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Abstract
A complete metric space is a well-known concept. Kreyszig shows that every non-complete
metric space W can be developed into a complete metric space W, referred to as completion of .

We use the b-Cauchy sequence to form W which “is the set of all b-Cauchy sequences
equivalence classes”. After that, we prove W to be a 2-normed space. Then, we construct an
isometric by defining the function from W to Wj,; thus W, and W are isometric, where Wj, is the
subset of W composed of the equivalence classes that contains constant b-Cauchy sequences.
Finally, we prove that ¥, is dense in W, W is complete and the uniqueness of W is up to
1sometrics.

Keywords: b-Cauchy Sequence, Equivalent Class, Metric space, Completion Generalized 2-Inner
Product Space.

1. Introduction
Cho and Freese [3-4] introduced 2-normed space by: Let W be a real linear space with a

dimension greater than 1. Suppose that ||, || 1s a real-valued function on W X W for all w,y,zin W
and a € R satisfying the following requirements:

I. ||w,y|| = 0 if and only if w and y are linearly dependent.

2. lwyll = lly, wll

3. |law,yll = |al||w, yl|

4. llw+y.zll < llwzll + Iy zll

Then ||, || 1s called a 2-norm on W and the pair (W, ||, ||) is called a linear 2-normed space or
2-normed space. For more details, see [11-12]
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Riys and Ravinderan [10] defines the generalized 2-inner product space as a complex vector
space W, called a generalized 2-inner product space if there exists a complex valued function
{(,),(,)) on W2 x W2 such that a,b,c,d € W, and «a € C, as the following:

L. ((a,b), (. d)) = (¢ d), (ab))

2. If a and b are linear independent in W, then {(a, b), (c,d)) > 0.

3. ((ab), (c,d)) = —((b,a), (c,d)).

4. ((aa+e,b),(c,d)) = a{(a,b), (c,d)) + ((e,b), (c,d)). For more details, see [8][2][5].

Ghafoor [6], shows that the generalized 2-inner product space i1s a 2-normed space

1
with [[w, Il = (W, ), (W,y))2.

After many failures to define orthogonal vectors in 2-normed space, Riyas and Ravindran, in
2014, [10] defined orthogonal vectors in a 2-normed space by restriction space W X W to W x (b),
where < b > is a non-zero subspace in W. Thus, the domain of the generalized 2-inner product
restriction with space W2 x (b)?2.

It 1s well-known that there are incomplete metric spaces. Kreyszig, in 1978 [7] discussed the
strategy for completing every metric space by defining an equivalent relation on Cauchy sequences
and the metric on it. In 2001, Cho and Freese [3] used the same strategy for the completion of a 2-
normed space, but some difficulties appeared when defining a metric on it, and then, he had to
give another condition on the space.

Despite that all generalized 2-inner product space is 2-normed space, but in this paper, we
give a completion of the generalized 2-inner product space without need any condition using the
b-Cauchy sequences.

This paper includes two sections. The first section discusses some of the properties of the b-
Cauchy sequence in a generalized 2-inner product space. The second section proves the completion
of the generalized 2-inner product.

We will abbreviate ||w, b||by ||w]|, in the sequel.

2. b-Cauchy sequences.

This section discusses some of the properties of the b-Cauchy sequence in a generalized 2-
inner product space. Mazaheri and Kazemi in [9] introduce a b-Cauchy sequence concept as
follows

Definition (2.1)[9]: Let W be a generalized 2-inner product space, 0 # b € W, {w,,} be a sequence
in W, then, it is called a b-Cauchy sequence if lim |lw,, —w,,, b|| = 0.
n,m-—co

The following definition has been devised from [9]

Definition (2.2): An open ball of radius r and centered at y in a generalized 2-inner product space
W is defined as: B.(y) = {w € W: ||lw —y||, < r}.

The following proposition is a characterization of b-Cauchy sequences in a generalized 2-
inner product space. But first, we define a neighborhood of 0.

Definition (2.3): If w is a point in a generalized 2-inner product space W, then a neighborhood U
of w is a set containing B,.(w) for some r > 0, i.e, there exists r > 0, such that w € B.(w) c U.
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Proposition (2.4): Let W be a generalized 2-inner product space, {w,} is a b-Cauchy sequence
in W if and only if for any neighborhood U of 0; there 1s an integer M(U) such that for all n,m >
M(U) implies that w,, — w,, € U.

Proof: Let U be a neighborhood of 0, then there exists € > 0 such that By(g) € U. Since {w,} is

a b-Cauchy sequence in W, thus [lim ||lw, —wy,||, = 0.It implies that there exists M(g) > 0
T, 1m—co

such that ||w, — wp ||, < & n,m = M(g). Then, w,, — w,, € By(g) € U.

Conversely, let {w, } be a sequence in W such that for every neighborhood U of 0 there is an integer

M(U) > 0; w, — wy, € U where n,m > M(U). Then, there exists §(U) > 0 such that [jw, —

Wmllp <8, where n,m > M(U). It implies that for all € > 0, there exists M(g) such that

[lwy — Wpllp < € forn,m = M(g), then,lim ||lw, —wy]|lp = 0. Thus, {w,} is a b-Cauchy
n,m—=oo

sequence in W.m

3. Completion of the generalized 2-inner product spaces.

Kreyszig [1] states few steps to prove that an arbitrary incomplete metric space can be
completed. In this section, we follow Kreyszig strategy to prove the completion of the generalized
2-inner product space:

Step1: Forming W is the set of all b-Cauchy sequence equivalence classes.

Definition (3.1): Two b-Cauchy sequences {w,} and {y,} in a generalized 2-inner product space
W have a relation denoted by {w,}~{y,}, if for every neighborhood U of 0 there is an integer
M(U) such that n > M(U) implies that w,, —y,, € U.

It is clear that ~ is a reflexive and symmetric relation. The following proposition shows that this
relation 1s equivalent.

Proposition (3.2): The relation ~ on the set of b-Cauchy sequences in W is an equivalent relation
on W.

Proof: Let {w,}~{y,} and {y,}~{z,}. Let, U is an arbitrary neighborhood of 0. There exists a
neighborhood V of 0 such that V + V < U. By Definition (2.1) and for this V, there exists an integer
M such that w,, — y,, ¥, — 2z € V for n > M. Hence ,wy, —z, = (W, —yn) + (Vo — Zp) is an
element of U for n > M. Therefore, {w,}~{z,}.m

Define W: ={#W: W is equivalent class of b-Cauchy sequences}.

Step 2: Proof W vector space.

Let W,y in W. Define the terms addition and scalar multiplication. On W where {w,} €
wand {y,} € §, as shown below:
o W+ ={w,+y}
e aw = {awy}
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The following proposition explains that the two operations defined on W are well-defined
because they are unaffected by the elements chosen from {#,} and {¥,}. But first, we need the
following proposition:

Proposition (3.3): A b-Cauchy sequence {w,} 1s equivalent to {a,} in a generalized 2-inner

product space W if and only ifrlli_{g)”Wn —ayllp =0,

Proof: Let U be a neighborhood of zero, then, there exists M(U) > 0, such that w,, — a,, € U for
n > M(U). Hence, for all neighborhood U of 0, there exists € =¢(U) >0 such that
lwyp —apllp < & n=>M(U). Then, for every & >0, there exists M(§) >0 such that

lwy — apllp < 8 forall n > M(8), therefore, lim [[wy —ayllp = 0 for n > M(8).
Conversely, let {w,}, {a,} be b-Cauchy sequences in W such that for every neighborhood U
of 0, there exists € > 0 such that B.(0) c U. By our hypothesis rlli_T)T.}O”Wn — apllp = 0, then there

exists M(g) > 0 such that ||w, — a,||, < € for n > M(¢). Hence, w, —a,, € B;(0) c U forn >
M(¢), then {w,}~{a,}. =

Proposition (3.4): If {a,} and {b,} are equivalent to {w,} and {y,} in a generalized 2-inner
product space W. Then, {a, + b, } is equivalent to {w, + y,} and {aa,} is equivalent to {aw,}.
Moreover, W is a linear space.

Proof: Since {a,}~{w,} and {b,}~{y,} thus we get
l(wn + yn) — (@n + bn)llb < lWn — anllp + llyn — bully
Then
lim_[|(wy +Ya) = (@ + bolly =0 . ()
On the other hand,

lim ||aw, — aay|lp =0...(2)
n—co

It implies that {a, + b, }~{w, + y,} and {aa,}~{aw}. Therefore, from (1), (2) and Proposition
(2.3), W is a linear space.m

Step3: Proof IV is a 2-normed space.

We will define a 2-norm function on the space W. as:
I llg: W x< b >= R*
1s defined as:
IW =9lls = lim [fwy = ynllb ... (3)

N—Cco

where {w,} e W, {y,} € 7.
The function is well-defined as follows:

Proposition (3.5): If W is a generalized 2-inner product space, then for any two b-Cauchy
sequences {w, } and {y,}in W:
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L. ll_)n;lo llwy — vallp exists.
2. ;or pairs of equivalent b-Cauchy sequences {a,}~{w,} and {b,}~{y,}, Tlll_r& |lwy, —
Yallo = lim [lay = bylly -
Proof:
1. Let{w,} € W,{y,} € § be any two b-Cauchy sequences, then
IWn = ¥ullo = lWn = Winllb + [Wm = Ymllb + IYm — ¥nllo
Hence, ||[Wy — ¥nllo = [Wm — Ymllb < [[Wn = Winllb + IYm — ¥nllo
On the other hand, if we change m by n,
IWm = Ymllo = IlWn = ¥ullo < [[Wm — Wyllp + Iyn = Ymllo
It implies that
lwn = ¥allo = IWm = Ymlls| < IlWn = Winllb + Iyn = Ymlly --- (4)
Thus, by taking n, m — oo and Definition (1.1), it follows that
lim [[lwy = yullp = W = Ymllp| =0
Then, {||w, — vy4|lp} is a Cauchy sequence in R. But, R is complete, thus ?11_1‘)1.30 [|lWy — yaullp exists.
2. Let{a,}~{w,}and {b,}~{y,}. By the same argument of (4), it implies that
Wy = ¥aullb = llan = byllpl < [lwy — aylly + llyn — balls
By taking n, m — oo and proposition (2.3), we get
Tim [[wy = ally = lim [[ay = byl 8
From equation (3) and Proposition (2.3), the conditions (1-3) of a 2-normed space are done.
Proposition (3.6): (W, ||. ||3) is a 2-normed space.
Proof: since ||W — Z||p = lim |lwy — zyl p < lim [fwy —yyllp + im (lyn = zolly =
[[W —$llg + |I¥ — Z]|5;, then (W, I, ) 1s @ 2-norm. m
Step4: Construction of an isometric T: W - W, c W.

Let W, be the subset of W composed of the equivalence classes containing constant b-Cauchy
sequences.
Define a function T: W - W, € W by T(w) = W = (w,w, ...). It is clearly that T is a well-
defined onto and one to one. In fact,
ITw = Tyllp = W = lls = lim [[w —yllp, = [Iw = ylly,

Thus, W, and W are isometric.
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Step 5: Proof W, is dense in /.

Proposition (3.7): If W is a generalized 2-inner product space, then, W, is dense in W.

Proof: Let W € W — W, , then, there exists a b-Cauchy sequence {w,} € W where {w,} =
{wy, Wy, ... }. Define @™ = {w,, wp,, ... } forall m € N, thus W™ € X,. Hence, by Definition (1.1)

W™ —Wllg = lim_[jwy, —wp|lp =0.
n,m—oo

Then, W, is dense in W.m

Step 6: Proof completeness of V.

Theorem (3.8): If W is a generalized 2-inner product space, then W is complete.

Proof: Let {v,} be a b-Cauchy sequence in W. Since W, is dense in W, thus there exists {Z,} €
W, such that ||®, — 2,]lg = 0 . But

|Zn — ﬁm”B < |Izn — lT”n”ﬁ + |y, — Wm”ﬁ + [[Wy — 2m”ﬁ'
Then, by equation (3) and Definition (1.1) and if we take n,m — oo, we get

lim |2, — 2mllg = 0. it implies that {Z,} is a b-Cauchy sequence in W,. But W and W are
n,m—oco

1sometric. Thus, there exists a b-Cauchy sequence {z, } in W which is contained in an equivalent
class in W, say W.

Note that, ||Wy, = Wllg < [[Wn = Zallg + 120 = Wllg = [|[Wn = Znllg + 120 — Zx|l5- Thus,

lim ||®, — W||g = 0. Therefore, W is complete.m

n—co

Step7: Proof uniqueness of W up to isometrics.

Theorem (3.9): The space W is unique up to isometrics.

Proof: Let Y be another completion to W with a dense subset Y, in Y. Then, there exists S: W - Y,
is isometric by step 4 defined by S(w) = ¢ = (y,y, ...).

We will define h: W, — Y, by h(%) = ST~!(@). It implis that W, isometric to Y. For §,.9, in Y
there exists b-Cauchy sequences {1}, {§,} in Y, such that §,, = §, and §,, = §,. Thus, by
equation (4)

191 = 92l = 1910 = Fanllp| < 1191 = Panlly — 192 — P2nllpy = 0

By taking n — o
191 = F2lls = lim [[917 = F2all ()
by the same argument

||VT’1 - l7“:’2”3 = lim "Wm - ﬁ\’211”1; (6)
n—oo
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Thus, by (5) and (6) we get
191 = 2llp = lim [1915 = Panllp = lim 1Wy, = Wanllp = 1wy — W, 5
It implies that W is isometric to Y. m

4. Discussion and Conclusion

A complete metric space is a well-known concept. Every non-complete metric space W can
be built into a complete metric space W, which is known as a completion of W. In this paper, we
construct equivalent classes of b-Cauchy sequences to complete a generalized 2-inner product
space.
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