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Abstract

Let R be commutative Ring , and let T be unitary left R — module .In this paper
,WAPP-quasi prime submodules are introduced as new generalization of Weakly quasi prime
submodules , where proper submodule C of an R-module T is called WAPP —quasi prime
submodule of T, if whenever O#rsteC, forr, s €R , t €T, implies that either r te C +soc(T) or
s teC +soc(T) .Many examples of characterizations and basic properties are given .
Furthermore several characterizations of WAPP-quasi prime submodules in the class of
multiplication modules are established.

Keywords: Weakly quasi prime submodules ,WAPP-quasi prime submodules , Socle of
modules , Z-Regular modules , Projective modules .

1. Introduction

Throughout this paper , all rings are commutative with identity , and all modules are left
unitary R-modules . Weakly quasi prim submodules was first introduced and studied in 2013
by [1] as a generalization of a weakly prime submodule , where proper submodule C of R-
module T was called weakly prime submodule of C , if whenever 0#ateC .for a eR ,t €T,
implies that either teC or aTc C [2] , and a proper submodule C of R-module T is called
weakly quasi prime submodule of T , if whenever 0#abteC , for a .b €R t €T, implies that
either at eC or bt €C . Recently many generalization of weakly quasi prime submodules were
introduced see [3, 4, 5] . In this research we introduced another generalization of weakly quasi
prime submodule , where proper submodule C of R-module T is called WAPP-quasi prime
submodule of T , if whenever 0+abteC for a, b €R , teT implies that either ateC+soc(T) or bt
€C +soc(T). Soc(T) is the socle of a module T, defined by the intersection of all essential
submodule of T [6] ., where a nonzero submodule A of an R-module T is called essential if
ANB # (0)for each nonzero submodule B of T [6] . Recall that R-module T is
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multiplication if every submodule C of T is of the form IT for some ideal I of R , in particular
C=[C:r T] T [7]. Let A and B be a submodule of multiplication module T with A=IM and
B=JT for some ideals I .J of R , then AB=IJT=IB . In particular AT=ITT=IT=A. Also for any
t €T , At=A< t >= [t [8].Recall that an R-module T is faithful , if ann(T)= (0) [7] .A R-
module T is a projective if for any epimorphism f from R-module X into X ~and for any
homomorphism g from Tin to X there exists a homomorphism h from T in to X such that f o
h=g [7].Recall that an R-module T is a Z-regular , if for each teT there exists feI*=Hom(T,R)
such that t=f(t)t [10]

2.Basic Properties of WAPP-Quasi Prime Submodule
In this section, we introduced the definition of WAPP-quasi prime submodules and
established some of its basic properties , characterization and examples.

Definition(1)

A proper submodule C of an R — module T is called Weakly approximaitly quasi prime
submodule of T (for short WAPP-quasi prime submodule) , if whenever 0£abt €C , for a, beR,
teT, implies that either ate C+Soc(T) or bteC+Soc(T).

And an ideal J of ring R is called WAPP-quasi prime ideal of R if J is WAPP- quasi prime
submodule of R-module T.

Examples and Remarks(2)

1. The submodule C=< 12 > of the Z-module Z>4 is a WAPP-quasi prime submodule of
Za4_, since Soc(Z24)=< 4 >, and for 0#abte< 12 > ={0, 12} for a,b €Z ,teZoa,
implies that either ate< 12 >+Soc(Z24) or bt €< 12 >+Soc(Z24) . That is either ate<
12 >+Soc(Z24)=< 4 > or bte< 12 >+Soc(Z24)=< 4 > thus 0£2.3. 2e< 12 > for

2. The submodule 12Z of the Z-module Z is not WAPP-quasi prime submodule , since
Soc(Z)=(0) and whenever 0£3.4.1€ 12Z , for 3.4,1€Z , implies that 3.1¢12Z+Soc(Z)
and 4.1¢12Z+Soc(Z)

3. [Itis clear that every weakly quasi prime submodule of an R-module T i1s WAPP-quasi
prime but not conversely .

The following example explains that :

Consider the Z-module Z,4, and the submodule C=< 6 > ={0, 6, 12, 18} , C is not weakly
quasi prime submodule of Z»4 since 2.3.1eC =< 6 >, for 2,3 €Z , 1€Z>4 , implies that 2.
1=2#< 6 > and 3. 1=3¢ < 6 > . Bat C is a WAPP-quasi prime submodule of Z»4 , since
Soc(Z24)=< 4 >, and whenever 0+ abte C= < 6>=1{0,6,12,18}fora, b€ Z,t €Z24
implies that either at€ C + Soc(Z24)=< 6 > +< 4 >=< 2 > or bt€ C + Soc(Z4)=< 6 >
+<4>=<2>.

That is 0% 2.3.1 € C,for 2,3 € Z,1 €Z»4 , implies that 2.1 € C + Soc(Z24)=< 2 >.

4. Tt 1s clear that ever weakly prime submodule of an R-module T is a WAAP-quasi
prime but not conversely .
The following example explains that :
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Consider the Z-module Z»4 and the submodule C=< 12 >={0, 12}. From (1), C is WAPP-
quasi prime submodule of Z>4. But C is not weakly prime submodule of Z>4 . Since if 0%
3.4 € C, for3eZ , 4€Zy4, but 4 ¢C and 3¢[C:Z24]=6Z

5. The residual of WAPP-quasi prime submodule C of an R-module T needs not to be
WAPP-quasi prime ideal of R .
The following example explains that :

We have seen in(1) that the submodule C=< 12 > of the Z — module Z»4 is a WAPP-quasi
prime but [C:z Z24]=[< 12 >:z Z»4]=12Z is not WAPP-quasi prime ideal by (2).

6. The submodules PZ of a Z-module Z is a WAPP-quasi prime if and only if P is prime
number
7. The intersection of two WAPP-quasi prime submodule of R-module, T need, not to
be WAPP-quasi prime submodule of T for example:
The submodule 27 and 5Z of the Z-module Z are WAPP-quasi prime submodule by (6).

But 2ZN57Z=10Z 1s not WAPP-quasi prime submodule of theZ — module Z , since
0#£2.5.1€10Z, for 2,5,1€Z but 2.1=2¢ 10Z+Soc(Z) and 5.1=5¢ 10Z+Soc(Z)

The following proposition are characterizations of WAPP-quasi prime submodules .
Proposition(3)

Let T be an R — modul and C be proper submodul of T, then Cis WAPP —
quasi prime sub modul of T if and only if , whenever 0#rsBCC , forr, se R,
B is submodul of T , implies that either r BCC +Soc(T) or s BCC +Soc(T).

Proof:

(=) Assum that C 1s AWPP-quasi prime submodule of T and 0#rsBCC . Forr, s eR , B is
a submodule of T , with r B& C+ Soc(T) and s B& C +Soc(T), that is there exists a nonzero
elements by b €B such that rb; ¢C +Soc(T) and s b2 ¢ C +Soc(T).Now 0#£rsbi €C , and C 1s
WAPP-quasi prime submodule and r by ¢C +Soc(T) , implies that s by €C +Soc(T). Also
0#rsb; €C , and C 1s a WAPP-quasi prime submodule of T, and sb> gC +Soc(T) .,implies that
rb2eC+Soc(T). Again since O#rs(bi+b2)eC and C 1s WAPP-quasi prime submodule of T ,
implies that either r(bi+b2)eC +Soc(T) or s(bi+b2)eC +Soc(T) . If r(bi+b2)eC +Soc(T) ,that 1s
rbi+rb2eC+Soc(T) ,and since rbeC+Soc(T), it follows that rbieC+Soc(T) which 1s
contradiction . If s(bi+b2)eC +Soc(T) , that 1s sbi+sb,eC+Soc(T) and since sbieC+Soc(T), it
follows that sb2eC+Soc(T) which is contradiction. Hence r BCC +Soc(T) or s B cC +Soc(T).

(<)

Let O#rsteC , forr, s eR , t €T , it follows that O£rs<t>cC , so by hypothesis either
r<t>cC+ Soc(T) or s<t>cC+ Soc(T) . That is either r te C+ Soc(T) or s te C+ Soc(T) .Hence
C is WAPP — quasi prime submodul of T.
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Proposition(4)

LetT be R — module and C be proper submodule of T . Then Cis WAPP —
quasi prime submodul of T if and only if whenever 0£IJB cC , for LJ are ideals of R and B
1s a submodule of T, implies that either IBCC +Soc(T) or JBCC +Soc(T).

Proof:

(=)Assume that 0£JBCC . For L] areideal of R , B is a submodule of T , with
IBgC+Soc(T) and J B&C +Soc(T), so there exists a nonzero elements bi b € B and a nonzero
elements r €l , s €] such that rb; C +Soc(T) and sb2¢ C +Soc(T).Now 0#£rsb; €C , and C is a
WAPP-quasi prime submodule and rbig C+Soc(T) , implies that sbie C+Soc(T). Also
0+#rsb2eC , and C is a WAPP-quasi prime submodule of T, and sb, ¢ C+Soc(T) .,implies that
rb2eC+Soc(T). Again 0+£rs(bi+b2)eC and C 1s WAPP-quasi prime submodule of T , implies
that either r(bi+bz)eC +Soc(T) or s(bi+b2)eC +Soc(T) . If r(bi+b2)eC +Soc(T) .that is
rbi+rb2eC+Soc(T) .and rbeC+Soc(T), implies that rbieC+Soc(T) contradiction . If
s(b1+b2)eC +Soc(T) , that 1s sbi+sb26C+Soc(T) and sb1eC+Soc(T), implies that sb.eC+Soc(T)
which is contradiction. Hence IBCC+Soc(T) or JBCC+Soc(T).

(<)

Suppose that O#rste C , for r, s eR , t€T , that i1s 0#<r><s><t>cC , so by our
assumption either (r)(t)c C+ Soc(T) or (r)(t) c C+ Soc(T) . That is either rte C +
Soc(T) or ste C + Soc(T) .Hence C 1s WAPP-quasi prime submodule of T.

As a direct consequence of the above propositions, we get the following corollaries.
Corollary(5)

Let T be R — module and C be proper submodule of T . Then C is WAPP —
quasi prime submodule of T iff whenever 0£rIt —C , for r €R, I is an ideals of Rand te T,

implies that either r t eC +Soc(T) or I t —C +Soc(T).
Corollary(6)

Let T be R — module and C be proper submodule of T. Then C is WAPP —
quasi prime submodule of T iff whenever 0£LJt cC , for J, , I'is an ideals of R and te T ,
implies that either J t—C +Soc(T) or ItcC +Soc(T).

Corollary(7)

Let T be R — module and C be proper submodule of T.Then Cis WAPP —
quasi prime submodul of T if and only if, for each r €R and every ideal I of R and every
submodule B of T, with 0£rIB cC , implies that either rBCC +Soc(T) or IBCC +Soc(T).

Proposition(8)
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Let T be R — module and C be proper submodule of T . Then C is WAPP —
quasi prime submodul of T if and only if for each r,s €R ,[C:rs]c[0:1 rs]U[C+ Soc(T)::T
r]U[C+Soc(T):rs] .

Proof:

(= )Let te[C:t rs] , implies that rsteC .If rst=0 , then te[0:r rs], and hence te[0:1
1s]U[C+ Soc(T)::1 r]U[C+ Soc(T)::t s] .Suppose that O+#rsteC and since C 1s WAPP-quasi
prime submodule of T , it follows that either rt €C +Soc(T) or st €C +Soc(T) , implies that
either te[C+Soc(T):t r] or te{C+Soc(T):T s] .That is te[0:7 rs]U[C+ Soc(T)::1 r]U[C+ Soc(T)::T
s] .Hence, [C:t rs]c[0:7 rs]JU[C+ Soc(T)::7 r]U[C+ Soc(T):Ts] .

(&)Assume that O#rsteC , for r,seR , teT , implies that te,[C:t rs]c[ [0:1 rs]U [C+ Soc(T):+:T
r]U[C+ Soc(T):Ts] . But O#rst , then t ¢[0:1 rs] , hence te [C+ Soc(T):r r]U[C+ Soc(T):Ts], it
follows that rteC+Soc(T) or steC+Soc(T).Hence, C is WAPP-quasi prime submodule of T.

Proposition(9)

Let T be R — modul and C be proper submodul of T. Then C is WAPP —
quase priem submodul of T iff for every reR , and teT with rt¢C +Soc(T) ,[C:r rt]C[0:r
rt)JU[C+Soc(T):r t]

Proof:

(=)Suppose that Cis WAPP-quase .and let se[C:r rt], implies that rsteC .If rst=0 then
se[0:r 1], hence se[0:r rtJU[C+Soc(T):r t]. If 04rsteC and C is a WAPP-quasi prime
submodule of T and rtgC +Soc(T) ,then steC+ Soc(T) that 1s se[C+ Soc(T):r t] . Hence
s€[0:r rt]U[C+ Soc(T):r t] . Thus ,[C:r rt]c[0:r rt]U[C+ Soc(T):r t].

As a direct consequence of proposition (9) and proposition (3),we get the following corollary:
Corollary(10)

Let T be R — modul and C be proper submodul of T. Then C is WAPP —
quase prim submodul of T iff for every reR , and any submodule B of T with rB¢C
+Soc(T) ,[C:r rB]c[0:r rBJU[C+Soc(T):r B]

As a direct consequence of proposition (9) and proposition (4)we get the following corollary.
Corollary(11)

Let T be R — module and C be proper submodule of T . Then C is WAPP —
quasi prime submodule of T iff for every ideal I of R, and every submodule B of T with
IBzC +Soc(T) , ,[C:r IB]C[0:r IB]JU[C+Soc(T):r B].

Proposition(12)
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Let T be R — module and C be proper submodule of T.Then for every s, reR , and
teT ,[Cir 1st]c[0:r rst]U[C+Soc(T):r 1 t] JU[C+Soc(T):r s t].

Proof:

Suppose that ee[C:r rst] ,implies that rs(et)eC .If rs(et)=0, implies that e€[0:r rst] and hence
e€|0:r rst]JU[C+Soc(T):r r t] JU[C+Soc(T):r s t].If rs(et)20 ,and C 1s a WAPP-quasi prime
submodule of T ., then either r(et)eC+Soc(T) or s(et)eC+Soc(T). That is either
ee[C+Soc(T):rrt] or ee[C+Soc(T):rst] thus e€[0:r rst]U[C + Soc(T):r r t] JU[ C + Soc(T):r s
t].Therefore ,[C:r rst]c[0:r rst]U[ C 4+ Soc(T):rr t] JU[ C + Soc(T):rs t].

The following are characterizations in the multiplication module .
Proposition(13)

Let T be multiplcation R_module and C be proper submodule of T.Then C is a WAPP
quasi prime submodule of T iff 0£KiKst —C , for some submodules Ki K> of T, and teT
implies that either KitcC +Soc(T) or KotcC +Soc(T).

Proof:

(=) Suppos that Cis WAPP — quasi prime submodul of T, and 0#£K;Kst cC for some
submodules Ki K» of T, and teT . Since T is a multiplication , then Ki=IT and K,=JT
for some ideals I,J of R .Thus 0£KiKst=IJt C. Since C 1s a WAPP-quasi prime submodule

of T then by corollary (6) either ItcC + Soc(T) or Jtc C + Soc(T). Hence either Kitc C +
Soc(T) or Kaotc C + Soc(T).

(<) Assume that 0£LJtcC , for some ideals IJ of R ,teT .That is 0#K Kt —C for K;=IT and
Ko=JT . It follows that either KitcC+Soc(T) or KotcC+Soc(T); that is Itc C + Soc(T) or
Jtc C + Soc(T).Hence C is a WAPP-quasi prime submodule of T by corollary(6).

Proposition(14)

Let T be multiplcation R_module and C be proper submodule of T.Then Cis WAPP —
quasi prime submodule of T iff 0£KiK>H —C , for some submodules Ki K; and Hof T,

implies that either KiHCC +Soc(T) or K;HCC +Soc(T).
Proof:

(=) Assume that 0£KiKoH cC for some submodules Ki K> and H of T . Since T 1s a
multiplication , then Ky=IT ,Ko=JT for some ideals LT of R hence 0#K;K:H=IJH cC. But C

1s WAPP-quasi prime submodule of T then by proposition (4) either IHc C + Soc(T). or
JHc C + Soc(T).. Hence either KiHc C + Soc(T). or KeHc C + Soc(T)..

(&) Let 0£IJHCC , where I,] areidealsof R,and H is a submodule of T .Since T 1is
multiplication , then 0£IJH=K;K;HcC , hence by assumption either KiHc C + Soc(T) or
KoHe C + Soc(T).That 1s either IHC C + Soc(T) or JHC C + Soc(T). Thus by proposition
(4)C 1s WAPP-quasi prime submodul of T .
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Itis well — knwon thatif T is Z — regular R — module , then Soc(T)=Soc(R)T [11;prop.(3-
25)] .

Proposition(15)

Let T be Z_regular multiplcation R_module and C be proper submodule of T.Then C is WAPP —
quasi prime submodul of T iff [C:r T] 1s WAPP- quasi prime ideal of R.

proof:

(=)Suppose that Cis WAPP — quasi prime submodule of T and let 0#abIlc[C:x T] .for
a,beR , I 1s an ideal of R .it follows that 0zab(IT)cC . Since C is WAPP- quasi prime
submodule of T , then by proposition(3) either aITCC+Soc(T) or bITCC+Soc(T).But Tisa Z
—regular module , then Soc(T)=Soc(R)T .and since T i1s multiplication , then C=[C:z T]|T .
Hence either alTc[C:rRT]|T+Soc(R)T or bITC[C:xT]T+Soc(R)T. Thus either
alc[C:rT]+Soc(R) or bIC[C:xT]+Soc(R) . Hence by proposition [C:rT] 1s a WAPP-
quase priem ideal of R.

(<)Suppose that [C:zrT] 1s a WAPP-quasi prime ideal of R , and 0#rsBc C , for r,seR , and B
1s a submodule of T . Since T is a multiplication , then B=IT .for some ideal I of R .that is
0#rsI TCC, it follows thatO#rsIC[C:z T] . For [C:rT] is a WAPP-quasi prime ideal , then by
proposition(3) either rIc[C:xT]+Soc(R) or sIc[C:zxT]+Soc(R) , it follows that either
rITC[C:rRT]T+Soc(R)T or sITC[C:zrT]T+Soc(R)T. But T 1s a Z-regular Soc(T)=Soc(R)T and
since T 1s a multiplication , then [C:xT]T=C .Thus either rBcC+Soc(T) or
sBcC+Soc(T).Hence by proposition (3) C 1s a WAPP-quasi prime submodule of T.

It is well-known that if an R-module T is projective , then Soc(T)=Soc(R)T [11;prop.(3-24)]
Proposition(16)

Let T be a projective multiplication R-module and C be a proper submodule of T .
Then C 1s WAPP-quasi prime submodule of T if and only if [C:r T] 1s a WAPP- quasi prime
ideal of R.

Proof:

(=)Let 0ALIc[C:r T] .for reR , I ,J are ideal of R .then 0#r I(JT)cC . Since C is WAPP-
quasi prime submodule of T , then by corollary(7) either r(JT)cC+Soc(T) or
IJT)cC+Soc(T).Now since T is a projective module , then Soc(T)=Soc(R)T ,and since T is
multiplication , then C=[C:zx T]T . Hence  either r(JT)c[C:xT]T+Soc(R)T or
IJT)c[C:rRT]T+Soc(R)T. It follows that , either rJc[C:rT|+Soc(R) or IIc[C:rT]+Soc(R) .
Hence by corollary(7) [C:xT] is a WAPP-quasi prime ideal of R.

(&)Let T 04IBc C, for r €R I 1s an ideal in R, and B 1s submodule of. Since T is a
multiplication , then B=JT .for some ideal J of R .Thus 0#lJ TcC, implies that 0#IIC[C:r
T] . But [c:rT] 1s a WAPP-quasi prime ideal , then by corollary(7) either rJc[C:rT]+Soc(R)
or Jc[C:rT]+Soc(R) , that 1s either rITC[C:rT]T+Soc(R)T or ITC[C:rT]T+Soc(R)T. Since
T 1s a projective then Soc(T)=Soc(R)T and since T is a multiplication , then [C:rT|T=C .Thus
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either rBCC+Soc(T) or IBCC+Soc(T).Hence by corollary (7) C is a WAPP-quasi prime
submodule of T.

We need to recall the following lemma before we introduce the next proposition .
Lemma(17)[12, coro, of theo, (9)]

Let T be a finitely generated multiplication R-module and I.J are ideals of R . Then ITCJT
if and only if IcJ+anng (T).

Proposition(18)

Let T be a finitely generated multiplcation Z_regular R_module and Iis WAPP —
quasi prime ideal of R with annR (T)c . Then IT 1s an WAPP-quasi prime submodule of
T.

Proof:

Let 0#I; I, Bc IT , for I;,I; are is ideals of R,and Bis submodul of T. Since T is a
multiplication then B=J T for some ideal J of R. That is Let 0£I; I (J T)c IT, it follows by
lemma (17) 0£L; I J< I+anng(T). But anng(T)cI ,implies that I+anng(T)=I. That is 0£I; I, J—
I. But I is a WAPP-quasi prime ideal of R , then by proposition (4) either0£I; Jc I+Soc(R) or
0+ I, Jc I+Soc(R). It follows that either0+£l; J Tc IT+Soc(R)T or0+# I» J Tc IT+Soc(R)T. But
T 1s a Z-regular then soc(R)T=Soc(T). Hence either 0#[; Bc IT+Soc(T) or0# L BcC
IT+Soc(T). Thus by proposition (4) IT is WAPP-quasi prime submodule of T .

Proposition(19)

Let T be a finitely generated multiplication projective R-module and I is a WAPP-
quasi prime ideal of R with anng (T)c I. Then IT is WAPP-quasi prime submodule of T.

Proof:

Let 0#rl; Bc IT , for reR .I; i1s an ideal of R, and B is submodule of T. Since T is
multiplication then B=JT for some ideal J of R. That is Let 0#4rl; (J T)c IT, it follows by
lemma (17) 0#rL; J< I+anng(T). But anng(T)cI ,implies that I+ anng(T)=L. Hence 0+ JC I,
and since I 1s WAPP-quasi prime ideal of R , then by corollary (7) eitherO#l; J= I+Soc(R)
or0+ r J I+Soc(R).That 1s either 0£I; J TC IT+Soc(R)T or0# r J TC IT+Soc(R)T. But T is a
projective then soc(R)T=Soc(T). Thus either 0£[; Bc IT+Soc(T) or0# r B IT+Soc(T).
Hence by corollary (7) IT is WAPP-quasi prime submodule of T .

It 1s well-known that cyclic R-module 1s multiplication [13], and since cyclic R-module is a
finitely generated, we get the following corollaries:

Corollary(20)

Let T be a cyclic Z-regular R-module and I is WAPP-quasi prime ideal of R with annr
(T)c I. Then IT 1s an WAPP-quasi prime submodule of T.

Corollary(21)
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Let T be a cyclic projective R-module and I is an WAPP-quasi prime ideal of R with
annr (T)c I. Then IT is an WAPP-quasi prim submodule of T.

It 1s well-known that if a submodule C of an R-module T is essential in T, then
Soc(C)=Soc(T) [6, P.29].

Proposition(22)

Let T be R-module ,and A,B are submodules of T with Az B and B is an essential in T. If
A is an WAPP-quasi prime submodule of T , then A 1s a WAPP-quasi prime submodule of B.

Proof:

Let O#rsteA for r,seR ,teB, that is teT . Since A 1s a WAPP-quasi prime submodule of T ,
then either rteA +Soc(T) or ste A +Soc(T). But B is essential in T , then soc(B)=Soc(T). That
1s either rteA+Soc(B) or steA+Soc(B).Hence A 1s an WAPP-quasi prime submodule of B.

Corollary(23)

Let T be R-module ,and A,B are submodules of T with Az B and Soc(T)c Soc(B). Then
A 1s a WAPP-quasi prime submodule of B.

It well-known that if A is a submodule of an R-module T , then Soc(A)=ANSoc(T) [9,lema
2.3.15]

Proposition(24)

Let T be R — module, and A, B are submodules of T with B not contain in A ,and
Soc(T)c B. If A 1s a WAPP-quasi prime submodule of T , then AN B i1s a WAPP-quasi prime
submodule of B.

Proof:

It is clear that AN B is an proper submodule of B .Now .let 0#rste AN B, for r,seR .teB,
implies that O#rste A, since A is a WAPP-quasi prime submodule of T .then either
rteA+Soc(T) or steA+Soc(T) ,hence either rte(A+Soc(T) )N Bor ste(A+Soc(T))N B. Since
Soc(T)cB, then by module law either rte(AN B)+ (BN Soc(T)) or ste(AN B)+(BN Soc(T)).
That 1s either rte(AN B)+ Soc(B) or ste(AN B)+Soc(B).Thus AN B is a WAPP-quasi prime
submodule of B.

It well-known that for each submodule A of an R-module T , then Soc(A)=A, then
AcSoc(T)[9.theo.(9.1.4)(c)].

Proposition(25)

Let T be an R — module, and A, B are submodules of T with B not contain in A,
with Soc(A)=A and soc(B)=B. Then AN B is a WAPP-quasi prime sub module of T.

Proof:
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Let O#rsLc A N B, for r,seR ,L is submodule of T, then 0#rs L < A ,and 0#rs Lc B.
But both A .B are WAPP-quasi prime submodule of T, then either rLCA+Soc(T) or
sLcA+Soc(T), and rLc B+Soc(T) or sLc B+Soc(T). But Soc(A)=A and soc(B)=B , then
AcSoc(T) and BcSoc(T), hence A+Soc(T)=Soc(T) and B+Soc(T)=Soc(T) ,An Bc Soc(T) ,
implies that AN B + Soc(T)=Soc(T) ,so either rTLcSoc(T)= AN B + Soc(T) or sLc Soc(T)=
AN B + Soc(T). Hence AN B 1s WAPP-quasi prime submodule of T

Proposition(26)

Let fT—T' be an R-epimorphism , and C be an WAPP-quasi prime submodule of T with
kerfcC . Then f(C) is WAPP-quasi prime submodule of T".

Proof:

Let £ T—T' be an R-epimorphism , and C be an WAPP-quasi prime submodule of T
with kerfcC ,let O#rst’ef(C) , for r,seR ,t'€T’ .Since f is onto , then f{t)=t' , for some teT , it
follows that O#rsf(t)ef(C), 0#f(rst)ef(C) , so there exists a nonzero xeC such that,
0£f(rst)=f(x). That 1s f(rst-x) =0, implies that rst-xe kerfcC, implies that O#rsteC. But C is a
WAPP-quasi prime submodule of T , then either rteC+Soc(T) or s te C +Soc(T). That 1s
either r f(t) ef(C)+f(Soc(T))c f(C)+Soc(T") or sf(t)ef(C) +f(Soc (T)) < f(C) +Soc(T") . Thus
either rt’ € f(C)+Soc(T") or st'e f(C)+Soc(T") . Hence f(C) is an WAPP-quasi prime
submodule of T' .

Proposition(27)

Let f:T—T' be an R-epimorphism , and C be WAPP-quasi prime submodule of T' . Then
f~1(C) is an WAPP-quasi prime submodule of T .

Prove:

It is clearly that f~*(C) is proper submodule of T. Let O#rste f~*(C) , forr,s €R ,teT
, 1t follows that then O0#rsf(t)eC, but C is a WAPP-quasi prime submodule of T’ , then either
r f(t) €C +Soc(T) or sf(t)e C +Soc(T’). Thus either r te £ }(C)+f ! (Soc(T"))c £ }(C)+Soc(T) or
ste £(C)+ 1 (Soc (T")) < f(C) +Soc(T) .Hence f~1(C) is WAPP-quasi prime
submodule of T .

Proposition(28)

Let T be a Z-regular finitely generated multiplication R — module , and C be a proper
submodule of T . Then the following statements are equivalent :

1. Cis WAPP-quasi prime submodule of T .
2. [C:rT]1s WAPP-quasi prime ideal of R .
3. C=IT for some WAPP-quasi prime ideal I of R with anng(T)<I .

Poof:

(1) = (2) Follows by proposition [15]
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(2) = (3) Follows directly .

(3) = (2) Suppose that C=IT for some a some WAPP-quasi prime ideal of R. Since T 1s
multiplication , then C=[C:rT]|T=IT and since M is finitely generated multiplication , then
[C:xT]= I+anng(T). But annr(T)cI it follows that [+anng(T)=I. Thus [C:rT]=I is a WAPP-
quasi prime ideal of R. Hence [C:zrT] i1s WAPP-quasi prime ideal of R.

The following corollary is a direct consequence of proposition (28)
Corollary(29)

Let T be a cyclic Z-regular R-module , and C be proper submodule of T . Then the
following statements are equipollent :

1. Cis WAPP-quasi prime submodule of T .

2. [C:rT]1s WAPP-quasi prime ideal of R .

3. C=IT for some WAPP-quasi prime ideal I of R with anng(T)cI .
Proposition(30)

Let T be a finitely generated multiplication projective R-module , and C be a proper
submodule of T . Then the following statements are equipollent :

1. Cisa WAPP-quasi prime submodule of T .

2. [C:rT]1s WAPP-quasi prime ideal of R .

3. C=IT for some WAPP-quasi prime ideal I of R with anng(T)cI.
Proof:

(1) = (2) Follows by proposition (16)

(2) = (3) Follows directly.

(3) = (2) Follows as in proposition(28).

As a direct consequence of proposition (30), we get the following corollary :

Corollary(31)

Let T be cyclic projctive R — module,and C be proper submodule of T, and C be a
proper submodule of T . Then the following statements are equipollent :

1. Cis WAPP-quasi prime submodule of T .

2. [C:rT]1s WAPP-quasi prime ideal of R .

3. C=IT for some WAPP-quasi prime ideal I of R with annr(T)cI.
It is well-known that if T 1s faithful multiplicationR — module, then Soc(T)=Soc(R)T
[7,CORO.(2.14)(1)].

Proposition(32)

Let T be a faithful multiplication R — module and C be a proper submodule of T .
Then C 1s a WAPP-quasi prime submodule of T iff [C:r T] is a WAPP- quasi prime ideal of

R.
66



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 34 (1) 2021

Proof:

(=)Let 0£I0kc[C:zr T] .wherel,]and k are ideals of R .then 0# IJ(kT)cC . Since C 1s
WAPP- quasi prime submodule of T , then by proposition(4) either J(kT)cC+Soc(T) or
J(kT)cC+Soc(T).But T 1s a faithful multiplication it follows that C=[C:zx T]T and
Soc(T)=Soc(R)T . Thus either I(KT)c[C:rT]T +Soc(R)T or J(KT)c[C:rT]T +Soc(R)T.
Hence either I Kc[C:zxT]+Soc(R) or JKC[C:rT]+Soc(R) . Thus by proposition(4) [C:rT] is
WAPP-quasi prime ideal of R.

(&)Let T 0£abBc C, for a,b eR , and B is submodule of T. Since T is multiplication , then
B=IT .for some ideal ] of R. Thus 0#abJTcC, it follows that 0#abJc[C:z T] . But [C:rT] is
WAPP-quasi prime ideal of R , then by proposition(3) either aJc[C:zxT]+Soc(R) or
bJ[C:zrT]+Soc(R) , it follows that either aJTC[C:zrT]T+Soc(R)T or bITC[C:rT|T+Soc(R)T.
But T 1s a faithful multiplication R-module then either aBCcC+Soc(T) or bBC
C+Soc(T).Thus by proposition (3) C is a WAPP-quasi prime submodule of T.

The following corollary is a direct consequence of proposition(32)
Corollary(33)

Let T be a faithful cyclic R — module and C be a proper submodule of T . Then C is
WAPP-quasi prime submodule of T if and only if [C:r T] 1s a WAPP- quasi prime ideal of R.

3.Conclusion

In this proper, we introduced and studied the concept WAPP-quasi prime submodule , and
we established several examples , characterizations and basic properties of this concept .
WAPP-quasi prime submodule is generalization of a Weakly quasi prime submodule so we
give example for converse .

Among C, the main results of this paper are the following:

1. Proper submoduel C of R-module T is WAPP-quasi prime submodule of T iff whenever
(0)£rsBcC , for r,seR, B is a submodule of T ,implies that either rBcC+Soc(T) or
sBcC+Soc(T)

2. Proper submodule C of R-module T is WAPP-quasi prime submodule of T iff whenever
(0)£UBcC , for LJ are ideals of R, and B 1s submodule of T ,implies that either IBCC +
Soc(T). or IBCC + Soc(T).

3. Proper submodule C of R-module T is WAPP-quasi prime submodule of T iff for all
r.s€R , [c:t rs]C[0:rrs]U[C:dr r]U[C:T 5]
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4. Proper submoduel C of R-module T is WAPP-quasi prime submodule of T iff for all reR
€T with rtg C + Soc(T) ,[e:rrt]c[0:Trt]U[ C + Soc(T):T t].

5. Proper submodule C of multiplication R-module T is WAPP-quasi prime submodule of T
iff whenever (0)£KiK:tcC , for some submodules Ki.k» of T and teT, implies that either
KitcC+Soc(T) or KatcC+Soc(T)

6. Proper submodule C of Z-regular multiplication R-module T is a WAPP-quasi prime
submodule of T iff [C:z T] 1s WAPP-quasi prime ideal of R.

7. Proper submodule C of projective multiplication R-module T is WAPP-quasi prim
submodule of T iff [C:z T] 1s WAPP-quasi prime ideal of R.

8. If T 1s a cyclic a Z-regular R-module and I 1s WAPP-quasi prime ideal of R with
anng(T)cI. Then IT is WAPP-quasi submodule of T.
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