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Abstract

In this research, the exp-function method has been used to find travelling wave solutions
of Schrddinger and improved Eckhaus Equations. The solution procedure of this method, by

the help of symbolic computation of Maple or Matlab, is of utter simplicity. The exp-
function method is a powerful and straightforward mathematical tool to solve the nonlinear
equations in mathematical physics.
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1. Introduction

Most scientific problems and phenomena in different fields of sciences and engineering
occur nonlinearly. Except in a limited number of these problems are linear. This method has
been effectively and accurately shown to solve a large class of nonlinear problems. In recent
years, quite a few methods for obtaining explicit traveling and solitary wave solutions of
nonlinear evolution equations have been proposed . A variety of powerful methods ,such
that, tanh-sech method[1-3] , extended tanh method [4-5], the modified tanh method [6],
hyperbolic function method [7] , sine-cosine method [8], Jacobi elliptic function expansion
method [9], and the first integer method [10]. Very recently, He and Wu [11] proposed a
straightforward and concise method, called Exp-function method, to obtain generalized
solitary solutions and periodic solutions, applications of the method can be found in [12- 18]
for nonlinear evolution equations arising in mathematical physics. The solution procedure
this method, with the aid of Maple, is of utter simplicity and this method can easily extended
to other kinds of nonlinear evolution equations. In this research, we use the exp-function
method to obtain new solitary wave solutions for the Schradinger[19] and improved Eckhaus

Equations[6,20].

2. Exp-Function Method
We consider a general nonlinear PDE in the form
Plu,u,,u,,u,,,..)=0. (1)

Using a transformation

u(x,t)=U(m) , n=x+Ait, (2)
where @ , B are constants, we can rewrite (1) in the following nonlinear ODE:

Qw,u,u",u",.)=0, (3)
where primes denote the ordinary derivative with respect to 7.

we assume that the wave solution of equation (3) can be expressed in the form [11-18]:

4 _canexp(nn)  a_.exp (—cm)+ -+ azexp (dn)
Uum) = =

Y, bmexp (mm)  b_pexp (—pn) + - + byexp (qn)

(4)



Where c,d,p, and g are positive integers that could be determine subsequently,

a, and b,, are unknown constants, equation (4) can be rewrite in the form:

_acexp (cn) + - +a_gexp (—dn)
b,exp (pn) + ---+ b_ exp (—qn)

Un) (5)

In order to determine the values of ¢ and p, we balance the highest order linear term with
the highest order nonlinear term in equation (3). Similarly, to determine the values of d and
g we balance the lowest order linear term with the lowest order nonlinear term in equation
(3). Substituted the values of ¢,d,p and g into equation (5), and then substituted equation
(5) into equation (3) and simplifying , we obtain

ch exp(xkn) =0, k=0123,.. (6)
k

Then setting each coefficient €, = 0, yields a set of algebraic equations for a,.’s and b,’s.
The unknown a,’s and b,’s can be obtained by solving the algebraic equations.

Substituting these values into equation (5), we obtain traveling wave solutions of the
equation (1).

3.Application of Nonlinear Equations
3.1 Schrodinger Equation
consider the following nonlinear Schrodinger equation[19]
iUy + Uy, —2ulul> =0 (7)
We introduce the wave transformation

u(x,t) =e®U(m), O=ax+pt, n=x+Aat, (8)

where @ , B and A are real constants and U(1) is real function. Substituting Eq.(8) into Eq.(7)
we find the relation A = —2a, then Eq.(7) is the following nonlinear ordinary differential

equation

—~(B+a>)U+U"—2U% =0, (9)



where primes denote the derivative with respect to 7. The solution of Eq.(9) can be expressed

in the form of Eq.(5). By balancing the term U"" with the term U?® in Eq.(9), we obtain

B — c,exp(3c+p)n+-- (10)
c,exp(4pn) + -
and
U” =C3 3@(‘-’""3?9]?}'"' (11]
c,exp(4pn) + -

Where c,,c,,c5 and c, are coefficients for simplicity. By balancing the highest order of the

exp-function in Eqgs.(10) and (11), we obtain
3c+p=c+3p
which in turn gives p = c.

To determine the value of d and g, we balance the linear term of lowest order of Eq.(9)

with the lowest order non-linear term

_ w.tdyexp(—3d —q)n

UE
..+ d, exp(—4qn)

(12)

and

_ ..+ djexp(—d — 3q)n

U.l'.l'
...+ d, exp(—4qn)

(13)

Where d,,d,,d; and d, are determined coefficients only for simplicity. Now, balancing

the lowest order of exp-function in (12) and (13), we have
—3d—q=—d —3q
which in turn gives d = q.

We can freely choose the values of ¢ and d. But the final solutions of the Eq.(7) do not

depend upon the choice of ¢ and d.

Wesetp =c=1and d = q = 1. For this case , the trial solution in Eq.(5) reduces to



a,e"+a,+a_,e"

) = a4 by + bye (14
By substituting Eq.(14) into Eq.(9) and equating the coefficients of exp(+nn),
n =0,1,2,3, ..., with the aid of Maple 13, we have
1
2 (C,e®"+Ce?"4+Ce"+Cy +C_,eM+C e+ (C ;e 3) =0 (15)
where
A= (be"+ by, +b_je )3,
€, = —a?b,’a, — fa, b,> —2a,?,
C, = —c?ay b,” —6a, 2a, — a, b;by — Bay b,” + ay by> — 2Ba, by b, — 20a, byb,,

C, = —2a?a, byby — 20%a, b,b_, — 2Ba, b,b_, — 2Bay byb, — a?a, b,> — fa, by’
- ﬂzﬂ._lblz - au blbﬂ + ﬂ,l bﬂz - 6{11 zﬂ._l - "-1-(11 blb—l - 6.&]_1&,&2
—Ba_y by" +4a_b,°,

Cﬂ = 3&-1 bﬂb_l - 2]3{11 bﬂb—l - 2[!21111 bﬂb—l _ﬁau bﬂg - ﬂzau bﬂg - 12&-1 ilg il_l
- 2(103 + 3&_1 blbﬂ - 2(12{1,3 blb—l - Zﬁﬂﬂ blb—l - 2(12(1_1 blbﬂ
—2Ba_y byby — 6a, byb_,

C—l = 4(11 b_lz - 4&_1 blb—l - 6&-02&-_1 —ﬁ{ll b_lg —ﬁil_l buz - [Izill .E]_lg
- ﬂzﬂ._l buz - (10 b_lbﬂ - 2[:{2(1_1 blb—l - 2 ﬁﬂ._l blb—l - 2 ﬁﬂ,ﬂ bﬂb—l
- zlﬁzﬂﬂ bﬂb—l + a_lbuz - 6&-1 ﬂ,_lz - ﬂzau b_j_z,

C_,=—Pagh_* —aagh_y* —a_y bob_y — fa_, byb_; — 20%a_, byb_; — 6ag a_,°
+a, h_lz,
C;=—-fa_, ’5"'—12 - l::‘za—l JEJ—12 - 2a'*—la!

Setting each coefficient of exp(xnn), n = 0,1,2,3 to zero, we obtain

€. =0,,=0,6,=0,C,=0,C,=0,C_;,=0,_,=0,C_3=0 (16)



Solving the system of algebraic equations with the aid of Maple 13 , we obtain:

Case 1.
ﬂ-c.: ﬂ-o,ﬂ-:l:{], ﬂ_1=0,{1={1,ﬁ=—{12+1,b0=D,b_l= b_j_, bl
1 a,?
=—-° (17)
4b_,

Case 2.

{IDZD,HIZD,ﬂ_1={1_1,ﬁ=ﬂ,ﬁ=— ,bﬂ:{],blznyb_l

= b_, (18)

1 1
a-,:]: {lﬂ,,a1=5 bl,a 1=E

2

_14ag®-by" (22)

4 by

Case 7.

Case 8.



1 4ay2— by 5 1
1
1 4a,%—b,*
bl, b_l __; Db ]
1
(24)
Case 9.
_ _ 2 1
a=a,b=—a Ty = A4, Qg = by, a; _Eblj by,=—-2a_,b
bllbﬂ == bﬂ
(25)
Case 10.

a=a,f=—a’—2,a,=—b_y,a,=0,a,= by, by =b_y, by = by,by =0 (26)

Case 11.
a=a,f=—a’—2,a,=">b_y,a,=0,a,=—by,b_;=b_y, by = b;,by =0 (27)
Casel?2.
2 2 Z
= azfa’ a,=a,,a_,= %’a:a,ﬁ:_%’ by = by, by =
by,b_y= b_y
(28)
Substituting Eq.(17-28) into Eq.(15) and Eq.(8) yields
_ Gy ilax+(— a®+1)t)
u, (x,t) = T e (29)
ab—q
. aZb_y 4za—42
_ T lax—| ——————— |t
U, (x,t) = L::_I:—H e( ( b2 ] ] (30)
(o) = 20072 22 (axe(- @ 2)e) G1)
3 bo+b_ye T
dgb—y _ a? byl+z ag2
_ aD+EJ—._-;E g i(afx— —DEJ = g :IE‘)
w6t = : (32)



=

bo+2 b_ye™” Ei(ax+(— afz—i)t)

___=z
ug (1) = L (33)
1 b.e"+a +EME—H z 1
1 o [ - -

Uy ('JC, E) =2 19411 zf:;, z E‘l(ax-'-( “ z)t) (34)

b,el+h, - —%E_n

i bien‘% bg+a_,e” " i(crx+(— afz—i)t) 35
Uy (x,8) = byell+ byt 2a_ge T © : )
] 2z

q.elly g 1300 "0 5 2 1
Ug (I, t] =— - f:m_ Zh_la z l‘.-}l{ﬂrx-i-{_ﬁlr _z)t) (36)

by e+ bo—, 5 —-e"
o 1) = 222 B e ifawe (- a2-2)e) (37)

ERSSt It bie"+by—2a_,e™
u (x t) _ blen o= b—ie_n ei{a‘x+{— aZ—2)t) (38)
103" bie"+ b _,e™ 1
. —byel-b_,e" ilax+{— a®-2)t)
Uy (x, 1) = S el (39)
ay bg — 2z 2 z

asell+ +ase! ( _(—“ By 42ay ]t)

S Pl i Gl e (40)

byeT+by+b_ el

To compare some of our results with those obtained in [19], we set « =a_, =b_; =1
in Eq.(30), a=a,=b_,=1 in Eq.32) , a =b;, =1,b_,=0 in Eq.(38) and we set
o =a, =b;, =hb_; =11in Eq.(40) becomes

Uz (X, t] = Uy {:X,t) =1Uip Ex, E’jl = Uy, ('JC, t) — Ei':x—gt:]‘
3.2 Improved Eckhaus Equation

In this section, we apply the exp-function method to construct the traveling wave solutions
of the improved Eckhaus equation.

We consider the improved Eckhaus equation[6,20]:
iU, + Uy, + 201ul®),u+ [ul*u=10 (41)

This equation is of nonlinear Schrodinger type. We introduce the wave transformation

Eq.(8), then Eq.(41) is following nonlinear ordinary differential equation



—(B+a®)U +U" +4U"U* + 4(U")U + Us =0, (42)

where primes denote the derivative with respect to n. The solution of Eq.(42) can be
expressed in the form of Eq.(5). By balancing the term U" U? with the term U® in Eq.(42),

we obtain

U _ciexp(+50)n + - 43)
c, exp(6pmn) + -
and
Uy — coexp(3p+3c)n+ - (44)
cyexp(6pn) + -

Where c,,c,,c; and c, are coefficients for simplicity. By balancing the highest order of
the exp-function in Egs.(43) and (44), we obtain

p+5c=3p+3c
which in turn gives p = c.

To determine the value of d and g, we balance the linear term of lowest order of Eq.(42)

with the lowest order non-linear term

_ ot d, exp(—5d — q)n
..+ d, exp(—6qn)

Us (45)

and

_ .t dyexp(—=3d—3q)n

U'u?
..+ d, exp(—6qn)

(46)

Where d,,d,,d; and d, are determined coefficients only for simplicity. Now, balancing the

lowest order of exp-function in (45) and (46), we have
—5d —q =—-3d — 3q
Which in turn gives d = q.

We can freely choose the values of ¢ and d. But the final solutions of the Eq.(41) do not

depend upon the choice of ¢ and d.



Wesetp =c=1and d = g = 1. For this case, the trial solution Eq.(5) reduces to

a;e"+a,+a_,e "

Um) = 47
) = e+ by + bye (37)

Since, b; # 0, Eq.(47) can be simplified:

a,e"+a,+a_,e’ "

U = 48
() e’ + by +b_,e™™ (48)

By substituting Eq.(48) into Eq.(8) and equating the coefficients of exp(£nmn),

n = 0,1,2,3, ..., with the aid of Maple 13, we have

1 i
I (Cse®+C,e* "+ C,e®+C,e?"+C,e"+Cy +C_;e"+C_,e 21 +(_5e 3"
FC e+ ) =0 (49)

Where

A= (e"+by+b_se ),

C; =—a*a, —Pa; +1,

=]

C, = —4Bb_,a, — 4Bbya, — 4a’bya, — 6a’by,"a, — 4a’b_ja, — 68b,"a; — 20a, by ay
+ayb, —4ab_,—16a.’b_, —a*a_, —Ba_,+8a,’b,” —a,b,’
+12a,%a, + 16 a,%a_, + 4a_, + 5b_, + 10b,°,

C, = —by a,—4agh_, + 11 byb, + 20b,b_, + b, a, — 12 a®b,b_, a,

—12 Bbyb_,a, —4a*by a, —4Bb_,a,

— 4Bb, a_,—4a*bya_,—6a*b,  a,—4a*b_ja, — 4Bb, a, — 6 b,  a,
+28a:*byb_y — 12 a,*bya_; — 20 ayby ag® — 72 a,*b_ja,+ b6 a_jaya,
+12a,% b,"a, — Ta byb_, +8a,® + 10b,°,

C,=30b,"b_, +10b_,> +5b,* — b,>a,+4a_sb_,+ by* a, +11a_4 by°
—4a,b°—4a,*>b, +44a_, a,> +48a_,%a, +32a® b_,’
- 12&2 bu b_lac.,

10



C,=—4a’b,’a_,— 4B b,*a_, — 128 b,*b_ja, — 12a*b,* b_,a,+ 68 a_,a,
—12a?by b_, a, —12a? by b_ja_, —4a? b,> b_ya, — 128 by b_,"a,
—128byb_ja_; — 4B b,>b_, a, —6a®* b_,*a,—a® b, a, — 68 b_, " a,
— B by,*a, +20a, bya_2 +8a,b,” a_, a,+68a,2b_," a,
+12 aby ag’b_y +5a_y by b_y —10by%agb_y +5by a, b_,°
+12a_, byay,®> +20a,* by b_;a_;, — 176a, b_jaza_, — 32 a,* b_,
—10ayb_ > +5by,°a_y +5by°ay, b_y +30by b_y*+20b,°b_, + by,

C—l — _Sﬂ.l buﬂ.ﬂ b—lﬂ’—l + 5b_1 + buq‘ﬂ._l + 4{11 b_la + 30 buz b_lz - "-1-(1_1 b_lz
— 6B by by a,—12a® by b_"a,— 4a® b,> b_ja, —6a’ by" b_," a,

— 128 byb_,* by — 4B by b_ya, — 128 by*b_ya_, — 12a* by°b_ja_,

—4Bb_’a,—4a*b_,’a, —6a’b_,"a_,—a* by, a_, — 6B b_,7a_,

_ﬁ bﬂ4a_1 + 8&1 bﬂz (1_12 + 44&1 b_lz ﬂﬂz - 88 (1_1 (1,32 b—l

+ 4 ﬂ-ﬂz ﬂ-_l bﬂz + 2 buz (1_1 b—l - 13 bﬂ ﬂ-ﬂ b_lz - bﬂg {10 b—l

+11b,%a, b_,°+32a_,2+10b_,°%,

C,=-4B8b_*ay,—4a?*b_,>ay,+10b,> b_y*—4ay,b_,> +20by b_,°
—6Bby, b Say—4B by by a,—12a’ by b a_,—4a*b,> b_,a_,
—6a’by," by ag—4a® byb_Pa,—12Bbyb_"a_,—4Bb,> b_y a_y
+56a,b " a,a,—12a, b ya_,>b,—20a_, by ay?b_, +28a_,3 b,
+8a,2 b —72a_,%a,b_y+12a by’ as—7a_, by b_y°
+bla, b ,—bla,b,— b a,b P +11b,b ;> a,

C.,=—4b . *a , +10b,°b ,>—16a_®b_,+4b " a,+8a_,*b,’
—68by by a_y—4B by b s> ay—6a’byth_, a_,—4a by b_,? a,
—20a_,2bya,b_, —4Bb_2a,—a*b_,*a, —4a’b_’a_,
—Bb_*a,+12a,® b fa,+16a_2a, by — by" b " a_y
+ byb_®a,+5b_,",

+ b_l‘l‘ ﬂ,ﬂ, + 5 bub_lq‘ - _4ﬁ bu b_lg il_l - 4 (Iz bﬂb_lg il_l,

C c — b_la_ (Iz b_l‘i‘ ﬂ_l—ﬁb_lq‘ a-_1,

— 3

11



Setting each coefficient of exp(+nn), n=0,1,2,3, .., to zero, we obtain
¢c.=0(=0(=0C(=0(C,=0(C,=0,C_,=0,C,=0,,=0,_,=0. (50

Solving the system of algebraic equations, we obtain three different cases namely,
Case 1.

a0=a0,a1=al,a_1={],cx=cx,,{?=—%,b0=?,b_1=0 (1)
1 1

Case 2.

ap=a, by, a;=a,,a,=a_,,a=a,f=—>= :_1, by = by, b_y = aa': (52)
Case 3.

a0=(—3¢1\ﬁ1) by, a1=———|— xﬁz L=a,a=a,B =———|— \f_r,—a:

b= Do, by =~ a+GF VTDa, (53)

Substituting Eq.(51-53) into Eq.(48) and Eq.(8), we have the following generalized solitary
solutions of Eq.(41)

u; (x5 t) =u,(x,t) = as (54)
((——uﬂ) . 2”+(—%¢%ﬁ)h)
(n8) = Jitae+(-27Li- a2t +a_1e‘;x-2;r]
€520t 4 by + (—a_y + (5F 5 V7i) a_y)e--2e9
(55)
Conclusion

Schrodinger and improved Eckhaus equations is investigated by exp-function method. The

generalized travelling wave solutions of these equations are obtained with the help of
symbolic computation. The main idea of this method is to take full advantage of the
generalized auxiliary equation which has more new solutions. It seems that the exp-function
method is more effective and simple than other methods and a lot of solutions can be
obtained in the same time.
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