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Abstract

The aim of this paper is to prove some weak and strong convergence results of a
novel modified Picard-S hybrid iteration to converge to fixed point involving nearly
non-expansive mapping in the setting of uniformly convex Banach space. Our
results generalize and improve the known results of the existing literature.
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1. Introduction

The first fixed point approximation method is Picard’s iteration method proposed by
Banach [1] in his renowned results Banach principle. Approximation theory provides very
helpful tools to finding the fixed points of a problem. There are several problems in such
various fields as finances, engineering, economics, informatics, chemistry, biology and
physics which are not solved exactly by renowned methods. So, many authors worked in this
direction and proposed different fixed point approximation methods for different kinds of
mappings to find the solution of such problems, see [2, 3, 4].

On the other hand, Goebel and Kirk in [5] proposed the class of asymptotically non-
expansive mappings as a generalization of the class of non-expansive mappings. The
asymptotic fixed point theory has an essential role in non-linear functional analysis [6]. A
branch of this theory attached to asymptotically non-expansive self and non-self mappings in
uniformly convex Banach space, using modified Mann, Isikawa and three step iterations have
been evolved by many authors see, [5 -15] in Banach space.
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In 2007, Agrawal et al. [16] proposed a novel iteration for approximation of fixed points of
non-Lipschitzain nearly asymptotically non-expansive in a Banach space. It is defined as
follows:

a,=a €V
Ay = (1= BT an + BTy
yn = (1= 6p)a, + 6,T"ay,
where {B,,} and {6,,} are real sequences in (0,1).

In 2014, Faik et al. [17] proposed a novel iteration named Picard-S hybrid iteration can be
utilized to approximate fixed point of contraction mappings. As well, showed that novel
iteration converges faster than CR iteration, Picard, Mann, Ishikawa, Noor, SP, S and some
other iterations in the existing literature. It is defined as follows:

a,=a €V

an+1 = Tzy

zZp = (1= B)Tay + BuTyn

yn = (1= 8p)an + 6,Tay,
where {£,}and {6,,} are real sequences in (0,1) accomplishing condition },;°_; £,6,(1 —
6p) = .

It has been shown that a three-step iteration gives better numerical results than two-step
and one-step iterations. Therefore, we conclude that three-step iteration plays an important
role in resolving diverse problems which show in pure and applied sciences. These realities
motivated us to study a class of three-step modified Picard-S hybrid iteration in uniformly
convex Banach space. The proposed iteration is as follows:

a,=a €V
Anyr =T"2y
Zn = (1= BT an + BuT" Y
Y =0A-46)a, +6,T"a, (D)

where {8,} and {8,,} are real sequences in (0,1) accomplishing condition }.;"_; 8,6, (1 —
571) = .

In this paper, some weak and strong convergence theorems for a novel proposed iteration
(1) of nearly non-expansive mapping in the setting of uniformly convex Banach space are
proved. As well, a numerical example to elucidate our work is provided. The results presented
in this paper extend and improved some previous well known results from the literature e.g.
[16 -19].

2. Preliminaries
We now recall several preliminary notions, definitions and lemmas which are beneficial

in proving our main results.

Let VV be a non-empty convex subset of a real Banach space M and T be a self-mapping of
V with one fixed point set F(T). A mapping T:V — V is named Lipschitzain if for all n € N,
there is a constant [,, > 0 such as

IT"a —T"b|| < L,|la —b|l,Ya,beV,n€eN.

A Lipschitzain mapping T is named uniformly L-Lipschitzain if [, =L, Vvn € N and

Asymptotically non-expansive mapping [20] if [, = 1, ¥V n € N with lim [, = 1.

n—-oo
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Definition 2.1 [21]: Assume that V is a non-empty convex subset of a real Banach space
M. A mapping T:V — V is named to be non-expansive mapping if
|IT"a — T"b|| < |la — b||,Va,b €V,n€N.
In 2005, Sahu [22] established the class of nearly Lipschitzain which is an important
generalization of the class of Lipschitzain mapping.

Definition 2.2 [23]: Let V be a non-empty convex subset of a real Banach space
M.A mapping T:V =V is named to be nearly uniformly L-Lipschitzain with respect to
{wp} {w,} be asequence in [0,1] with lim w,, = 0], 3L = 0 such as

n—->oo

IT"a —T"b|| < L,(lla = b|| + w,),Va,beV,n>1.
Notice that, the infimum of the constant [,, is denoted by IN(T™) < L,n € N and is called
nearly Lipschitz constant.

A nearly uniformly L-Lipschitzain mapping T with [{w,}, N(T™)] is said to be:
e Nearly non-expansive if (T") = 1,vn = 1.
e Nearly uniformly L-Lipschitzain if [(T™) < L,n € N.

It easy to remark that every non-expansive is asymptotically non-expansive mapping with
sequence 1, = 1 and very asymptotically non-expansive mapping is uniformly L-Lipschitzain
with L = sup,eyl,. Every asymptotically non-expansive mapping is nearly non-expansive
mapping if VV is a bounded domain of an asymptotically non-expansive T.

Example 2.3: Let M =R,V = [O%] and T:V — V be a mapping defined by

Lo el
1

1
0 lf a € (Z,E] .
Clearly that T is discontinuous and non-Lipschitzain mapping. However, it is a nearly non-
expansive mapping.

Ta =

Definition 2.4 [24]: The function 9,,: [0, 2] — [0,1] is named modulus of convexity of M if

. b
9y = inf{1 — 2L Jlal| = 1, lIbl = 1,lla - bl = q}.

A Banach space M is named uniformly convex [25] if 9,,(0) = 0and9y(q) >0,V qE€E
[0, 2].

Definition 2.5 [26]: A Banach space M is named satisfy Opial property if for each sequence

{v,} in M, converging weakly tox € M, we have lim supl||lv, — x|| < lim sup||v, —
n—oo n—oo

yl|l,Vy € M such as x # y.

Definition 2.6 [27]: A mapping T:V — V is named to be demiclosed at zero, if for any

sequence {s,} in V, the condition {s,} converges weakly to s € V and {Ts,} converges
strongly to 0 imply that Ts = 0.

Definition 2.7 [28]: A mapping T:V — V is named condition (Z) if there is a non-decreasing

function y:[0,00) - [0,0) withy(0) =0andy(e) >0,e >0 such as d(aTa)=>
y(d(a,F(T)),Va ev.
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Lemma 2.8 [20]: Let {p,},{r,} and {B,} be sequences of non-negative real numbers
accomplishing the inequality
Pn+1 < (1 +,Bn)pn +Tn,Vn EN.
If Yoo Bn < o0and Yoo, T, <oo,thus:
o 711330 Pn EXIStS.
e |If {p,} has a subsequence that converges strongly to zero, hence Tllggo pn = 0.

Lemma 2.9 [29]: Let M be a real uniformly convex Banach space (UCBS)and 0 <r <k,
e <1,vn € N. Let {r,.},{e,,} be sequences in M such as lim sup||r,|| < ¢, lim sup||e,|
n—oo n—oo

IAIA

@ and lim ||(1 — k)7, + kpen|l = @ hold for some ¢ > 0. Therefore, lim ||, — e, || = 0.
n—-oo n—-oo

3. Main Results

In this section, we prove several strongly and weakly convergence theorems of a
modified Picard-S hybrid iteration for nearly non-expansive mapping in real uniformly
convex Banach space.

Theorem 3.1: Let VV be a non-empty convex subset of a real UCBS. Let T:V -V be a
uniformly L-Lipschitzain, nearly non-expansive mapping. Let {a,} be the modified Picard-S
hybrid iteration defined by (1). Therefore, the following:

. r{ilrgollan — h|| exists Vh € F(T).

e lim|la, — T"a,|| = 0.
n—-o0o

e {a,} converges strongly to h.

Proof: firstly, we obtain F(T) # @ and h € F(T), we have
lanss — hll = IT"z, — hl|
< |z — hll + w,
|zn — kIl = (1 = B)T"an + BnT"yn — Al
< (1 - Bn)”an - h” + ﬁnHYn - h” + (1 - ﬁn)wn + ﬁn(‘)n
< (1 - B)llan — hll + Brllyn — hll+wy
”yn - h” = ”(1 - (Sn)an + 6nTnan - h”
< (1 - 6n)”an - h” + 6n”an - h”+6nwn
< |la, — h||+6, w,.
So, we get
lanss — Rl < (1 = Bpllay — kil + Brllla, — hll+6,wp]+2w,
< llap = hll + (1 = Brép) wp.
From Lemma 2.8, rlli_r)gollan — h|| exists, Vh € F(T).
Now, to prove rlli_r)gllan — T™a,|| = 0. From firstly, A%llan — h|| exists and {a,,} is bounded,
presume that rlli_r)gllan —h|| = a.

We have,
lim suplly, — h|l < lim sup||a,, — h||
n—oo n—oo

= a.
And

lim sup||Ta,, — h|| < lim sup||a,, — h|
n—00 n—-00

= Q.
So,
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lanss — kIl = [IT"z, — Al
< (1 - .Bn)”an - h” + .Bn“yn - h”+wn
< (1= Bllay — hll + Bullyn — All.

It follows that,

lan+1 — Rl = lla, — All

lanss — kIl = lla, — hll < — L

Bn

< llan, — hl[ + [y, — All
we get,
”an+1 - h” < ”yn - h”,
therefore,
o < liminf|ly, — Al

n—->0o

hence,

lim|ly,, - ll =
lim (1= 8,)llan = hll + 8,/IT"a, — hl)) = @

By Lemma 2.9, we obtain that
lim||la, — T"a,|| = 0.
n—-oo
Lastly, T is uniformly L-Lipschitzain mapping we have,
”an - Tan” = ”an - an+1” + ”an+1 - Tn+1an+1” + ”Tn+1an+1 - Tn+1an”
+ ”Tn+1an - Tan”
< ”an - an+1” + ”an+1 - Tn+1an+1” + L”an+1 - an” + L”an - Tnan”-
Since, T is uniformly continuous and lim ||a,, — T™a,|| = 0. So,
n—-oo

lim||la, — Ta,| = 0.
n—-o0o

By the compactness there is a subsequence {anj} of {a,} such as lim a,; = h". Since T
n—->0o
is continuous so, h* € F(T). We conclude that lim a,, = h* € F(T).
n—-oo

Theorem 3.2: Presume that all the conditions of Theorem 3.1 are accomplished. Therefore,
the sequence {a,,} converges strongly to a fixed point of T iff liminfd(a,, F(T)) = 0 where
n—-oo

d(a,, F(T) = inf{d(a, h); h € F(T)}.

Proof: Necessity is obvious. Conversely, presume that liminfd(a,, F(T)) = 0. From
n—-oo
Theorem 3.1 that lim|la, —h|| exists Vh € F(T). Therefore, by the hypothesis
n—-o0o
lim d(a,, F(T)) = 0. Now, we show that {a,,} is Cauchy sequence in M. We have,
n—-oo

lan+: — kil < llay — Rl + (1 = Brbp)w,
Weset Q, = (1 — B,0,)w,.Vn,j €N,j>n = 1.Then, we obtain
la, —hll < ”aj—l - h” + Qj—1

< [laj-1 = hl| + Q-1 + Qj—

< llay = hll + 2025 Qe
< ”an - h” + 2?:0 Qe-
Since, lim d(a,, F(T)) = 0 and Y.&2, Q. < . There is a positive integer n, such as
n—00
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€ - €
d(an F(M) <7, Z 0 <3

e=ng
Hence, there is h* € F(T), such as
. € €
lan, — h <z Z Q"’<Z'
e=ngy
Then, Vj,n = n,. We get,
la; = anl| < ||l = h7[| + lla, — 2]
< ”ano - h*|| + Zgj:no Qe + ”ano —h'|| + Z?:no Qe
= 2(||an, = h*[| + XeLn, Qc)
<2 (E + E)
4 4
= €.

So, {a,} is Cauchy sequence in M.
Presume that lim a,, = h*, we will show that h* € F(T). Since, V is closed subset of Banach

n-oo

space, therefore h* € V. Also, F(T) is closed of VV and lim d(a,, F(T)) = 0, we obtain h* €
n—-oo
F(T). Hence, {a, } converges strongly to a fixed point of T

Theorem 3.3: Presume that all the conditions of Theorem 3.1 are accomplished. Therefore,
lim infd(a,, F(T)) = lim sup d(a,, F(T)) = 0 if {a,,} converges to a unique point of T.
n—oo n—-oo

Proof: Let h € F(T). Since, {a,} converges to h, lim d(a,, h) =0. So, Ve > 0,an €N
such as d(a,h) <e Vn=n,;. Taking the inrlzi_)r;oum over h € F(T), we obtain
d(a,, F(T)) <& Vn = ny. This intends lim d(ay, F(T)) = 0. Therefore, we obtain

rlll_r)lc}o infd(an, F(T)) = 1111_11)10 sup d(an, F(T)).

This completes the proof.

Theorem 3.4: Presume that all the conditions of Theorem 3.1 are accomplished. Therefore,
let T be a mapping accomplishing condition (Z). Therefore, the sequence {a,} converges
strongly to a fixed point of T.

Proof: We showed in Theorem 3.1 that lim||la, — h|| exists Vh € F(T) and lim ||a,, —
n—-oo n—-oo

T"a,|| = 0.
From condition (Z)
lim y(d(a,, F(T)) < lim yd(a,, Ta,)) = 0.
n—-o0o n—-o0o
Since, function y: [0, ) — [0, ) is a non — decreasing function accomplishing
y(0) =0andy(B) > 0,VB € (0,) , we obtain lim (a,, F(T)) = 0.
n—->oo

Therefore, {a,} converges strongly to a fixed point of T.
Theorem 3.5: Let V be a non-empty convex subset of a real UCBS which is satisfying Opials
condition. Let T:V — V be a uniformly L-Lipschitzain, nearly non-expansive mapping. Let

{a,} be the modified Picard-S hybrid iteration defined by (1). If the mapping I — T [where I
is the identity mapping] is demiclosed, therefore, {a,,} converges weakly to a fixed point of T.
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Proof: From Theorem 3.1 that lim ||a,, — h|| exists and bounded. Since M is uniformly
n—-o0o

convex, then every bounded subset of M is weakly compact. Hence, there is a subsequence

{an;} € {a,}suchas {a,,} converges weakly to h* € V[ h € F]. From Theorem 3.1, we get
lim[|a, — hl| = 0.

Since the mapping I — T is demiclosed at zero, then Th* = h* that means h* € F. Lastly, let

as show that {a,,} converges weakly to h* € F.

Presume on contrary 3 {a,,} C {a,} such as {a,,} converges weakly to p* € V and p* #

h*. Therefore by the similar method as given above, we can also_show that p* € F. From

Theorem 3.1 that Ail?o”a” — h*|| and ,lflﬁ‘o”an — p*|| exist. By Opials condition:

lim||a,, — h*|| = lim ||anj —h*
n—-oo n—>o0o

*

< lim ||anj -p
n—-oo

= lim |la, — p||
n—-oo

= lim |lan, —pl|
n—-oo

< lim [[a,, — h"|
n—oo

= lim||a,, — h*|.
n—oo

This is a contradiction, so p* = h*. Hence, {a,} converges weakly to a fixed point of T.

Example 3.5: Let T:[0.1] — [0,1] defined by Ta = %,Va € [0,1] be any mapping. Choose

fn = 8, = 0.25 for each n € N with initial value a, = 0.9. T is a nearly non-expansive
mapping. The modified Picard-S hybrid iteration converges to the fixed point 0. It is obvious
of Table (1) and Figure (1).

Table 1: Numerical results for 10 steps.
n Modified Picard-S hybrid iteration

0.9
0.2180
0.0528
0.0128
0.0031
0.0007
0.0002
0.0000
0.0000
0.0000
0.0000

© 0O N oo o A W N -, O

[EEN
o
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0.25 ! ! ! 1 I I I I
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Figure 1: Convergence behaviors for 10 steps.

4. Conclusions

In this paper, a novel iteration named modified Picard-S hybrid iteration is introduced. As

well, several strongly and weakly convergence theorems of nearly non-expansive mapping in
uniformly convex Banach space are proved. Our results generalized and unified the results
declared by many others.
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