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Abstract

For the generality of fuzzy ideals in TM-algebra, a cubic ideal in this algebra has been studied,
such as cubic ideals and cubic T-ideals. Some properties of these ideals are investigated. Also, we
show that the cubic T-1deal is a cubic ideal, but the converse is not generally valid. In addition, a
cubic sub-algebra 1s defined, and new relations between the level subset and a cubic sub-algebra
are discussed. After that, cubic ideals and cubic T-ideals under homomorphism are studied, and
the image (pre-image) of cubic T-ideals is discussed. Finally, the Cartesian product of cubic ideals
in Cartesian product TM-algebras is given. We proved that the product of two cubic ideals of the
Cartesian product of two TM-algebras 1s also a cubic ideal.
Key words: TM-algebra, cubic T-ideal, cubic 1deal, fuzzy ideals.

1.Introduction

In 2010 the notion of TM-algebras was introduced by [1] as a generalization of BCK and BCI
algebras. After that, many authors studied this structure differently; see [2-6].
The cubic set 1s an essential concept for generalizing the fuzzy set. So, Jun et al. [7- 8] introduced
subalgebras and ideals in BCK/BClI-algebras and discussed the relationship between a cubic
subalgebra and a cubic ideal. In [9], Yaqoob et al. introduced the cubic KU-algebra, a
generalization of fuzzy KU-ideals of KU-algebras. After that, some authors introduced a cubic set
of different structures. See [10-13].

This paper introduces the concept of cubic T-ideals in TM-algebra, and investigate some properties
of these ideals. Also, a few relations between a cubic ideal and a cubic T-ideal are discussed. The
Cartesian product of cubic T-ideals in Cartesian product TM-algebras is given.
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2. Basic concepts
We will recall some concepts related to TM algebra and cubic sets.

Definition (1)[1]. A TM-algebra is a nonempty subset with a constant “0”” and a binary operation
“* satisfying the following:

(tmy) p 0 = p,
(tmy)(p*1)*(p*€e) =e*T,Vp,T,€ EN.
For X we can define a binary operation < by p < tifandonlyif p * 7 = 0.

For any TM-algebra (R, ,0).the following axioms hold.V p, T, € R

a) pxp =0,

b) (p*1)xp =0+,

c) pr(p*1) =1,

d) (pre)*(tre)=pxT,

e) (pr1)*xe=(pre)*T,

f) px0=0=p=0,

g) p<TDpresTreande*T<e*p,

h)y px(p+(p*1)=p=1,

) 0+x(prx1)=1*p=(0xp)+(0+1),

D (pr(pem)rr=0,

k) fp*t=0and t+*p=0implyp =r1.
Example (2) [1]. Let®= {0,1,2,3}be a set with the following table.

10 |1 |2 |3
o0 |1 |2 |3
L ({1 (0 [3 |2
2 /2 |3 |0 |1
3 13 |2 1 0

Then,(X,*,0) 1s a TM-algebra.
Definition (3) [2]. A non-empty subset S of a TM-algebra (X,*,0) is called a TM-subalgebra

ofXifp * T € Swhenever p, T € S.

Definition (4) [2]. A non-empty subset ) ofanTM-algebra (X, ,0) is said to be an ideal of Rif it
satisfies, forany p,7 € Y

)y  o0ev,
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11) p*T €Y and Tt €Y implies that p € Y.

Example (5) [2]. LetR = {0,1,2, 3} be a set with a binary operation*defined inthe following
Table:

Then (X,*,0)is a TM-algebra and ) = {0,1} is an ideal of X.

Definition (6) [1]. A non-empty subset E of a TM-algebra X 1s a T-ideal, if

1)0€E

mvprteceR (prx1)*c€Eandt € Eimply (p x¢) €E.

Definition (7) [5]. Let (X,*,0) and (X',+',0")be a TM-algebras. A homomorphism is a map

f: R - R satisfying f(p*1) = f(p) # f(1),forall p,T € K.

Now, we review an interval-valued fuzzy set concepts.

Definition (8) [5]. Let @ = [a’, aV] be an interval number, where 0 < a* < aV < 1 and let
D[0,1]be denoted the family of all closed subinterval of [0,1]. that is ,

D[0,1] ={d = [a", aV] : a¥ < dY, for a* < aY € [0,1]}.

The operations>, <, =, rmin, and rmax of two elements in D[0,1] is defined as follows: let

—_—F

d = [a%,a!], b = [b%, bY]in D[0,1], then

if and only if a* = b* and aV = b?,
if and only if a* < bt and aV < bY,
= bif and only if a* = bt and aV = aY,
rmin{@, b} [min{a®, b}, min{a?, bU]]
rmax{&,b} [max{a®, b*}, max{a?, b!}],
And if @; € D[0,1] where i € A. We define

(1

>b
<bh

L~
]

r 1nfal = [mf a; ,mfa ] , rsupd; = [sup af, sup aiU].
= ieA e e
An interval-valued fuzzy set V =< p,9(p) > on X is defined as
9(p) = {(p, 92 (p), 9% (p)]) : p € R}, where 9%(p) < 9V(p),forall p € X. Then,9%(p) : K -

[0,1] and 9V : R — [0,1] are called a lower fuzzy set and an upper fuzzy set of J, respectively.

Definition (9) [5]. Let (X,*,0) be a TM-algebra and §: X — D[0,1]. Then,
V =< p,9(p) > is called an interval valued fuzzy sub TM-algebra R, if
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9(p +y) = rmin{d(p), ()}, vp,y € R.

Definition (10) [5]. Let(X,*,0) be a TM-algebra and J: X — D[0,1]. Then
V =< p,9(p) > is said to be an interval valued fuzzy ideal if
(i) 9(0) = I(p),vp € X,

(i,) For all p,y € X, 9(p) = rmin{ﬁ(p * ]/),15(]/)}.

Definition (11) [5]. Let(X,*,0) be a TM-algebra and J: X — D[0,1]. Then
V =< p,d(p) >is said to bean interval valued fuzzy T-ideal if
(i) 9(0) = 9(p), vp € X,

(i,) Forall p,y, e € X, 9(p * &) = rmin{ﬁ((p *Y) * e),ﬁ(y)}.
3. Cubic T-ideals of TM-Algebra

We recall that a cubic set & in a set X is the structure § = {(p, 3s(p), as(p)): p € K}, where
Js : X = D[0,1] such that d5(p) = [95(p), 95 (p)] is an interval valued fuzzy set in X and a; is
a fuzzy set in X.We write a cubic set by as follows.

8 = (95, a5) and we can define the level subset of § = (I, as) which is denoted by U (8, £, s) as
followsU(8,%,5) = {p € R: 95(p) = {, a5 < s}, for every
[0,0]<t<[11]ands € [0,1].

Definition (12).Let X be a TM-algebra. A cubic set § = (J5, @) in X is called a cubic sub-algebra
if

(1) 95(p * 7) = rmin {((p), § (1)}
(2) as(p * 1) < max{as(p), as(1)}.V p, T € X.
Example (13). Let X = {0, a, b, ¢} be a set with the following Table:

* 0 a b C

0 0 a b C

Then (X,*,0) is a TM-algebra. Defineds(p) and as(p) by

x _([0.2,09] if p=1{0,ab} (02 if p=1{0,a b}
J5(p) = { [0.1,0.3] if p=c ’ 5 (p) _{ 0.4 if p=c’

By apply definition(12), we can prove thatd = (J5, as)is a cubic sub-algebra ofX .
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Proposition (14). If § = (J5, as)is a cubic sub-algebra ofX , then J5(0) = J5(p) and a5(0) <
as(p),Vp € R
Proof.Since p * p = 0, then J5(0) = J5(p * p) = rmi n{ﬁa(p) , 55(,0)} = J5(p)and

as(0) = as(p * p) = maxias(p), as(p)} = as(p).

Theorem (15). Let § = (J, as) be a cubic set in X, then § = (Js, as) is a cubic sub-algebra of
X if and only if for all f € D[0,1] and s € [0,1], the set U(&; £, s) is either empty or a sub-algebra
of X.

Proof. Assumethat § = (J5, as) is a cubic sub-algebra of X , let f € D[0,1] and s € [0,1], be
such that U(8; £, s) # @. Then, for any p,7 € U(8, T, s) we have ds5(p) = &, 95(7) = f and
as(p) < s,as5(7) < s and since § = (Js, as) is a cubic sub-algebra, we have

ds(p* 1) = rmin{ﬁ(p),@(r)} =1t

as(p * 1) < max{as(p), as(1)} = s,

So that p * T € U(68; T, s). Hence, U(6;t, s) is a sub-algebraof X.

Conversely, suppose that U(J; £, s) is a sub-algebraof Xand let p, 7 € K.

Take t = rmin{f?(p),@(r)} and s = max{as(p), as(1)}

By assumption U(8; £, s) is sub algebra of X implies:

p+1 € U(S;E s), therefore Jg(p 1) = T = rmin{ﬁ(p),ﬁ(r)} and

as(p * 7) < s = max{as(p), as(7)}. Hence § = (J5, as) is a cubic sub-algebra of X .
Definition(16). Let X be a TM-algebra. A cubic set§ = (J5, @) in X is said to be a cubic ideal if:
(H1)d5(0) = J5(p) and a5(0) < as(p).

(H,)d5(p) = rmin{ﬁa(p *T), 1‘55(1')} and ag(p) < max{as(p * 1), a5(1)}, forall p,T € N.

Definition (17). Let X be a TM-algebra. A cubic set § = (Js, as) in X is said to be a cubic T-
ideal if:

(B1)95(0) = 95(p) and as(0) < as(p),
(B,)ds(p * €) = rmin{ﬁg((p *T) * 8),55('1')} and
as(p + &) < max{as((p + ) * €), as(1)).

Example (18). Let X = {0, a, b, ¢} in example(13). Define a cubic set § = (J5, as) in X as
follows:
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[0.1,0.7], ifp=0, 0.1, if p=0,
9s(p) ={[0.4,05], if pef{ab}, as(p)=10.3, if pe€{a, b}
[0.1,0.3], if pEC 0.6, if pEC

Then, we can easy show that a cubic set § = (J, @) is a cubic T-ideal of X .
Proposition (19). If § = (J5, as) is a cubic T-ideal of TM-algebra X, then
Js(p * (p + 1)) = D5(1), as(p* (p* 1)) < as(1).
Proof. Taking ¢ = p * T in Definition 3.6
We get ds(p * €) = rmin{ﬁg((p *T) * 8), 155(1:)}
J5(p* (p+ 1)) = rminfds((p + D) * (p * 7)), F5(0))
= rmin{@tg(ﬁ), 1‘35(1')} = J5(t) and
as(p + €) < max{as((p + 1) + £), as(1)}
as(p + (p+ 7)) < maxfas((p + 1) * (p + ), as()
= max{as(0), as(1)} = as(7).

Proposition (20). Letd = (J5, as) be a cubic T-ideal of TM-algebraX . If the inequality p * T <
¢ holds in X, thends(p) = rmin{:% (), Js (1)} and as(p) < max{as(e), as(1)}.

Proof. Assume that the inequality p * T < € holds inX, then (p * 7) *+ € = 0 and by Js(p * €) >
rmin{ﬁg((p *T) * e),ﬁg(r)}, ifwepute =0

Then,J5(p * 0) = rmin{Js((p * 1) * 0), I5(7)}
35(p) = rmin{ds(p * 1), 95(0)} ......... 0
Butds(p * 1) = rmin{Js((p * €) * 1), 95(e)}
Js(p * 1) = rmin{ds((p * ) * €), 95(e) }

= rmin{85(0), 35(e)} = ds(e) -.....(i1)
From (i) and (ii), we get 95(p) = rmin{d;(e), 95(1)}.
Similarly, we can show that a5(p) < max{as(e), as(1)}.

Proposition (21). If § = (J5, as) is a cubic T-ideal of TM-algebra Rand p < 7 then 95(p) =
95(7) and as(p) < as(7).

Proof. If p < tthen p * 7 = 0. This is together with p + 0 = p and 95(0) = J5(7) also as(0) <
as(1), we get
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35(p + 0) = d5(p) = rmin{((p * 7) * 0),95(1)}
= rmin{d5(0 * 0), 35(r)} = rmin{ds(0), 5(0)} = d5(2), also
as(p +0) = as(p) < max{as((p 7) * 0), as(0)} = max{as(0 + 0), as(2)}
= max{as(0), as(r)} = as(z).

Theorem (22). Let X be a TM-algebra, a cubic setd = (J5, a5)of X is a cubic T-ideal if § is a
cubic ideal of K.

Proof. If we put £ = 0 in (B,), then

85(p) = rmin{s((p + ), 85(1)} andas(p) < max{as((p + 1), as()}.
Hence § = (Js, ag)is a cubic ideal of .

Remark (23). The converse of Theorem (22) is not true.

The following example shows the reverse direction of Theorem (22).

Example (24). Let X = {0, a, b, ¢} be a set with the following Table:

* 0 a b C

0 0 a b C

Then, (X,*,0) is a TM-algebra. Defineds(p) and a5(p) by

. _([0.1,08] if p=1{0,ab} (01 if p=1{0,a b}
J5(p) = {[0.1,0.3] if p=c’ as(p) _{ 0.8 if p=c’

Then, it is easy to show that § = (I, as) is a cubic ideal of X. But not a cubic T-ideal since
ds(a+b) < rmin{ﬁg((a «c) * b), 1(55(())} and

as(a+b) = max{as((a*c)*b),as(c)}.
4. Image and Pre-image of cubic T-ideals

Definition (25). Let f: X — Y be a mapping. If § = (J5, as) is a cubic set of X, then the cubic set
w = (J,,a,) of Y is define by
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rsup Js(p),  if f@D) ={peXflp)=1}#0

f(s)@ =, =17
0 otherwise
nfas (@) if fr@O={peRf(p) =T =0
flas)(®) = ay,(7) = 1 otherwise

It is called the image of § = (J5, as) under f. Similarly, if w = (J,,, a,,) is a cubic subset of ¥,
then the cubic subset defined by J5(p) = 9, (f (p)) and
as(p) = a,(f(p)).for any p € Xis said to be the pre-image of wunder f.

Theorem (26). An epimorphism pre-image of a cubic T-ideal is also a cubic T-ideal.

Proof. Let f : X —» X’ be an epimorphism mapping of TM-algebra, w = (J,,, a,,)be a cubic T-
ideal of X’ and & = (I, as)be the pre-image of wunder f, then J5(p) = 9, (f(p)) and a,(p) =

a,(f(p)) for any p € X, then
95(0) = 94,(£(0)) = 90 (f (p)) = Is(p),
5(0) = a,(f(0)) < a,(f(p)) = as(p).

Now, let p, 7, € € X, then
9s(p &) =9,(f(p+e)) =9,(f(p) ¥ f(&))
> rmin {3, ((£(0) ¥ f@) + £()), 8 (f ()]
= rmin {t% (f((ﬁ £ T) * 8)) B (f(f))}
= rmin{ds((p * 1) * ), 85(1)},
as(p ) = a,(f(p+e) = ay(f(p) + f(2)
< max{a, ((f(p) ' f(1) *' (£)), @ (F(1))}
= max {a, (£((0+ 1) +¢)). @ (f(D)}

= max{as((p * 1) * £), a5 (1) }.

Definition (27). A cubic subset § = (I, s) of Xhas sup and inf properties if for any subset
T of R, there exist t, s € T such that 5(t) = rsupier9s(t) and as(s) = infreras(s).

Theorem (28). Let f: X — Y be anepimorphism between TM-algebra X
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and Y. For every cubic T-ideal § = (J5, as) in X, then f(8)is cubic T-ideal of Y.
Proof. By definition253,,(t') = f (55)(1") = rsuppef—l(r;)ﬁa(p) and

a, () = f(ag)(t') = infpef—l(,r;)a'a(p) for any 7' € Y and rsup @ = [0,0] = 0. We must

prove that
S,(p" &) = rmin{ﬁw((p’ *T') * e’),ﬁw (7')} and
au(p' + &) <max{a,((p' =) * '), a,(x)} for any p’, 7', ' €Y.

Let f: X — Y be an epimorphism mappingof X , § = (Js, as)be a cubic T-ideal of Xwith sup and
inf properties and w = (J,, @, )be the image of § = (Js, as) under f. Since § = (Js, as) is a
cubicT-i1deal of 8 , we have

95(0) = Js(p),  as(0) < as(p) VpERX.

Note that 0 € f~1(0") where 0, 0’ are the zero of X and Y, respectively. Thus,

J5(0") = TSUPO) J5(t) = 95(0) = Js(p) Vp ER,

tef1(

Which implies that 9,(0") = rsup 9,(p") and
tef~(p")

a,(0) < inf as(t) =a,(p)foranyp’ €Y.
tef~1(p")

Forany p',7',e" € Y,letpy € f1(p'), 7o € f1(7'),ande, € f1(e")

be such that

9s(po*e0) = rsup  Is(t),ds(t0) = rsup Is(),
tef 1 (p'xe") tef =1 (z)

"56((,90 *Tp) * 50) = 5@{1:((90 *Tp) * 50)}
= 3,((0' + 1)+ ')

= rsup s ((Po *Tp) * 50)
((po*to)=g0)ef ~1((p"+t")=e")

= rsup 35 (t) Also
tEf‘l((p’*t-’)*E’)

as(po * &) = cer 0 ) as(t).
as(to) = tejjlllf(r,) as(t),

a’a((ﬂo * Tp) * 50) = a’m{f((ﬂo *Tp) * 50)}
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= ay((p' * 1) * &)

= inf a fT) * €
((porto)=z0)ef ~1((p"+2")2e") 5((po * 7o) * o)

= inf as(t). Then
tEf‘l((p’*t-’)*E’) 8()

Su('*7) = rsup  5(t) = I5(po * 7o)
tef ~1(p+1")

> rmin{ﬁg((po * Tg) * 80), 1%(‘fo)}

= rmin{ rsup d5(t), rsup 1‘%(1:)}
tef—l((pf*rf)*gf) tef—1(t")

= rmin{d, ((p’ * ') * €"),9, ()},

aw(p'+e) = _inf, , as(t) = as (oo * 7o)

< max{a‘a((Po *Tp) * fo)f 9»'6(1'0)}

= max mf as(t
{tef (R eryeery 700 My o )}

= max{a,((p' =) = &), a, ()}
Hence, wis a cubic T-ideal of Y.
S. Cartesian Product of Cubic T-Ideals

In this section, we provide some definitions of the Cartesian product of cubic T-ideals in TM-
algebras.

Definition (29). Letd; = (551,a51) and §, = (552, as,) be two cubic subsets of TM-algebras
N; and X,, respectively. We definethe Cartesian product of two cubic sets &; and §, by
61 X 52 = (]-9613(62! aalxéz) and

561)(62 (pl T) = rmln{@’c‘il (p)l &82 (T)}l

@5,x5,(p, ) = max{as, (p), a5, (1)}, for any (p,7) € Xy X X, .

Remark (30). Let X and Y be TM-algebras. We define * on X X Y by

(p,7) * (u,v) = (p *u,t * v) for every (p, 1), (u, v) belong to X X Y,

Then, clearly (X x Y%, (0,0)) is a TM-algebra.

Definition (31). A cubic subset §; X §, = (ﬁglxaz, s, xs5,) Of Ry X R, is called a cubic ideal of
Ny X R, if

(CP1)I5,x5,(0,0) = J5,x5,(p,T) and a5, x5,(0,0) < a5 xs,(p, 7).

376



IHJPAS. 36(1)2023
(CPz)galxaz (p1, T1) = Tmin{@’alxaz((m;ﬁ) * (Pz»Tz));éalxal(Pz;Tz)}
(CPS)aalxag(Pp T,) < max{aalxag((ﬂ'pﬁ) * (,92»1'2)); g, %8, (P2, 1.'2)},
For any (py, 1), (P2, T2) € 8y X R,

Definition (32). A cubic subset §; X §, = (ﬁglxaz, s, xs5,) Of Ry X R, is called a cubic T-ideal
of X; X X, if

(CP1)1§51X52 (0'0) 2 1§51><52 (p' T) and a61x62 (0’0) S a51 ><62 (p’ T)’

(sz)éalxaz((,ob 1) * (P3, Ts))
= rmin {l%lxaz (((leTI) * (pZJTZ)) * (P3JT3));1§61><82 (P2, Tz)}

(Cps)aalxaz ((,91; 74) * (P3, "'-'3))

< max {ﬂfalxaz (((,01: Ty) * (92:72)) * (Ps:fs))»aalxag (,92:1'2)} ,
For any (py,71), (P2, T2), (3, T3) € Ry X R,

Proposition (33). If §, X §, = (ﬁglxgz, s, xs,) 1s a cubic T-ideal of TM-algebra X; X X, and if
(p1,T1) < (p2,T5), we have “561><62 (P2, T2) < “561><62 (p1,71) and a5, %6, (P2, T2) 2
as,x5,(P1,T1)- Forall (py,71), (02, T2) € Ry X R,.

Proof. Let (py, 71), (p2, T2) € 8y X Ry, such that (py, 1) < (p2,72) = (p2, T2) * (01, T1) =
(0,0).This together with

(0,0) = (p1,71) = (p1,74)and 1(}Jalxaz (p2,T2) < 1§61x82 (0,0)
Also a5, xs,(P2,T2) = @5, x5,(0,0). Consider
1961x82((0r0) * (p1 1'1)) = 551x52(p1, T;)
> rmin {8s,x5, (((0,0) * (02,72)) * (p1,71) ) F5,5, (02, T5)
= rmin{l‘jalxaz((o:o) +(0,0)), 19Vc’>‘1><82 (02, 72)}
= rmin{551X52 (0,0), 1§51x62 (P2, 72)}
= 1§61x82 (P2, 72),
aalxgz((0,0) * (91»71)) = Ag, x5, (p1,71)
< max{as,xs, (((0.0) * (92, 72)) * (01, 71) ). @s,x5, (P2, T2)
= max{as,xs,((0,0) * (0,0)), as,xs, (P2 T2)}

= max{as,xs,(0,0), s, xs,(P2 72)}
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= a61x62(pzﬁrz)
This shows that 1551><52 (2, 15) < 1‘551><52 (py,T1) and
As,%x5,(P2,T2) = As,xs,(P1,T2), forall (pg,71), (02, T,) € Ry X R,

Theorem (34)..Let §, = (1‘551, as,)and &, = (552, as,) be two cubic ideal of TM-algebra
X, and R,, respectively. Then §; X §, = (ﬁglxaz, s, xs,) 1s a cubic ideal of Xy X ;.

Proof. Forany (p,7) € 8; X X,,
95,x8,(0,0) = rmin{d;_(0),95,(0)}

= rmin{1§51 (p), 352 (D} = 561x82 (p, 1),
s,xs,(0,0) = max{as, (0), as,(0)}

< max{as, (p), as,(0)} = as,xs,(p, D).
For any (p;,7,), (P2, T;) € 8; X X,. Then

1(h)ialxaz (p1,11) = rmin{f%l (p1), "562 (71)}
> rmin {rmin{fs, (ps * p2), 95, (p2)}, rmin{Ds, (11 * 1), 5, (72)}}

= rmin {rmin{ds, (p * p2), 95, (11 * 1)}, rmin{ds, (p,), s, (72)}}

= ?‘min{@’gl X8 (P1 * P2, T1 * Ty), “561><62 (P2, Tz)}
= rmin{ﬁglxgz((pl *T1)(py * Tz))J 1(}Jalxaz (P2, Tz)}»
a5, %68, (p1,11) = max{a51 (p1), as, (Tl)}
< max {max{as, (o1 * p2), s, (1)}, max{as, (r, * 12), 15, ()} }
= max {max{as, (p: * p2), @5, (t: * 1)}, max{as, (p,), a5, (v,)}}

= max{aglxgz (p1 * P2, T1 * T3), a61><6z(p?-" TZ)}

Hence, for all (p;,71), (05, T5) € Ry X Ry, §; X5, = (1‘551X52, @5, xs,) 1s a cubic idealof TM-
algebra X; X N,.

6.Conclusion
The goal of this paper is to introduce the definition of a cubic ideal and a cubic T-ideal. The

homomorphism of these ideals is defined, and the Cartesian product of cubic ideals in Cartesian

product TM-algebras 1s given. Cubic 1deals are presented and studied by more than one author on
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different algebraic structures. Also, new relations between a cubic ideal and a cubic T-ideal are

discussed.
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