r – cluster point [written d

r

  x] if (d)dD is frequently in 

every r - neighborhood of x . 

 

1.12 Proposition: Let (d)dD be a net in a space (X, T) and xo in X. Then d 
r

  xo if and only if 

there exists a subnet (χdm)dmD of (d)dD such that χdm r
 xo. 

Proof:  Let (d)dD be a net in a space (X, T) such that d

r

 xo in (X, T) . Then  d  xo in (X, 

T
r
), so there exists a subnet (χdm)dmD of (χd)dD such that χdm xo in (X, T

r
). Then  d r

 

xo. 

     By same way we will proof only if part. 

 

1.13 Remark:  Let (χd)dD be a net in a space (X, T) such that d
 x, xX and let A be an  open 

set in X which contains x. Then there exists a subnet (χdm)dmD of (χd)dD in A such that 

 χdm  x. 

 

 1.14  Remark [3]: Let X be a space, then: 

(i) If (d)dD is a net in X, xX such that d  x then d r x . 

(ii) If (d)dD is a net in X, xX such that d 
  x then d 

r

  x. 

 (iii) If (d)dD is a net in X, xX. Then d r x in (X, T) if and only if d x in  (X, 

T
r
), and d 

r

  x in (X, T) if and only if d  x in (X, T
r
). 

1.15 Remark:  Let (χd)dD be a net in a space (X, T)  such that X is compact T2- space then 

                          d
 x if and only if  d

r

 xo. 

 

Proof: Clearly, 

 Let (χd)dD be a net in X such that d

r

 x, so by Proposition (1.12) there exists a subnet  of 

(d)dD ,say itself such that χd r
 x. Since X is compact space  then  (χd)dD  has a cluster 

point ,say y ,then  there exists a subnet  of (d)dD ,say itself such that χd   y ,by remark 

(1.14) χd r
 y ,then x=y (since X is T2 space then by [3] X is r-T2 space ,thus χd  may have 

unique r-limit point ) ,so d
 x. 
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 1.16 Definition [3]: A subset A of space X is called r – compact set if every r – open cover of 

A has a finite sub cover. If A=X then X is called an r – compact space. 

 

1.17 Proposition [3]:Let X be a space and F be an r – closed subset of X. Then F∩K is r – 

compact subset of F, for every r – compact set K in X. 

 

1.18 Proposition [3]:Let Y be an r – open subspace of space X and AY. Then A is an r – 

compact set in Y if and only if A is an r – compact set in X. 

 

1.19 Definition [3]: 

(i) A subset A of space X is called r - relative compact if A  is r – compact. 

(ii) A space  X  is called  r – locally  r – compact  if  every  point  in  X  has an r – relative 

compact r – neighborhood. 

 

 

1.20 Proposition[3]: Let X and Y be spaces and  ƒ: XY be a function, then:  

(i)If ƒ is continuous ,then an image ƒ(A)of any compact set A in X is a compact set in Y. 

(ii)If  f  is r-irresolute,then an image f (A) of any r- compact set A in X is an r-compact set in 

Y. 

1.21 Definition [3]:  Let ƒ: XY be a function of spaces. Then ƒ is called an regular compact 

(r-compact) function if  ƒ -1
(A) is a compact set in X for every r – compact set A in Y. 

2 – Regular Proper Function 

 2.1 Definition [3]: Let X and Y be two spaces. Then ƒ: XY is called  regular proper ( r - 

proper) function if : 

(i) ƒ is continuous function. 

(ii) ƒ ×IZ: X×ZY×Z is  r – closed function, for every space Z. 

 

2.2 Proposition [3]: Let X and Y be spaces and ƒ: XY be a continuous function .Then the 

following statements are equivalent: 

(i) ƒ is an  r – proper function. 

(ii) ƒ is an  r – closed function and ƒ -1
 ({y}) is a  compact set, for  each yY. 

     (iii) If (χd)dD is a net in X and yY is an r – cluster point of ƒ (χd), then there is a cluster  point 

xX of (χd)dD such that ƒ (x) = y. 

 

2.3 Proposition [3]: Let X, Y and Z be spaces, ƒ: XY and g: YZ be an  r – proper functions 

. Then goƒ:XZ is an  r – proper function. 

2.4 Proposition [3]; Let ƒ1: X1Y1 and ƒ2: X2Y2 be functions. Then ƒ1×ƒ2: X1×X2Y1×Y2 is 

an r- proper function if and only if ƒ1 and ƒ2 are  r – proper functions. 
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2.5 Proposition [3]: 

(i) Every  r – proper function is  r – closed. 

(ii)Every r-proper function is proper.. 

(iii)Every r-homeomorphism is r-proper. 

2.6 Proposition[3]: Let ƒ: XP= {w} be a function on a space X. Then ƒ is  an  r – proper 

function if and only if X is an  compact, where w is any point which dose not belongs to X. 

. 2.7 Proposition[3]: Every continuous function from an  compact space into a Hausdorff 

space is  r- proper. 

2.8 Proposition:[3 ]: Let X, Y and Z be spaces, ƒ: XY is an  r – proper functions and g: YZ 

is homeomorphism function . Then goƒ:XZ is an  r – proper function. 

 

2.9 Proposition [3]: Let X and Y be a spaces, such that Y is a T2 – space and ƒ: XY be 

continuous, function. Then the following statements are equivalent: 

(i) ƒ is  r– compact function. 

(ii) ƒ is   r– proper function. 

 

3 – Regular   Proper G-Space. 

3.1 Definition [5]: A topological transformation group is a triple (G,X,) where G is a T2 –  

topological group, X is a T2 – topological space and  :GX  X is a continuous function such 

that:  

(i)  (g1, (g2, x)) =  (g1g2, x) for allg1,g2G , xX  and denote g. x for  (g, x) 

(ii)  (e, x) = x for all xX , where  e is the identity element of G. 

 

3.2 Remark [4]: Let X be a G – space and xX. Then: 

(i) The function  is called an action of G on X and the space X together with  is called a G – 

space ( or more precisely left G – space ). 

(ii) A set A  X is said to be invariant under G if GA = A. 

 

3.3 Definition: A G – space X is called  regular  proper G – space ( r – proper G – space) if the 

function  : GXXX which is defined by  (g, x) = (x, g.x) is  r – proper function. 

 

3.4 Example: The topological group Z2 = {-1, 1} [as Z2 with discrete topology] acts on the 

topological space S
n
 [as a subspace of R

n+1
 with usual topology] as follows: 

± 1. (x1, x2, …, xn+1) = (±x1,±x2,…,±xn+1) 

     Since Z2 is an  compact, then by Proposition (2.6) the constant function Z2P is an r – 

proper. Also the identity function is an r – proper, then by Proposition (2.4) the  function of 

Z2 S
n
 into P S

n
 is an r – proper.  
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     Since PS
n
 is homeomorphic to S

n
, then by Proposition (2.8)the composition Z2S

n
  S

n 
is 

an r – proper function  . Let  be the action of Z2 on S
n
. Then continuous,. Since S

n
 is T2 – 

space. Then by Proposition (2.7)  is an r – proper function  . Thus by Proposition (2.4) Z2S
n
 

 S
n
S

n
 is an  r – proper function ,thus S

n
is  an r - proper Z2- space. 

 

3.5 Lemma: If X is a G – space then the function  : GXXX which is defined by  (g, x) = 

(x, g.x) is continuous function and 
1 ({(x, y)}) is closed in GX for every (x, y)XX. 

Proof: Since:  : GX 
GI GXX  

 XI XX 
f

XX, where  is action of G on  

X. Then  =ƒo IXoIG is continuous function and 1 ({(x, y)}) is closed in GX for every 

(x, y) XX. 

 

3.6 Theorem: Let X be an  r – proper G – space and let H be  closed subset of G. If Y is an r – 

open subset of X which is invariant under H, then Y is an  r- proper H – space. 

Proof: Since X is an  r – proper G – space, then the function  : GXXX which is defined 

by  (g, x) = (x, g.x) is an  r – proper function. [To prove that  : HY YY is an  – r – 

proper function which is defined by  (h, y) = (h , y) for each (h, y)HY.] 

(1) Since  : GXXX is continuous, then  : HY YY is continuous. . 

 (2) Let (hd, yd)dD be a net in HY such that  ((h d, yd))
 

r

(x, y) for some (x, y) YY. Then 

(yd, hd yd)
 

r

 (x, y) in YY. Let A be an r – open subset of XX such that (x, y)A. Since Y is r – 

open in X, then YY is an r – open set in XX. Then A∩(YY) is an r – open set in XX . But 

(x, y) A∩(YY) and (yd, hdyd)
r

(x, y), thus (yd, hdyd) is frequently in A∩(YY) and then (yd, 

hd yd) is frequently in A, thus (yd, hdyd)
 

r

(x, y) in XX. since  : GXXX is an r – proper 

function, then by Proposition (2.2) there exists (h, x1)GX such that (hd, yd)
  ( 

h, x1) and  

((h, x1))=(x, y), hence (x1,h x1)=(x,y). Thus x1=x and therefore hd h. Since (hd)dD is a net in H 

, and H is r – closed . Then there exists (h, x)  HY such that  (h, x) = (h,x) = (x, y). Then 

from (1), (2) and by Proposition (2.2) the function  : HYYY is an r – proper function. 

Hence Y is an r – proper H – space. 

 

3.7 Corollary: Let X be an r – proper G – space and Y be an r – open subset of X which is 

invariant under G. Then Y is an  r- proper G – space. 

 

3.8 Corollary: Let X be an  r – proper G – space and let H be a closed subset of G. Then X is 

an  r- proper H – space. 
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3.9 Proposition: Let X be an  r – proper G – space, xX such that{x}is clopen and T={x}X. 

Then the function T:
1 (T) T is an  r – proper function, where  : GXXX such that  

is an r – irresolute function and  (g, x) = (x, g.x), (g, x)GX. 

 

Proof: Since{x}is clopen in X then {x} is r-clopen set in X .  So each G{x} and {x}X are r – 

closed in GX and XX (respectively). Now, Let F be a  closed set in 1 (T) = G{x}, then F 

is a closed in  GX .Since F=F∩(G{x}),  T(F) = (F)∩({x}X),since  is r- proper 

therefore  (F) is r– closed in XX by Proposition (2.1) T(F) is r – closed in XX. But T(F) 

{x}X, then there exists a subset V of X such that T(F) = {x}V. Since T(F) is r- – closed in 

XX, so {x}V is an r – closed set in {x}X, hence T(F) = {x}V is an r – closed set in T= 

{x}X therefore T:
1 (T)T is an r – closed. Now, let (x, y){x}X. Since  is  r – proper 

function, then by Proposition (2.9)  is an r – compact function. Then 
1 ({(x, y)}) is   

compact in GX. Then  
1

T ({(x, y)}) is compact set in G{x} = 
1 (T).  Since  is 

continuous, then T: 1 (T)T is continuous .Thus by Proposition (2.2) T is an r – proper 

function. 

       

       Let X be a G – space and A , B be two subset of X . We mean by ((A, B)) the set 

{gG / gA∩B}. 

       From now on, we will use G – space, which satisfies the property if (X,T) and (Y,T) 

be two spaces and  xd  x, yd  y in X and Y, respectively, then (xd yd)   

(x,y) in product space X×Y . 

 

3.10 Proposition: Let X be a G – space such that X and G are compact space. If for every x, 

yX there exists an r – open set Ax of X contains x and an r – open set Ay of X contains y such 

that K=((Ax, Ay)) is r – relatively compact in G, then X is an  r – proper G – space. 

 

Proof: We prove that  : GXXX,  (g, x) = (x, g.x) is an  r – proper function. Let (gd, 

χd)dD be a net in GX such that  (gd, χd)=( χd, gd. χd)
r

(x, y), where (x, y) XX.  By 

proposition (1.15)  (x, y) is a cluster point of  (gd, χd). Now, since x, yX, then there exists an 

r – open set Ax contains x and an r – open set Ay contains y such that the set K = ((Ax, Ay)) is r – 

relatively compact in G. Thus AxAy is an  open set in XX and (x, y) AxAy, so by 

Proposition (1.13)  there exists a subnet 
Ddddd mmm

g ).,(   of (χd, gd χd) in AxAy and 
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),( . mmm ddd g    (x, y), hence 
md  x and 

mm ddg .  y. Since
md  Ax, and 

mm ddg .  

Ay, Then 
mdg . Ax ∩Ay  ,  dm, so

mdg K, but K is r – relatively compact in G,then K is r-

compact in G, since G is compact T 2  space then by [3] K is compact in G, then (
mdg ) has  

limit point, say tG. Since 
md  x, then (

mdg ,
md )   (t,x),so 

((
mdg ,

md ))   ((t ,x)) ,i.e. , ).,(
mmm ddd g      (x, tx), thus

mm ddg .   tx but 

mm ddg .  y and since X is a T2 space, then tx = y. But Ddddd mmm
g ),( .  is a subnet of (χd, 

gd. χd) and (
mdg ,

md )  (t, x), then (gd, χd)
   (t, x), thus  ((t, x)) = (x,y).Thus [by 

Proposition (2.2)] we have  is an r – proper function. Hence X is an r – proper G – space. 

 

3.11 Corollary: Let X be a G – space such that G is discrete space. If for every x, yX there is 

an r – open set Ax in X contains x and an r – open set Ay in X contains y such that the set K = 

((Ax, Ay)) is finite, then X is an r – proper G – space. 

 

        Let X be a G – space and xX. The set )(xJ r ={yX: there is a net (gd)dD in G and 

there is a net (χd)dD in X with gd r ∞
 
and χd r

 x such that gd.x r y} is called 

regular first prolongation limit set of x. )(xJ r
 is a good tool to discover about the  r-

proper G – space 

 

3.12 Proposition:  Let  X be an r-proper G – space then )(xJ r = for each xX. 

Proof:  Suppose that y )(xJ r , then there is a net (gd)dD in G with gd r  and there is a 

net (χd)dD in X with χd r x such that gd.χd r y, so  ((gd,χd))=(xd, gd.χd)
 
r  (x, y). But X 

is an r –  proper G-space, then by Proposition (2.2) there is (g, x1)GX such that (gd, xd)   

(g, x1). Thus (gd)dD has a subnet (say itself). such that gd  g  then, by Remark 1.14  

gd r g, which is contradiction, thus )(xJ r =. 

3.13 Proposition: Let X be an r – proper G – space with the action  : GXX, (g, 

x) = g.x,(g,x) GX. Then for each xX, let xX such that {x} is clopen set in X 

the function x:GX, which is defined by: x(g)= (g,x )  is an r – proper function. 

Proof: Let T={x}X  XX, then by Proposition (3.9) T: 1 (T)T is an  r – proper 

function. But: 
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     x =: G 
f

  G{x}  T {x}X
h

 X, such that ƒ and h are r- homeomorphisms.  

Now: 

i) since each of these functions are continuous so x: GX is  continuous. 

ii) Let F be a closed in G, then f(F )is a closed in G{x}. Since T: G{x} {x}X is 

an r – proper function, then by Proposition (2.5) T(f(F)) is r – closed, then  

h(T(f(F))) is an r – closed in X. Then    x: GX is an r– closed. 

iii) Let yX, then h
-1

({y}) = {(x, y)} such that xX, since X is T2 – space, then    {(x, 

y)} is an r – closed set in {x}X. Since T is an continuous function, then 1

T ({(x, 

y)}) is  closed in G{x}, so by Proposition (2.2,ii) 1

T (h
-1

({y})) = 1

T {(x, y)} is  

compact. Since ƒ is r- homeomorphism, then ƒ-1
 is a continuous function, so its clear 

that ƒ-1
( 1

T {(x, y)}) is a compact in G. Then   ƒ-1
( 1

T (h
-1

({y}))) = 1

x ({y}) is a 

compact in G. Then by (i),(ii),(iii) and Proposition (2.2,ii) x is an r – proper function. 

 

3.14 Proposition: Let X be an r– proper G – space. then 
1 ({(x, y)}) is a  compact 

set, (x, y)XX and for all x, yX and for all U
rN (

1 ({(x, y)})),  VNr((x, y)) 

such that 1 (V)  U. 

Proof: Since X is an r-proper  G – space , then   : GXXX   which is defined by  

(g, x) = (x, gx), (g, x)GX  is an r- proper function .Let x, yX and U be an r – 

open neighborhood of 
1 (x, y). Since  an r – proper function, then by Proposition 

(2.2.ii)  is an r – closed function, so V= (XX)\ ((GX)\U) is an r – open 

neighborhood of (x, y) with 
1 (V)  U. Since  is continuous and XX  , so by 

Proposition (2.2) 1 ({(x, y)}) is a compact set (x, y)XX. 

3.15 Proposition: Let X be a G – space and  : GXXX be a function which is 

defined by  (g, x) = (x, g.x), (g, x)GX. Then the following statements are 

equivalent: 

 (i) 
1 ({(x, y)}) is a compact set, (x, y)XX and for all x, yX and for all 

UNr(((x, y))), VxNr(x) and VNr (y) such that ((Vx, Vy))  U. 
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(ii) 
1 ({(x, y)}) is a compact set, (x, y)XX and for all x, yX and for all 

U
rN (

1 ({(x, y)})),  VNr((x, y)) such that 1 (V)  U. 

  Proof:   i)ii) Let x, yX and let U be an r – neighborhood of 1 ({(x, y)}) =            

((x , y)){x}. Since 1 ({(x, y)}) is  compact, then there are r – neighborhood U 

of ((x, y)) and W of {x} such that UW  U, so by (i) there are r – neighborhood 

Vx of x and Vy of y such that ((Vx, Vy))  U. But 1 (( Vx∩W) Vy)  UW  U 

. Hence (ii), hold. 

       ii)  i) Let x, yX and UNr((x, y)). Then UXNr((x, y)){x}. Thus UX           

N
 
r ( 

1 (x, y)) so by (ii) there exists VNr(x, y) such that  1 (V)  UX. Then there 

are r – neighborhood Vx of x and Vy of y such that 1 ( VxVy)  UX. Hence (i), 

holds. 

 

3.16 Corollary: Let X be an r  –  proper G  –  space , choose a point x  X and let U 

be r – neighborhood of the stabilizer Gx of x , then x has an r – neighborhood V such 

that U contains the stabilizer of all points in V. 

Proof: Since U is r – neighborhood of the stabilizer Gx of x, then UNr(Gx). Since Gx 

= ((x, x)), then UNr(((x, x))). So by Proposition (3.15)there exist VxN 
r
(x, x) such 

that ((Vx, Vx))  U. Let yVx, then Gy  ((Vx, Vx))  U. 
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