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Abstract

Let R be a commutative ring with identity and E be a unitary left R — module .We
introduce and study the concept Weak Pseudo — 2 — Absorbing submodules as generalization
of weakle — 2 — Absorbing submodules , where a proper submodule A of an R — module E
1s called Weak Pseudo — 2 — Absorbing if 0#rsx € A for r,s € R, x € E, implies that
X €EA+soc(E)or sxe A+soc(E) or rse[ A+soc(E):zE]. Many basic properties,
characterizations and examples of Weak Pseudo — 2 — Absorbing submodule in some
types of modules are introduced .

Key word : weakly — 2 — Absorbing submodules , essential submodule , socal of modules ,
multiplication modules , Z — regular modules , WP — 2 — Absorbing submodules .

1. Introduction

The concept of weakly — 2 — Absorbing submodule was first introduced by Darani
and Soheilnia as generalization of weakly prime submodule , where a proper submodule A
of an R — module E is called a weakly prime submodule of Eif 0 #te € A,forteR.,e€E
implies that eitheree Aorte[A:x E],where[ A:;R E]={s€R:sE cA} [l].,anda
proper submodule A of an R- module E is called a weakly — 2 — Absorbing submodule of E
,if0#ste € A,fors,t€ R,e € E implies that either se€e Aor te€ Aor ste [A:zx E]

12].

Recently , several generalizations of weakly — 2 — Absorbing submodules have been
introduced [ 3.4.5 ] . In our paper , we introduce a new generalization of weakly — 2 —
Absorbing submodule which we callWeak Pseudo — 2 — Absorbing submodule , where a
proper submodule A of an R — module E is said to be Weak Pseudo — 2 — Absorbing
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submodule if 0 #ste€ A, fors,t € R, e € E, implies that either se € A+soc(E) or te
€EA+soc(E) orste[A+soc(E):x E].Soc(E)is the intersection of all essential
submodules of E [6] . A nonzero submodule N of an R — module E is called an essential if N
N K #(0) for all nonzero submodulesK of E [6]. Every weakly prime submodule of an R —
module is weakly — 2 — Absorbing [7] . Recall that an R — module E is cyclic if E=<x> for
X € E [8]. Recall that an R — module E 1s a semi simple if soc ( E ) = (0) [6]. It is well known
soc(E)+N
N

submodule Nof E[6,Ex.12(c)] . Theset[ N:z [ |]=[Xx€E:xI c N}, ,whereNisa
submodule of E , and I1isanideal of R[N :zI] andis a submodule of E containing N. [ N
;e R]=N and [ I:zR ] =1]9]. Recall that an R — module E is a multiplication if every
submodule A of E is of the form A =IE for some ideal I of R , Equivalently A=[ A :3 E |
E [10]. Recall that an R — module E is a faithful if Ann (E )= {re R:rE=(0)} [8].

that an R — module E is a semi simple if and only if soc ( % )= ( ) for each

2. Basic properties of WP — 2 — Absorbing submodules . In this part of the paper , we
introduce the definition of WP — 2 — Absorbing submodules and, thus truth some of it’s basic
properties , examples and characterizations.

Definition .1.

A proper submodule A of an R — module E is said to be Weak Pseudo — 2 —
Absorbing (for shorten WP — 2 — Absorbing ) submodule of E,if 0 #stee A, for s,teR,
e € E, implies thatse € A +soc( E)ortee A+soc(E)or ste[A+soc(E):rE].And
an ideal J of a ring R 1s said to be WP — 2 — Absorbing ideal of R, if J is a WP — 2 —
Absorbing R — submodule of an R — module R.

Example and Remarks .2.

1. In the Z — module Z54 , the only essential submodules are < 2 >, < 3>, < 6 > and Zss

2 . It is clear that the submodules of the Z — module Zss are <4 > .<6>,<9>,<12 > and
< 18 > are WP — 2 — Absorbing submodules .

3 . The submodules < 12 > and < 18 > of the Z — module Zss are not weakly — 2 —
Absorbing submodules ,since 0#2.3.2€ <12> for2,3€Z,2€Zss but2.2= 4 ¢
<12>and3.2=6¢<12>and2.3=6¢[<12>:z Z3 |=12Z.

4 . The submodule < 2 >, < 3> of the Z- module Zss are weakly — 2 — Absorbing
submodules of Z36 because they are weakly prime submodules of Z - Zs¢ .

5.Itis clear that the submodules <4 >, < 6> and <9 > of the Z— module Z3s are weakly
— 2 — Absorbing submodules .

6 . It 1s clear that every weakly — 2 — Absorbing submodule of an R — module Ei1sa WP -2 —
Absorbing , but  not conversely , the following example shows that : -- In the Z — module
Z3s , the submodule <18 > isa WP — 2- Absorbing by (2) , but < 18 > is not weakly — 2 —
Absorbing submodule by (3).
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7 . It 1s clear that every weakly prime submodule of an R — module E 1s a WP — 2 — Absorbing
but not conversely. The following example explains that in the Z- module Zss , the submodule
<4 > isa WP — 2 — Absorbing by (2) . But < 4 > is not weakly prime submodule, since 0 # 2
2e<4>for2eZ,2eZss,but2 ¢ <4>and 2 ¢ [<4>:z Zss] =4Z.

8 . In general ,the submodule nZ of the Z — module Z is weakly — 2 — Absorbing ifn=0, P,
P? and pq by [7, Rems. And Exs. ( 1.2.2) (3) ] . Hence the submodules nZ of the Z —
module Z isa WP — 2 — Absorbing if n=0,P,P? andpq by (6) .

9 . The submodules 12Z and 18Z of the Z — module Z are not WP — 2 — Absorbing because
soc(Z)=(0)[8]. Thatis,0£ 2.3.2€12Z for2.,3,2 € Z.,but 2.2 ¢ 12Z+soc(Z)
and 3.2 ¢l2Z+soc(Z)and2.3 ¢ [12Z+soc(Z):zZ]|=12Z.

Also,0#2.3.3€18Z for2,3 € Z.,but2.3 ¢ 182 +soc(Z)and3.3 ¢ 18Z +soc(Z)
and2.3 ¢ [18Z+soc(Z):z Z]=18Z.

10.If Aisa WP - 2 — Absorbing submodule of an R — module E , then [ A :x E ] need not
to be WP — 2 — Absorbing ideal of R . For example the submodule < 18 > of the Z — module
Z3s is a WP — 2 — Absorbing submodule by (2 ), but [< 18 >: z Zss] = 18Z isnot WP —2 —
Absorbing ideal of Z by (9).

11 . The intersection of two WP — 2 — Absorbing submodules of an R- module E need not to
be WP — 2 — Absorbing submodule .For example the submodules 37 , 4Z are WP —2 —
Absorbing submodule of the Z — module Z by (8) , but 3Z n4Z =127 is not WP -2 —
Absorbing submodul by (9) . The following results are characterizations of WP —2 —
Absorbing submodules .

Proposition 3.

A proper submodule A of an R- module E is a WP — 2 — Absorbing submodule of E if and
onlyif foranyt,s e Rwithts g[ A+soc(E):r E]wehave[A s ts|C[0:sts]U[A
+soc(E):st]JU[A+soc(E)=Es]

Proof: (=)

Let ec [Asts|withtsg [A+soc(E):r E].thentse € A.If 0 +#tse, it follows
that eitherte € A +soc (E)orse € A+soc(E),thatiseithere e [A+soc(E): s t]ore
€E[A+soc(E)es].If tse=0thenec[0:sts].Hence ec[0:sts]U[A+soc(E
)eEt]U[A+soc(E):gs].Therefore[Aisst]C[0:gts]U[A+soc(E) e t]U[A
+soc(E):ss].

(&) LetO#tse e Afor t,se R,ece E with ts¢ [ A+soc(E):r E]. It follows by
hypothesise e [A:z ts]Jande ¢ [0:5 ts], impliesthate e [A+soc(E ) t]U[A+
soc (E):e s ]. Henceeither te € A+soc(E) orse e A+soc(E). Therefore A is aWP
— 2 — Absorbing submodule of E .
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Proposition 4.

A proper submodule A of an R — module E isa WP — 2 — Absorbing if 0 #tsK C A fort,
s € R and K is a submodule of E , implies that either tK c A +soc(E)or sK c A+soc(E
Jortse [A+soc(E) = E|.

Proof: (=)

Let0#tsK c A,for t,s € R,K s asubmodule of E . Suppose that ts ¢ [ A+soc(E) &
E],tK ¢ A+soc(E)and sK & A +soc ( E).Then,there exists e;, e2 € K such that te; ¢
A+soc(E)andse;2 A+soc(E). Now O#tset e Aand ts g [ A+soc(E):r E],then
by proposition (3) wehaveeie [Aest]C[0:sgts]U[A+soc(E):g t]U[A+soc(E
):es]|.Buteig[0:sts|]andeig [ A+soc(E):e t].Itfollowsthateire [A+soc(E):&
s ], thatis,seie A +soc (E). Again 0 #tse; andts ¢ [A+soc(E):r E]ande; ¢ [ A+ soc
(E):ss] itfollowtha tex € A+soc(E). Now,0#ts(ei+e2) € Aand ts¢g [ A+soc(E
)R E],then (e1+e2)e[A s ts]and(ei+ex) ¢ [0:g ts], it follows by proposition ( 3 )
either (e1 +e2) e [A+soc(E):g t]or(ei+e2) € [ A+soc(E):es ] Thatis either t(e:
+e) € A+soc(E)ors(ei+ez)e A+soc(E). If t(er+ex)=te1+tez € A+soc(E),
and te; € A+soc(E),then te;y € A+ soc(E ) which isa contradiction .

Ifs(e1+ex)=sei+sexe A+soc(E)and seie A+soc(E),then sex e A+soc(E)
which is a contradiction.

Hence either tK c A+soc(E)or sSKcA+soc(E)ortse[A+soc(E)r E].
(<) Trivial , so we omitted it.
Proposition 5.

A proper submodule A of a cyclic R — module E is a WP — 2 — Absorbing if and only if
foreacht,s e Rwithtsg [A+soc(E)r E]wehave[A R tse [C[0:rtse ] U[ A+
soc(E)rte]U[A+soc(E)wrse].

Proof: (=)

Let t,se R, withtsg [ A+soc(E):x E]andletr €[ A :r tse ], it follows that ts(re ) €
A If 0#ts(re) e Aand Aisa WP —2 — Absorbingandts ¢ [ A +soc ( E ) :r E ], then
either tre e A+soc(E)orsre € A+soc(E),thatiseitherre [A+soc(E):r te]or r
€e[A+soc(E):rse]. If tsre=0,impliesthat re [0:tse]. Hence re [0z tse ] U[ A+
soc(E)r te]U[A+soc(E):rse].Therefore [Artse|]C[0:rtse ] U[A+soc(E
Jrte]U[A+soc(E)wrse].

(<) Since Eiscyclic,then E=<e;>for someei € E.Let0#tse € Afort,seR,e € E
with ts g [ A+soc(E )z E ].Sincee € E then e =re; forsomer € R, thatis 0 Zts( re1) €
A it followsthat re [Ar tser [C[O:rtse1 JU[A+soc(E)r teitJU[A+soc(E):r
ser |.Butr ¢ [0:rtser | (since O #tsre; ), therefore,re [A+soc(E):z tei Jorre[ A+
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soc ( E ) :r se; |, it follows that tre; € A + soc (E) or sre; € A + soc (E). Thatis te € A + soc
(E)or se € A+soc(E). Therefore A isa WP — 2 — Absorbing submodule of E .

Proposition 6.

A proper submodule N of an R — module E is a WP — 2 — Absorbing submodule of E if
and only if ( 0 ) # JL — N for some ideals I, J of R and some submodule L of E implies
that either ILC N+soc(E)orJLCN+soc(E)orIJc [N+soc(E)r E].

Proof: (=)

Let(0)#IL c N for some ideals I.J of R and some submodule L of E with IT & [ N + soc (
E):r E]. To prove that IL c N +soc ( E) or JL © N +soc ( E ) .Suppose that IL ¢ N + soc
(E)and JL ¢ N +soc ( E ), that is there exist a; € I and a>e J such that aiL ¢ N +soc (E)
and a2L g N +soc (E) .Now, (0)#aia;L c N, and N is aWP — 2 — Absorbing submodule
of E , then by proposition ( 4 ) eitherai LC N+soc (E) orazLc N+soc(E) or ajaz €]
N+soc(E)=r E].Sincell [ N+soc(E):r E ], there exists by € I and b> € J such that
bib, ¢ [ N+soc(E):r E].But(0)#bibL c Nand N isa WP -2 — Absorbing submodule
of E,and bib, ¢ [ N+soc(E):r E ], then by proposition ( 4 ) either bsL c N +soc (E ) or
boLc N +soc(E).

Now:--(1)If bbLc N +soc(E)and boL & N +soc ( E ). Since (0) #a1b:L — N and boL
ZN+soc(E) and aiL ¢ N +soc ( E ), then by proposition (4 ) aibo € [N+soc(E):r
E].SincebiLc N+soc(E)andaiLzN+soc(E),weget (ai+bi)LzN+soc(E)
For theremore (0)#(ar+bi)boLcNand N isa WP — 2 — Absorbing with (a1 + b1 ) L
ZN+soc(E),b:L &N +soc(E), it follows that by proposition (4 ) (a1 +bi)bx=aib, +
bibe[N+soc(E)r E].,but aiboe [ N+soc(E):x E],thenbibo e [N+soc(E) &
E ], this 1s a contradiction .

(2)If bbLc N+soc(E) and biL & N +soc ( E ), so by similar steps of ( 1 ) we get a
contradiction .

(3)If bbL < N+soc(E) and boLc N+soc(E),sincebLc N+soc(E)and a;L g N
+soc(E),weget(az+b2)LgN+soc(E).But(0)#ai(az+b2)LcNandNisa WP —
2 — Absorbing with a;L ¢ N +soc (E )and (a2 +b2)L & N +soc ( E)then,we get a; (a2 +
bo)e [N+soc(E):r E].Sinceaiaze [ N+soc(E):r E] and aja; +ajb, € [ N+ soc
(E):r E],itfollowsthataib € [N+soc(E):r E].

Now,(0)#(ai+bi1)aze Nand a2aLgN+soc(E) and(ai+bi)LgN+soc(E),it
follows by proposition (4 ) (ai +bi)az =ajaz +biaz € [ N+soc(E):zx E]and since
aija2€ [N+soc(E)r E],weget bijaze [N+soc(E)r E].Since (0)#(ai+b1)(a
+b;)LcNand (ai+bi)LZgN+soc(E) and (a2 + b2) L ¢ N + soc ( E ) then by
proposition (4 ) we have (a; +bi1) (a2 +b2)=aja; +aibo +biaz +bibo e [N+soc(E):r E
]. But aja; ,biaz,aibo e [N+soc(E):r E],weget bibo € [ N+soc(E):r E]whichis
a contradiction . Thus ILc N+soc(E) or JLCN+soc(E).
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(<) Trivial, so we omittedit
The following corollaries are adirect consequence of proposition ( 6 ).
Corollary 7.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if
and only if (0 ) #1Jx C A for some ideals I, J of R and x € E, implies that either Ix c A +
soc(E)or JxcA+soc(E)orlIc[A+soc(E)r E].

Corollary 8.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if and
only if ( 0 ) #sIL — A for some s € R and ideal I of R and some submodule L of E, implies
that eithersLc A+soc(E)orILc A+soc(E)orsIc[A+soc(E)r E].

Corollary 9.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if and
only if (0 ) #slx — A for some s € R , ideal I of R and some x € E , implies that either sx €
A+soc(E)orIxc A+soc(E)orsic[A+soc(E)r E].

Proposition 10.

Let A be a WP — 2 — Absorbing submodule of an R — module E and B is a submodule of
E with B C A then Bi 1s a WP — 2 — Absorbing submodule of an R — module E— :

Proof : Let O;éts(XJrB'):stXJrBeBifors,teR,X+BeE—,er.ItfoHowstha’[

tsx € A. If tsx =0 then ts( x + B ) = 0 which is a contradiction . thus 0 # tsx € A implies that

eithertx e A+soc(E) orsx e A+soc(E) ortsE c A+soc(E) .It follow that either t(
. ) E . .

x+B)e 25 or s(x+B)e AHEE) or%g £%59c(F)  That is either t(x + B ) €

BiJrAi*S‘;;(EJ - Bi+soc(' E—) 0rs(x+B)eBi+A7“‘;C(E) c BiJrsoc( E—)or

A + A+soc(E)

A E . A . .
= = C 5 tsoc ( 5 ). Hence , - 1sa WP — 2 — Absorbing submodule

E
ts—cC
5 =

of an R — module EB— .
Proposition .11.

Let A, B be submodules of semi simple R — module E with B A. If B and Bi are WP
— 2 — Absorbing submodules of E , i— respectively , then A is a WP — 2 — Absorbing

submodule of E .

Proof :

Let 0#tsx ¢ A for t,se R, x€ E,then0#ts(x+B)=tsx+B eBi.If()#tsxeB

and B 1s a WP — 2 — Absorbing , implies that eithertx e B+soc(E)c A+soc(E) orsx €

B+soc(E)cA+soc(E) or tsECc B+soc(E)c A+soc(E) .ThusAisaWP -2 -
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Absorbing submodule of E . Assume that tsx ¢ B, it follows that 0 #ts(x+B) € Bi . But

Bi 1s a WP — 2 — Absorbing submodule of E— implies that either t(x +B ) € Bi +soc (

E . A E A E : . .
B—)ors(x+B)B—+soc( B—)or t;E c B—+soc( B—) . Since E 1s a semi simple then
E E)+B . : A B E .
soc(B—) =$.Itfollowsthate1ther t(x+B)eB— + H{;—C() or s(t+B)C
A 4 B+soc(E)
B B
E A B E L . o A
t; C B—++S{;—C() .But Bc A, implies that B+soc (E)c A +soc(E), hence 5T
B+soc(E) A A+soc(E) . A+soc(E) . . A A+soc(E)
- c 5+ - . Since = C - implies that =— + - =
A+soc (E)  that is either t (x + B ) € A€ (E) o 5x +B) € At soc(E) LSE
B . B B ’ B —
A+soc(E)

, it follows that either tx e A+soc(E)or sx e A+soc(E) or tsE C A +soc (
E ). Thus A i1s WP — 2 — Absorbing submodule of E .

Proposition 12.

Let A be a proper submodule of an R — module E with soc (E )  A. Then A isa WP -2
— Absorbing submodule of E so ifand only if [ A :gI | is a WP — 2 — Absorbing submodule of
E for each ideal I of R .

Proof: (=)

Let(0)#tsBc[A 1] fort,s € R, Bisasubmodule of E,then (0)#tsIB c A,
implies that either tIBc A +soc (E )or sIB c A+soc(E)ortsE c A+soc(E).Butsoc
(E)c A, then A+soc(E)=A. thatis either tIB c A or sIBc A or tsE c A. Thus,
eithertBC [A ]Il orsBC[Al] ortsEcC Ac[ A :e]] .It follows that either tBC [ A
wl] c[Ax]] +soc(E) or sB c[Axl] c[Ax]] +soc(E) or tsE c[A 1] |
A gI] +soc(E) Hence,[ A:s1] isa WP -2 — Absorbing submodule of E .

(<)Since [ A :x I] isa WP — 2 — Absorbing subodule for every non zero ideal I of R . PutI
=R,weget[A: R]=A isa WP -2 — Absorbing submodule of E .

We need to introduce the following definition.

Definition 13. Let A be a WP — 2 — Absorbing submodule of an R — module E andr,s € R,
ec E,wesaythat(r,s,e)is WP —triple zeroof Aif rse=0,re g A+soc(E),se g A+
soc(E)andrs g [A+soc(E) R E].

Proposition 14. If A is a WP — 2 — Absorbing submodule of E with (r,s,e )isa WP —
trible zero of A forsomer,s e R,e € E. ThenrsA=(0).

Proof : Suppose rsA #( 0 ), then rsa # 0 for some a € A. Since (r,s,e ) 1sa WP — triple
zero of A then rse=0,reg A+soc(E),seg A+soc(E)andrs ¢ [A+soc(E):r E].
Since 0 #rsa € A and A is a WP — 2 — Absorbing submodule of E andrs ¢ [A +soc (E) :»
E ], then either rac A +soc (E)orsa € A +soc ( E).
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Now,0#rs(e+a)=rse+rsa=rsac A,andrs ¢ [A+soc(E):r E], theneither r(e+a
)=re+rac A+soc(E) ors(et+ta)=se+sacA+soc(E) If re+sae A+soc(E)
and ra € A +soc ( E ) implies that re € A + soc ( E ) contradiction. If se +sa € A+soc(E
)and sa € A +soc ( E), implies that see A +soc ( E) contradiction. Hence ,rsA=(0).

Proposition 15. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,se R,ec E,then[A:r EJre=[Ar E]se=(0).

Proof : Suppose that[ A:r E]se#(0)thenyse#oforsomeye[A:r E]. Since (r,s,e
)1s a WP —triple zero of A,rse=0and re ¢ A+soc(E) ,seg A+soc(E)and rs g [A
+soc(E):r E]. Wehave 0 #yse € A and A is a WP — 2 — Absorbing submodule of E ,
then either ye € A+soc(E) orsee A+soc(E) orys e [A+soc(E):r E]. Now, 0 #(
rty)se=rse+yse=yse € Aand A isa WP —2 — Absorbing submodule , then either ( r +
yle=re+yee A+soc(E) or see A+soc(E) or(r+y)se[A+soc(E):r E].Since
ye € A+soc(E) and if re +ye € A +soc ( E), it follows that re € A+soc(E)a
contradiction . If (r+y )s=rs+yse[A+soc(E)r E]Jand yse [A+soc(E):r E],
then rs € [A +soc (E):r E ] acontradiction . Thus [ A :x E Jse =( 0 ) . Similarly we can
prove [A:r EJre=(0).

Proposition 16. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,s€e R,ec€ E.Then rff A:r EJe=s[Ar E]Je=(0).

Proof : Suppose that [ A:rx E Je #(0 ), then there exists x €[ A :x E ] such that rxe #0 .
But(r,s,e)isa WP —triple zeroof A,rse=0,re g A+soc(E) or seg A+soc(E)
and rsg[A+soc(E)=r E].

For 0 #rxe € A and A is a WP — 2 — Absorbing submodule of E, then either re € A + soc (
E) or xee A+soc(E) or rxe[A+soc(E):r E].Now,0#1(s+X)e=rse+rxe=
rxe € A,and A isa WP — 2 — Absorbing submodule , then either re € A+soc(E) or(s+
x)e=setxec€ A+soc(E) or r(s+x)=rs+rxe[A+soc(E):x E]. Thatis re € A
+soc ( E) a contradiction. If (s + X )e =se + Xxe € A +soc ( E ), implies that se € A + soc (
E ) acontradiction. If rs +rx €[A +soc (E ):z E |, implies that rs e [A+soc(E):r E]a
contradiction. Thusr[ A:x E]e=(0). Insimilary way s A EJe=(0).

As direct consequence of proposition ( 16 ) , we get the following corollary :

Corollary 17. If A 1s a WP — 2 — Absorbing submodule of an R — module E with (r,s,e ) i1s
a WP — triple zero of A forsomer,se R,ecE.then r[A:x E]A=s[Axr EJA =(0
).

Proposition 18. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,s€e R,ec€ E,then [A:x E]sA =[Axr E|JrA=(0).

Proof : Suppose that [ A:r E]sA #(0),thenxsa#(0)forsomexe[Axr E]J,ac A.
Since (r,s,e)isa WP —triple zero of A, then rse=0,re g A+soc(E),se g A+soc(
E)and rs ¢ [¢ A+soc(E):RE] For0#xsae A, it follows that either xa € A +soc (E)

or sac A+soc(E)or xse[A+soc(E)rRE]. Wehave(r+x)s(a+e)=rsa+rse+
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Xsa+Xse=xsa € A ( since rse =0, and rsa = 0 for proposition ( 14 ) and xsa =0 from
proposition ( 16 )). Thatis0# (r+x)(a+e)=ra+re+xa+xe € A, implies that re € A
+ soc ( E) a contradiction ors(a+e)=sa+se € A+soc(E)impliesthatse € A+soc(E)
a contradiction or (r+x)s=rs+xs €[ A+soc(E):r E ], implies that rs €[ A+soc (E)
'R E ] a contradiction .Thus[ A:r E]sA =(0).

In similar steps , we can show that[ A :R E [tA=(0).

Proposition 19. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,se R,ecE,then [A:r E][A®r E]Je=(0).

Proof : Supposethat[ A:r E][Ar E]Je #(0),then0#xye € Afor somex,ye[Ar
E].For(r,s,e)isa WP —triple zero of A, then rse=0,re ¢ A+soc(E),se & A+ soc(
E)and rsg[A+soc(E)RE]

Now, 0 #xye € A, implies that eitherxe € A+soc(E)orye e A+soc(E)orxy e[ A
+soc(E):r E].

Now,0#(r+x)(s+y)e=rse+rye+xse+xye=xye € A(sincerse=0,rye=0,xse=0
by proposition (16)).It follows that either (r+ X )e =re + xe € A + soc ( E ), implies that re
€ A +soc ( E)a contradiction . or (s +y)e=se + ye € A +soc ( E ), implies that se € A +
soc ( E ) a contradiction,or (r+x )(s+y)=rs+ry+xs+xy €[ A+soc( E) = E |, implies
that rs €[ A +soc ( E) :r E ] a contradiction.

Hence [A:R E][ArR E]e=(0).

Proposition 20. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,se R,ecE,then [Ax E][Ar EJA=(0).

Proof : By proposition ( 14 ) and proposition ( 19 ).

Proposition 21. Let A be a WP — 2 — Absorbing submodule of E and rsB — A for somer, s
€ R, and some submodule B of E with (r,s,x)isnot WP — triple zero of A for every x €
B.If rsg[A+soc(E):r E],then x e A+soc(E) or sxe A+soc(E).

Proof : Suppose that (r, s, x ) is not WP — triple zero of A for every x € B and suppose
that tBZ A+soc(E)andsB Z A +soc(E ), thenryi g A+soc(E)or sy € A+soc(E
) for some yi,y2 € B.If 0#1sy;1 €A with rs ¢ [A+soc(E):r E]andsincery; ¢ A +soc
(E)thensyr € A+soc(E)(forAisaWP -2 - Absorbing submodule ) . If rsy; =0 and
ryig A+soc(E),rsg[A+soc(E):®r E]Jand (r, s, yi1)is not WP — triple zero of A,
we get syi€ A +soc ( E ). By similar arguments since (r, s, y2 ) i1s not WP — triple zero of
A,wegetryoe A+soc(E). Now,rs(yi+y2)eAand(ris,yi+y2)isnot WP —triple
zeroof Aand rsg[A+soc(E)rR E],weget r(yity2)eA+soc(E)or s(yi+y2) €
A+soc(E).

fr(vity2)=ryi+ry2e A+soc(E)and ry2 € A+soc(E), weget ryie A+soc(E)
1s a contradiction .
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If s(vity2)=sy1+sy,€ A+soc(E)and sy;e A+soc(E) then sy, € A+soc(E)isa
contradiction .

Hence rBC A+soc(E) or sSBCc A+soc(E) .

Proposition 22. Let A, B be WP — 2 — Absorbing submodule of E with B is not contained in
A and eithersoc (E)c Aorsoc(E)c B.Then AN B isa WP — 2 — Absorbing submodule
of E.

Proof : It is clear that A (1 B is a proper submodule of B and B is a proper submodule of
E , implies that A N B 1is a proper submodule of E.Let(0)#rsLcANB forr,seR.,L
1s a submodule of E, it follows that (0 ) #rsLc Aand (0)#rsLc B. But A, B are WP -2
— Absorbing submodule of E, then eithertL c A +soc (E) orsL c A+soc(E) orrsE C
A+soc(E) and rLc B+soc(E) orsLc B+soc(E) orrsE c B+soc (E). Thus,either
tLc(A+soc(E))N(B+soc(E)) or sLc(A+soc(E))N(B+soc(E)) or sEC(A
+soc(E)) N (B+soc(E)). If soc( E)c B then B +soc( E ) =B, it follows that either rL. —
(A+soc(E))NB or sLc(A+soc(E))NB or rsE c (A +soc(E)) N B. Again Since
soc( E ) < B, then by Modular Law ( A +soc( E)) N B=(A N B)+soc(E). Thus either rL
c(ANB)+soc(E)orsLc(ANB)+soc(E) or sEC(ANB)+soc(E). Thus A
(1 B 1s a WP — 2 — Absorbing submodule of E .

Recall that for any submodules A , K a multiplication R — module E with A=1E , B=1JE,
for some ideals I, J of R, the product AB = IJE = IB. In particular AE = IEE = IE = A, and
foranyx e E,A=Ix [2].

The following propositions are characterizations of WP — 2 — Absorbing submodules is
class of multiplication modules.

Proposition 23. Let E be a multiplication R — module, and A be a proper submodule of E.
Then A 1s a WP — 2 — Absorbing submodule of E if and only if (0 )# LiL:Ls < A for some
submodules Li L[> Ls; of E implies that either Lils c A+soc(E) or L:lsc A+soc(E
Jor Lil,cA+soc(E).

Proof : (= ) Let (0 ) # Lil2Ls < A for some submodules L; 1o s of E.But E isa
multiplication , then Li=LE, L, =LE, Ls = LE for some ideals I, 1>, Iz of R. That is
(0) #LilbLs =1L L B E c A. But A 1s a WP — 2 — Absorbing submodule of E, then by
proposition ( 6 ) either 1 GE c A+soc(E) or h GEC A+soc(E) or il c[A+soc(E
):r E](1e Ii LE c A +soc ( E)). It follows that either LiL; c A+soc(E) or Li:lscC
A+soc(E) or LiLc A+soc(E).

(&)Let(0)#L LLc A for I, L are ideals of R, L is submodule of E. Since E is a
multiplication, then L = E for some ideal Is of R. Thatis (0) #11 L, GE c A. Put L; = LE
and L, = LE, then (0 ) # LiL:L — A, it follows by hypothesis that either LiL — A +soc (E
Jor IhLc A+soc(E)or LilL, c A +soc ( E). Thatis either LL c A+soc(E) or LL C
A+soc(E) or LhbE c A+soc(E), (1elil. [ A+soc(E):z E] Thus,by proposition
(6)Ai1sa WP -2 — Absorbing submodule of E .
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The following corollary is a direct consequence of proposition ( 23 ).

Corollary 24. Let E be a multiplication R — module and A be a proper submodule of E. Then
A 1s a WP — 2 — Absorbing submodule of E if and only if (0 )# Liloe < A for some
submodules Li L, of E and e € E, implies that either Liec A+soc(E) or [.e Cc A+
soc(E) or Lilo.cA+soc(E).

It 1s well known that if E is a faithful multiplication R — module then soc (E) = soc (R)E
[11,coro. (2.14) (1)].

Proposition 25. Let E be a faithful multiplication R — module and A be a proper submodule
of E. Then A 1s a WP — 2 — Absorbing submodule of E ifand onlyif [ A:rE]isaWP -2 -
Absorbing ideal of R .

Proof: (=) Let(0)# hhc[ A =E ] forli, L, Iz areideals of R, it follows that (0) #
LIz E c A. But E 1s a multiplication then (0) #L1b Iz E=Li[oLs ¢ A by taking Li =LE
,Lo =LE and L;=LE . Now since A is a WP — 2 — Absorbing , then by proposition (23)
either LilscA+soc(E) or LolscA+soc(E) or Lil,cA+soc(E).ButEisa
faithful multiplication then soc (E) = soc (R)E . Thus either I1 GEc [ A:RE JE + soc (R
JE or LBE c [ARE]JE + soc(R)E or LLEC [A:RE]E + soc(R)E. Thatis
either [ ki [ARE]+ soc(R) or hbh c [ARE] + soc(R) or 1hc [ARE] +
soc(R)=[[A:RE] + soc(R):gR]. Therefore by proposition (6 )[ A:rE ]JisaWP -2 —
Absorbing ideal of R .

(&)Let(0)#LLLc A forli, L are ideals of R and L is submodule of E. Since E is a
multiplication , then L = E for some ideal Is of R. Thatis(0)#L L GEC A, it
follows that (0) #Li LIz c [ ARE].But[ A:rE ] 1sa WP — 2 — Absorbing ideal of R, then
by proposition (6) either 1 hc [A:RE]+ soc(R) or Lh ¢ [A:RE] + soc(R)or
LLc [A®RE] + soc(R).Thuseither [ GEC [AREJE + soc(R)E or LLE c [A
REJE + soc (R)E or LLEcC [ ARE ]JE + soc (R )E. Thatiseither [LC A+soc(E)
or bLc A+soc(E) or LLE c A+soc(E), (ielil <[ A+soc(E):rE ] Hence by
proposition (6) A isa WP —2 — Absorbing submodule of E.

It is well known that cyclic R- module is multiplication [10]. We get the following corollary:

Corollary 26. Let E be faithful cyclic R — module and A be a proper submodule of E. Then
A1sa WP -2 — Absorbing ifand onlyif [ A :rE ]1sa WP — 2 — Absorbing ideal of R .

Proposition .27. Let E be a faithful finitely generated multiplication R — module and 1 be
a WP — 2 — Absorbing ideal of R . Then,IE is a WP — 2 — Absorbing submodule of E .

Proof : Let (0) #rtLK c IE for r € R, I; be an ideal of R, K is a submodule of E. It
follows that 0 # tlhhE < 1IE f or some ideal I» of R. Since E is a finitely generated
multiplication , then by[2 coro. of Theo. (9 )] wehave O #rIil, c I +ann( E )=1.ButI
1s a WP — 2 — Absorbing , then,by corollary (8) either tlh, < I +soc(R) or LiLc I +
soc(R) or rlic[I +soc(R):rRR]=1I +soc(R). Thatiseither rLE CIE +soc(R)E
or LLE ¢ IE +soc(R)E or rLiE c IE +soc (R )E. Thuseither tK CIE +soc(E)
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or [KcCIE +soc(E) or rI;c[IE +soc(E):rE]. Therefore by corollary (8) IE is a
WP — 2 — Absorbing submodule of E .

It 1s well known that cyclic R — modules are finitely generated [8], we get the following
corollary which is a direct consequence of proposition (27)

Corollary 28. Let E be a faithful cyclic R — module , and I be a WP — 2 — Absorbing ideal
of R. Then ,IE isa WP — 2 — Absorbing submodule of E .

3 . Conclusion . ... A new generalization of weakly — 2 — Absorbing submodule was
introduced , and many characterizations were given. The definition of WP — triple zero of
WP — 2 — Absorbing submodules were introduced. A lot of basic properties of these concepts
were established. Among the main new characterizations of WP — 2 — Absorbing submodules
are the following :

e A proper submodule A of E is a WP- 2 — Absorbing if and only if for any t,s € R with ts
g[A+soc(E)rE];wehave[A g ts|]Cc[O0ets]U[A+soc(E)st]U[A+soc(E
)ES]

e A proper submodule A of E is a WP- 2 — Absorbing if and only if 0 #tsK c A fort,s € R
and K 1s a submodule of E , implies that either tKk c A+soc(E) or sSKc A+soc(E) or
tse[ A+soc(E)RE]

e A proper submodule A of a cyclic R — module E 1s a WP- 2 — Absorbing if and only if for
each t,se R with tsg[A+soc(E)rE],wehave[Artse|]C[0:r tse | U[ A +soc
(E)rte]U[A+soc(E):r se].

e A proper submodule N of E is a WP- 2 — Absorbing if and only if ( 0 ) # IJLL N for some
ideal I,J of R and submodule L of E implies that either IL < N+ soc( E) or JLc N+ soc(
E) or Dc[N+soc(E):r E].

o [f Aisa WP-2 - Absorbing submodule of E with (r,s,e)isa WP — triple zero of A for
somet,se R,e e E. Then, rsA=(0), [A:R E]J]re=(0),r[ArEJe=(0), r[A:R E]A
=(0), [ARE]J]sA=(0) and[ A RE][ARE]A=(0).

e A proper submodule A of multiplication module E is a WP- 2 — Absorbing if and only if ( 0
)#Lil:Ls < A for some submodules Li, L;,Ls of E implies that either LiL; c A + soc (
E) orlolsc A+soc(E) or Lil cA+soc(E).
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