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Some results on 1S-algebras
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Abstract
In this paper we study IS- algebra , sublS- algebra , 1S-algebra homomorphism and
congruence relations on IS-algebra , and prove some results about this .
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1.Introduction

The notion of BCK-algebras was proposed by Y.Imai and K.Iseki [1] in 1966 in the same year
K.lIseki [2] introduced the notion of a BCI- algebras which is a generalization of a BCK-algebras for
the general development of BCK / BCI- algebras , the ideal theory plays an important role in 1993
Y.B.Jun etal. [6] introduced a new class of algebras related to BCI- algebras and semigroups called
a BCI- semigroup . from now on, we rename it as an IS- algebra for the convenience of study .

2. preliminary
we review some definitions and properties that will be useful in our results.

Definition 2.1 A Semigroup is an ordered pair (X,-),where X is a non empty set and " ." is an
associative binary operation on X . [3]

Definition 2.2 A BCI- algebra is triple (X ,* ,0) where X is a non empty set "*" is binary operation
on X, 0 € X is an element such that the following axioms are satisfied for all x,y,z € X:

1) ((x #y) *(x *2)) *(z *y) =0,

2) (x *(x xy)) *y=0,

3) x *x =0,

4) 0xx=0

if x*y=0and y »x=0 then x=y, VX vy,zeX .[11]

Definition 2.3 An IS-algebra is a non empty set with two binary operation "*" and "." and constant
0 satisfying the axioms :

1. (X, *, 0) is a BCl-algebra.
2. (X, .) is a semigroup,
3.x.(y *2) = (x.y) * (x.z) and (X * y).z = (x.z) * (y.z), forallx,y,z € X.[9]

Example 2.4 let X={0,a,b,c} define "*" operation and multiplication "." by the following tables:

*10 |a|b|cC 0 |a|b|c
0|0 |a|b|c 0|0 |0O|O|O
ala |[0]c|b al0 |a|b|c
b|b [c |0 |a b|0 [a|b|c
clc |bla |0 c|0O |0O]O]O

Then by routine calculations we can see that X is an 1S-algebra.
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Example 2.5 let X={0,a,b,c} define "*" operation and multiplication "." by the following tables:

*10lal|bjc 0Olal|b|c
0/0|0|c|b 0({0|0]0]0O
ala |[0fc|b al0|0]0]0
b/b|b|0|cC b|0O|0|b]c
clc|c|b|O c|{0|0fc|b

Then by routine calculations we can see that X is an 1S-algebra.

Example 2.6 let X={0,a,b,c} define "*" operation and multiplication "." by the following tables:

*10lal|bjc 0Olal|b|c
0/0|0|b|b 0/0|0]0|0O
ala |[0fc|Db al0|a|0]a
b|b|b|0]|O0 b|O0O [0O|b|b
cic |bla|0 c|0jajc|b

It is easy to prove that X is an 1S-algebra.

Example 2.7 let X={0,a,b,c} define "*" operation and multiplication "." by the following tables:

*10lal|bjc 0lal|b|c
0/0|0|c|b 0/0|0|0|0O
ala [0fc|Db al0|a|0]a
b|b |b|0]|cC b|O [0O|b|b
clc|c|b|O c|{0|0|bjcC

Then by routine calculations we can see that X is an 1S-algebra.

Example 2.8 let X={0,a,b,c} define "*" operation and multiplication "." by the following tables:

o0 | T O %
o0 || oo
o0 | TololY
o0 | O | OolT
O OO0 OO0
ellelleollellieliol
o0 |T|o O
[ellellellelie] i)
D IOOOOoOID
T OO0 OoO|T
O |T|OO0o|O
o0 |T|Oolola

Then X is an 1S-algebra.

Remark 2.9 let X be an 1S-algebra then we have
1) Ox=x0=0
2) x<y impliesthat xz <yz and zx<zy VX, y,zeX.

Definition 2.10 let (S,-) be a semigroup P a non empty set proper subset of S is said to be a
subsemigroup if (P,-) is semigroup .[3]
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Definition 2.11 A non empty subset S of X with binary operation "*" and " ."" is called sublS-
algebra of X if it satisfies the following condition :

1) x*yeS V x,yeS.

2) xyeS Y X,yeS .

Definition 2.12 Let X and Y be IS-algebra a mapping f :X —Y is called a IS-algebra
homomorphism (briefly homomorphism ) if f(x*y)= f(x)* f(y) and f(xy)= f(x)f(y) for
all x,yeX.

Let f : X — Y IS-algebra homomorphism . then the set {x € X: f(x) = 0} is called the kernel
of f , and denote by ker f . moreover, the set {f(x) € Y: x € X} is called the image of f and
denote by Imf .

Definition 2.13 Let X,Y be a IS-algebraand f : X — Y 1S-algebra homomorphism then :

1) f isa monomorphism iff one to one homomorphism .
2) f isan epimorphism iff onto homomorphism .
3) f is anisomorphism iff bijective homomorphism .

Definition  2.14 A BCl algebra is said to be commutative if
XF(x*y)=y*(y*x) V xyeX.

Definition 2.15 Let X be a IS-algebra and let p be binary relation on X then :

1) p is right (left) compatible if when every (x,y) e p then (x*z,y*z)e p [(z*X,2*Y) € p]
and (x-2,y-2)ep[(z-x,2-y) € p]
vV X,y,2eX.
2) p iscompatible if (x,y) € p and (u,v) € p imply
(x*u,y*v)ep and (x-u,y-v)ep VX y,uveX.
3) A compatible equivalence relation is called a congruence relation .[10]

Remark 2.16
xo={yeX:(x,y)ep}t and X I p={xp:xeX}.

3. Main Results
In this section , we find some results about sublS-algebra , 1S-algebra homomorphism and
congruence relation on 1S-algebra .

Proposition 3.1 Let A and B are sublS-algebra of X then A B is sublS-algebra of X .

Proof:
Let Aand B be sublS-algebra of X,
and let x,y € A(B . Then

Xx,yeA and x,yeB

so x*yeA and x*yeB [since A, B are sublS-algebra ]
then x*ye ANB

Now, let x,y e ANB

then x,ye A and X,yeB

soxyeA and xyeB [since A, B are sublS-algebra ]
therefore xy € A(1B

Hence A()B is asublS-algebra.
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Proposition 3.2 Let A and B are sublS-algebra of X then AUB is a sublS-algebra
If AcB or BcA.

Proof:
Suppose that A and B are sublS-algebra of X, and x,y € AUB

if AcB then AUB=B
so AU B isasublS-algebra . [since B is a sublS-algebra]
if B A then AUB=A
so AU B isasublS-algebra . [since A is a sublS-algebra]

Lemma 3.3 Let f : X — Y be a IS-algebra homomorphism then ker f is a sublS-algebra .

Proof:

Let x,yeker f. Then f(x)=0 and f(y)=0
f(x*y)=f(xX)*f(y)=0*0=0 [since fisa homomorphism]
so x*yekerf , also

fixy)=f(x)f(y)=0,
Therefore xy e ker f
Hence ker f isasublS-algebra .

Lemma 3.4 Let f : X — Y be a IS-algebra homomorphism then:

1) f(0)=0

2)if x<y then f(x)< f(y)

if X Ay=x*(x*y) then f(xay)=1(X)A T(y).

Proof:

DiletxeX fO)=Ff(x*x)=FfX)*f(x)=0.

2) let x<y—>x*y=0 then f(x*y)=7f(0)=0
f(x*y)=0->f(X)*f(y)=0= f(X) < f(y) .

let x,yeX and xAy=x*(x*y)= f(xaAy)=f(xX*(x*y))
= F)*(F)*f(y) =T () A f(y)

Proposition 35 Let f:X—>Yand g:Y —>Z are IS-algebra homomorphism then
go f : X — Z isa IS-algebra homomorphism .

Proof:
Let f: X —>Yand g:Y — Z are a IS-algebra homomorphism

Now,
(g0 f)(xy) =g(f(xy))
=g(f(x).f(y))

=g(f(x).g(f(y)
=go f(x).g° f(y)
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And
(go f)(x*y)=g(f(x*y))
=g(f()* f(y)
=g(f(x)*ag(f(y)
=go f(x)*go f(y)

Hence g o f is a IS-algebra homomorphism .

Proposition 3.6 Let f : X — Y be a IS-algebra homomorphism and A < X is sublS-algebra then
f (A) is sublS-algebra .

Proof:

Let a', b'e f(A) 3 abeA st f(@=a'", (b)="0b
a*b'=f@)*f(b)=f(a*b)e f(A sa*b e f(A)
Now,

a'-b'=f(a)-f(b)=f(a-b) e f(A sa-bef(A

Hence f (A) is sublS-algebra .
Proposition 3.7 Let f : X — X' be a I1S-algebra homomorphism if X is commutative then f (X) is
commutative .

Proof:
to prove f(X) is IS-algebra

let y1, ¥2 cf(x) 3 X.X2 €X st f(x)=y1 , f(x2)=y2

s0, y1-Y2 ="f(x) f(x2)=f(x-x2)e f(x)
let x,y,zef(X)cY so (X-y)-z=x-(y-2)
hence ( f (x),- ) is semigroup .

to prove ( f(X), * ,-) is BCl algebra

let X is commutative then

FO)*(FO)* £(y)) = f(x)* F(x*y)

= f(x*(x*y))
= f(y*(y*x)
= f(y)* f(y*x)
= f(y)*[f(y)* £ (x)]
Hence f(X) is commutative .
Proposition 3.8 Let f : X — X' be a IS-algebra homomorphism if f(X) is commutative then X

is commutative .

Proof:
Let x,yeX — f(x), f(y)e f(X)

Let f(X) iscommutative
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FO)*[F(x)* F(y)]=F(y)*[f(y)* f(X)]
= f(x*(x*y)) = f(y*(y*x)

= x*(x*y)=y*(y*x)
Hence X is commutative .

Proposition 3.9 Let f : X — Y epimorphism and let X is commutative with operation of semigroup
then Y is commutative with operation of semigroup .

Proof:

Let X',y eY 3 x,yeX st f(x)=x", f(y)=Yy

Xy =1(x)- f(y)=f(x-y)=f(y-x)=1(y)- f(x)=y"-X

Hence Y is commutative with operation of semigroup .

Proposition 3.10 Let X be a IS-algebra then an equivalence relation p on X is congruence if and
only if is both left and right compatible .

Proof:

Let p iscongruence relationand let X,y € X st (x,y) € p then

(z,2) e p [since p is reflexive ] and p is compatible then (x*z,y*z)e p and
(x-z,y-2)ep

Hence p is right compatible .
In a similar way , we can prove that p is left compatible .

Conversely
Let p is both left and right compatible and let x, y,u,ve X st (x,y)e p and (u,v) e p

Since p is right compatible then
(X*u,y*u)ep and (x-u,y-u)ep
Since p is left compatible then
(Y*u,y*v)ep and (y-u,y-v)ep
Since p is transitive

So (x*u,y*v)ep and (x-u,y-v)ep
Hence p is congruence .

Proposition 3.11 Let p is congruence relation on IS-algebra X then X/ p is 1S-algebra under
operations xp* yp = (x*y)p and (xpo) - (yp) = (X-Y)p
Proof: Let p is congruence relation
It is clear the operation are well define then
(X7 p,*0)isBClalgebraand (X/ p, .) is semigroup
Let xp, ypo, zp € X/ p then
(Xo-yp)*zp=(X-Y)p*zp
=((x-y)*2)p
= (x*2-y*2)p
=(x*2)p-(y*2)p
=(xp*2p)-(yp* 2p)
Hence (X/ p,*,.,0) is IS-algebra .
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Proposition 3.12 Let o is congruence relation on 1S-algebra X then the mapping Q: X — X/ p
define by QQ(x) = xp V x e X is IS-algebra homomorphism .

Proof: Let p is congruence relation and let x, y € X then
Q(x*y) = (x*y)p=xp*yp =Q(x) *Q(y) and
Q(x-y) =(X-y)p=xp-yp =Q(X) - Q(y)

Hence Q is I1S-algebra homomorphism .

Proposition 3.13 Let X and Y be IS-algebraand f : X — Y homomorphism then @ is congruence
relation on X where @ ={(x,y) € XxX: f(x) = f(y)}.

Proof: Let f :X — Y homomorphism

To show that @ is an equivalence relation

then (x,x) e® [since f(x) = f(x)]

Let (x,y)ed st f(xX)=1f(y)= f(y)="1(x S (Y, X) ed

Let (x,y)e® and (y,2) e ®

> f(X)=f(y)and f(y)=f@)=>fT(X)=1(2) ..(x2)ed

.. @ is equivalence relation

Let X,Y,u,ve X st (x,y),uv)ed= f(x)=f(y) , f@u)=1f()

= f(x*u)=f(X)*f(u)=f(y)*f(v)=f(y*v) and
f(x-u)=f(x)-fu)="~f(y)-f(v)="f(y-v) then

(X*u,y*v) e ® and (X-u,y-v)ed

.. @ is congruence relation .

Proposition 3.14 Let f : X — Y be IS-algebra homomorphism and o < ® a congruence relation
of X then there exist a unique homomorphism g : X/ o — Y where @ as define above .

Proof:
Let g define by g(xp) = f (x) then g is well define

“Xpo=Yp—o>XYy)ep pc® and (X,Y)ep—>(XYy)ed

= f(x) = f(y) = g(xe) = 9(yp)
Now ,
g(xo*yp) = g((x*y)p)
= f(x*y)
=f(x)* f(y)
= g(xp) * g(xp)
And

g(xp-yp) =9((x-y)p)
= f(x-y)
= f(x)- f(y)
=g(xp) - 9(xp)

Hence g is IS-algebra homomorphism and g is a unique .
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