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Abstract: 

      In this paper the concept     Attractors of Closed Sets are studied and 

some basic properties are introduced and proved .where   is any replete semi 

group in the time space   and   be any a non-empty compact subset of    

Keywords: Dynamical System ,    attractor , closed set . 

1-Introduction  

       Attraction and stability are central to the theories of differential 

equations and dynamical systems. In 1959, Ura ( Ura ,1959, p143-200) 

introduced the notion of prolongation sets to characterize some notions of 
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stability in continuous flows. In (Ahmad, 1970,p 561-574, Ahmad,1971, 

p157-163), Ahmad used Ura’s prolongations to characterize the notion of 

strong attraction in continuous flows. A systematic use of prolongations in 

the study of various attraction and stability notions was made by Bhatia and 

Szego (Bhatia and Szego, 1970, p 56). The theory of topological dynamics 

has not largely profited from these developments in the last decade, probably 

due to a major obstacle, namely, the problem of time orientation as it was 

pointed out by Hajek (Hajek ,1970 , p 79-89) in 1970. In the theory of 

dynamical systems, most of the dynamical properties are defined for either 

positive or negative time, whereas in topological dynamics this orientation of 

time is not available since the phase group of a flow is generally a 

topological group which lacks any ordering. The first one to tackle the 

above-mentioned problem was Hajek (Hajek ,1970 , p 79-89). He gave 

generalizations to some prolongation notions in the setting of flows. Later, 

Knight (Knight , 1978, p 189-194) applied Hajek’s definitions In his study of 

the flows of characteristic 0. However, Hajek’s definitions correspond more 

or less to the bilateral version of prolongations. In (Elaydi, 1981, p 317-324 )  

the author proposed a scheme to lift the unilateral version of all dynamical 

properties from continuous flows to flows using complete semi-groups ( 

Elaydi , 1981, p 317-324) of the phase group of a flow. 

     In this paper,  -stability is investigated and various notions of P-

attraction and P-asymptotic stability are introduced. Most of the important 

results that hold for continuous flows are lifted to flows, under minor 

restrictions. Let (      ) be a flow, where X is always assumed to be 

Banach space, T is an  topological group, and         is a continuous 

map such that  

1)   is continuious  

2)  (           is the identity element of G  

3) (        (   (    )                

and a replete semi group P in T  

2- Definition and Theorem  
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Definition(2.1): A closed set is said to be     weakly attractor of the 

Dynamical System   if there is a     and a net      in          such 

that  

      ‖ (       ‖    whenever         ‖   ‖   . 

 

Proposition(2.2): A closed set   is    weak attractor of the Dynamic 

System   if and only if there is a     such that  

  
 (      , whenever         ‖   ‖   . 

Proof: Let   is   weakly attractor then, there exists a net      in   such 

that      and  

      ‖ (       ‖    whenever         ‖   ‖     

Then there exists      such that  

‖ (        ‖   . 

This means that      
 (  . Hence,   

 (      .  

Conversely, let   
 (      . Thus, there exists     

 (    , so 

    
 (   and    .The definition of    

 (   yield there exists      in   

such that      and ‖ (       ‖    . Since,    , then we 

conclude that   

      ‖ (       ‖   . 

 

Definition(2.3): Let 𝔇 be a universal set. A closed set   in 𝔇 is said to 

  attracting in 𝔇 if 

      {      ‖ (      ‖}   , as      , for all   𝔇. 

Proposition(2.4): Let 𝔇 be a universal random set . A closed set  (   in 𝔇 

is an    attractor of the Dynamical System   in 𝔇 if and only if  

  
 (           

 (    , for all   𝔇. 

Proof: Let   is a    attractor then,   

      {      ‖ (      ‖}   ,         . 

 So, 

      ‖ (      ‖    as    . 

Specially, there exists  a sequence      in   such that 
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      ‖ (        ‖     as     . 

Then there exists      such that 

  ‖ (         ‖    as     . 

Consequently we have      
 (  .Hence,   

 (     . If     
 (  , then 

there exists       in   such that 

     and       ‖ (       ‖    

Now,  

         ‖   ‖        ‖   ‖              ‖   ‖  

Since,  

            ‖   ‖    

and 

      ‖   ‖    

As     . Then,       ‖   ‖   . Since   is closed, then    .  

Therefore,    
 (    .  

Conversely, let   
 (     and      

 (      Since,     
 (    , then 

there exists     
 (  .So there exists      in   such that 

     and       ‖ (       ‖    

  

Now, since     
 (   and ,   

 (    ,then    , so  (   (     . 

Therefore,  

        

            ‖ (       ‖    as      . 

 

Hence,   is    attractor . 

Remark(2.5): If we replace  (      , then the Definition (2.3) can be 

reformulated as follows: 

 

Definition(2.6): A closed set  (   is said to be   attractor of the 

dynamical Systems   if there is a      such that  

                ‖ (      ‖    whenever        ‖   ‖    

Definition(2.7): A closed set  (   is said to be a uniform   attractor of 
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the Dynamical System   if  for each     there exist  (    such that  for 

every       

 

       (        ‖   ‖     for       ‖   ‖    . 

 

or equivalently, 

 

      ‖ (       ‖     for       ‖   ‖     

 

Definition(2.8): Let   be a set compact set in a locally compact space    

(i) The set 

    
 (                              

             ‖ (       ‖      

 is called the region of weak attraction of the random set  . 

(ii) The set 

    (               ‖ (      ‖              

is called the region of attraction of the set random  . 

 

Notation  

(i)  ̃ 
 (          

 (    (      

(ii)  ̃ (   {      
 (             

 (    (  }. 

 

Theorem (2.9): Let   be a random compact set in a locally compact space 

 . Then  

(i)   
 (    ̃ 

 (  . 

(ii)   (    ̃ (  . 

Proof: (i) let     
 (   , then     and there exists      in   such that  

 

      and       ‖ (       ‖   . 

 

Then there exists      such that 
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‖ (        ‖   . 

 

Consequently, we have there exists      in   such that 

 

     and ‖ (        ‖   . 

 

This means that      
 (  . Hence   

 (      . It follows that  

   ̃ 
 (  . 

Conversely, let    ̃ 
 (  , then     such that   

 (      . Thus 

there exists     
 (    , so     

 (   and    . The definition of  

  
 (   yield there exists      in   such that 

 

     and ‖ (       ‖    . 

 

Since    , then we conclude that  

      ‖ (       ‖   . 

 

Therefore     
 (  . Thus    

 (    ̃ 
 (  . 

 

(ii) Let     (  , then      such that 

      ‖ (      ‖    as    . 

 So, 

‖ (      ‖    as    . 

 

Specially, there exists a net      in   such that 

 

‖ (       ‖     as     . 

 

Then there exists      such that 

 

‖ (        ‖    . 
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Consequently we have there exists      in   such that  

 

     and ‖ (        ‖    . 

 

This means that      
 (  . Hence   

 (     . On the other hand, if 

    
 (  , then  there exists      in   such that 

 

     and ‖ (       ‖   . 

 

Now, For every     , we have  

 

‖   ‖  ‖   (     ‖  ‖ (       ‖. 

So 

 

      ‖   ‖  ‖   (     ‖        ‖ (       ‖ 

Since,  

‖   (     ‖    and ‖   (     ‖    as     . 

 

Then       ‖   ‖   . Since   is closed, then    . Therefore  

  
 (    . Thus,    ̃ (  .      

Conversely, let    ̃ (  . Then     such that   
 (     and    

 (   

 .Since,   
 (    , then there exists     

 (  . So there exists      in   

such that 

 

     and ‖ (       ‖   . 

 

Now, for     
 (  . 

 

      ‖ (       ‖  ‖ (       ‖        ‖   ‖. 

 



 
 
 

 

355 
 

 

JOBS مجلة العلوم الأساسـية                                  

Journal of Basic Science 
 

 العشرون الحادي و العدد

 هـ1445م /2024

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

Since,   
 (    , then    , so       ‖   ‖   . Therefore  

 

      ‖ (       ‖    as     . 

 

Hence,     (  . 

 

Proposition(2.10): If   is    attractor, then  

  
 (     (    (           

 

Proof: Let     (   and let   is an   attractor, then 

 

‖ (       ‖    and    
 (        

 (    (    

 

Then, there exists      
 (   such that  

 

‖ (        ‖     and     . 

 

Then  

      ‖ (       ‖     

Implies that,     
 (  . 

Conversely,  let     
 (    and   is   attractor .Then,   

 (   

     
 (      

Then, the definition of   ̃ (   implies that    ̃ (    Following theorem 

(2.9),   (    ̃ (    implies that     (    

Now, to prove that   (       
 (    Let    (     then 

      ‖   ‖   . 

 Hence  

      ‖ (       ‖   . 

implies that  

      ‖ (       ‖    as      

Hence,     (  . 
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Theorem (2.11): For any set  , the set   (   is always   invariant set.  

Proof: If        (    then 

      ‖ (      ‖      as    . 

To show that   (       (   for every      .  Note that  

   (   {            ‖ (      ‖            } 

      ‖ (   (       ‖        ‖ (        ‖ 

                ‖ (       ‖     , as            

Thus,  (        (  , implies that,   (   is   invariant set. 

Theorem (2.12): If   is    attractor set, then     (   is open. 

Proof: As        attractor, there is a     such that  

      ‖ (      ‖    as     ,whenever       ‖   ‖    

Now, let     (    and       ‖   ‖    to show that there exists a 

    such that 

 

     ‖   ‖       (    

 

To see this, there is a       such that 

 

      ‖ (      ‖        

 

Choose     such that 

     ‖ (      ‖                ‖   ‖      

 

So,  

if ‖ (      ‖     then       ‖ (      ‖     as      

 

Set 

    (      ‖ (      ‖      
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Since,  (          is homeomorphism, then   is a open neighborhood 

of  . Note that, 

    if and only if  ‖ (      (    ‖     

Thus, 

      ‖ (      ‖     as      

This implies that   (   is open set. 

Theorem (2.13): If     is   invariant closed set which is uniformly 

  attracting then it is   stable.  

Proof: For any       there is a      such that for every        

      ‖ (      ‖    whenever        ‖   ‖   .  

Therefore  

   (   ⋃  (        .  

  

Since  (   is open, so that,   is   stable . 

 

Theorem (2.14): If a set     is (uniformly)    stable and   weakly 

attracting, then it is   attracting.  

 

Proof: If the assertion is not true there exists at least one            

such that 

      ‖ (       ‖   . 

 

Whereas there is a net            such that 

 

      ‖ (       ‖   . 

 

Assume that           ,then 

 

 (       (       (     ) 
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This is a contradiction with Definition (A  closed random set   in    is said 

to be    stable if for every     and    , there is a          such 

that 

  ( (       (    , for every      ) . This implies that,     

  is   attracting. 

3-Conclusions: 

The concept of    Attractors of Closed Sets has been defined and explored  

In the context of replete semi-groups. 
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