Ibn Al-Haitham Jour. for Pure & Appl. Sci. 34 (1) 2021

Ibn Al Haitham Journal for Pure and Applied Science

Journal homepage: http://jih.uobaghdad.edu.iq/index.php/j/index

The Necessary Condition for Optimal Boundary Control Problems for
Triple Elliptic Partial Differential Equations

Jamil A. Ali Al—Hawasy Nabeel A. Thyab A]—Ajﬂ?lj

Department of Mathematics, College of Science , Mustansiriyah University, Baghdad, Iraq.

jhawassyl7@mustansiriyah.edu.iq hawasy20@yahoo.com
Article history: Received 3,February,2020, Accepted15,March,2020, Published in January 2021

Doi: 10.30526/34.1.2557

Abstract

In this work, we prove that the triple linear partial differential equations (PDEs) of the
elliptic type (TLEPDEs) with a given classical continuous boundary control vector (CCBCVr)
has a unique "state" solution vector (SSV) by utilizing the Galerkin's method (GME). Also, we
prove the existence of a classical continuous boundary optimal control vector (CCBOCVr)
ruled by the TLEPDEs. We study the existence solution for the triple adjoint equations (TAJEs)
related with the triple state equations (TSEs). The Fréchet derivative (FDe) for the objective
function is derived. At the end we prove the necessary "conditions" theorem (NCTh) for
optimality for the problem.

Keywords: boundary optimal control, triple linear partial differential equations of elliptic type,
Fréchet derivative, necessary conditions.

1. Introduction
In many scopes, the optimal control problem (OCPr) has a significant base of life problems,

different examples for applications of such problems are studied in medicine [1], in aircraft [2],
in electric power [3], in economic growth [4], and many other fields.

This role push many investigators to study the OCPr for nonlinear ordinary differential
equations (NONODEs) as [5], or for different types of linear PDEs (LPDEs) hyperbolic,
parabolic and elliptic as in [6,7] and [8] respectively. However, many others interested to study
the OCPr for couple nonlinear PDEs (CNONLPDEs) of these three types [9,10] and [10],
whilst  [11,12] and [13] studied these three types of the CNONLPDEs but involved a
Neumann boundary control (NBC). On the other hand, [14,15], and [16] in 2019 studied OCPr
for triple PDEs (TPDEs) of the three types, while [17] studied OCPr involving NBC
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"OCPrNBC" for TPDEs of parabolic type (TPDEsP). All these investigations push us to seek
the OCPrNBC governed by the TLEPDEs.

In this paper and at first, we prove that the TLEPDEs with a given CCBCVr has a unique
SSV utilizing the GME. Second we prove the existence theorem of CCBOCVTr ruled by the
TLEPDESs. We study the existence for the solution of the TAJE related with the TSEs. The FDe
of the objective function is derived. At the end, the NCTh of optimality of is demonstrated.

2. Problem Description
Let Q be a bounded and open connected subset in R? with "Lipshitz boundary" dQ , the OCPr

1s considered by the "state vector equation" which consists of the TLEPDEs with the NBC.

Ajys +y1 =y, —y3 =f(x),inQ (1)
Ay, +y1 +y2 +ys = £(x),inQ (2)
Azys +y, — Y2 +ys = f3(x),inQ (3)
a .
fim1 ay ayl = u;,0ndQ (4)
i o
12] —1 Az a—zz = u,,ondQ (5)
i o
fi-1 as; ay = ug,0n a0 (6)
where
avr o
Ay, = 1] 150 (arll(x) Y ) r=123, ar; = aru(xu) € L®(Q)) ,and (ug,uy,u3) =

(ul(x), u,(x), ug(x)) € (Lz(aﬂ)) is the NBC vector (NBCV), (Y1, V2, ¥3) =
(y1(x),y2(x),y3(x)) € (Hl(ﬂ))gis the SSV corresponding to NBCV, (f;, f,,f;) =

(f,(x), £, (x),f5(x)) € (LZ(Q))Sis given functions, forall X € Q ,and n;,vI=123,isa
unit vector normal on X.

The controls are defined in the set W c (L, (61’1))3 , with
W= {(ul,u2 ,Ug) € (Lz(aﬂ))3 |(uy, vy ,u3) € UcR%a.ein 6(1} Where U is a convex set.
The objective functional 1s defined

Ming g Go (W) = —“}’1 Y1d||L2(g) + 5 ”Yz YZd”]_,Z(Q) + 5 ”Ya Y3d||fz(g)

E ||U1||L2(ag) + ||U2||L2(an) + - ||u3||L2(an) (7)
Let V= (V)= (Hl(ﬂ))s. The symbols (v, V)y,q) - and || VIl 2¢q) (Il VllL2(aq)) are the
inner product (IP) and the norm in L,(Q) (L,(0Q)), by (v, V) gi(a), [Vligz(q) the IN and the
norm in H'(Q), By (V,V)1,(0) = X{&4(vi,vi) and 191l = Yl villL, the IP
and the norm in (Lz(ﬂ))g, by V.1, = X (Vi vi) and
I v”(Hl(Q))B = Y. Villgi(q) the IP and the norm in V and V* is the dual of V.

3. Weak Formulation:

The weak form (WFO) for (1-3) is obtained by multiplying their both sides byv, €V, v, €
Vand v; € V respectively, then integrating them and then using the generalized Green's
theorem is applied for the terms that contain the derivatives of order two, to get:
a;(yu,v1) — V2 + Y3, V1 )@ = (Fr, V), + (Ug,Ve)L,00), Y VL EV (8)
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a(y2, V2 ) + (1 +¥3,V2 ), = (2, Vo)L, + (U2, V2)1,00) , V V2 EV )
a3(y3,vs) + (1 —¥2,V3 ), = (f3, V3, @) + (U3, V3)i,00), V Vs EV (10)
Adding (8), (9) and (10) , to get :
a(y,v)=F(V),vv eV (11)
where
a(y,v)=a; (y1,v1) = (2 +y3., vy )LZ(Q) + a, (y2,Vv2)

(V1 +¥3,V2 )LZ(Q) + a3 (y3,v3) + (y1—Yy2,V3 )LZ(.Q) (12a)

dyy vy .
ar(yr,vr) = fn( fi=1 ar; a—i a—; yrvr) dx , with
ar(yr,ve) = Cyp ||Yr”ﬁ1(m , where C;, =0 , r=1,2,3
lar(yr, vi )| < Cyy ||yr||12{1(m IIVI.Ilﬁl(m , where C;; 20, r=1,2,3

Gz T,

ay,v)l <o, Iy v

la(¥,¥)| < ||Y||(H1(m)3 Il ”(Hl(n))s
=2 — 12 b

Where ||y ll(Hl(QJ)3 = | Y||(L2(m)3 + ||VY||(L2(Q))3 , and

F(V) = (f1, v + (W1, vi)r,00) + (B2, V2)1,00) + (U2, V2)L,00) + (f5, Va)L,) +
(us, V3)L,(a0) )

Assumptions (A):
2

()
3 where ¢; > 0.

a) a(y,v)iscoercive ,i.e, a(y,y) = C||¥]l

b) [a(¥,.¥)l< CIFIE &Vl

(@)
o [F(V)|= Cllv ||(Lz(ﬂ))3 ,
To find the solution of (11), the GME 1is applied, and an approximation (APP) subspace V,,
v (ffn 1s the set of continuous function in Q) is chose, thus (11) will be in the following APP

form:
a(y,,v) =F(V), V¥, VeV, (13)

(@)
v VeV, ¢, >0.

Theorem 3.1: If i € (L, (60))3 . 1s a given NBCV, then problem (13) has a unique APP
solution(APPS) ¥, € V,

Proof: let {¢;, 05, e -on - ,@n} span V., then the APPS of (13) is written by:

Yn = Zjn=1 dj @bj (X1,%z) (14)
where @; = ((4 £ mod (4 — «E))(pk, (4 mod (£ + 1))%, ((4 + £)mod ({’))(pk),{’ =1,23
j=k+n(f-1)and d; = dy_is unknown constant,vj=1,2,..... ,n,with n=3N

By substituting (14) in (13) , with Vv = @;, we get:

Y, dia(@;, @) = F(@;), vi=1,2,..,n (15)
It is clear that (15) is equivalent to the algebraic system.

Anxn Dnx1 =bnxs (16)
where

Anxn = (aj; )nxn ,a5; = a (@, $;) . byxa = (by, by, ....by)T, by = F (@)
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and D, «; = (d;,d,,....d)T,i,j=1,2,..,n.
Since A,upDpxy = 0= a(Z}l:l d; ¢, @;) = 0, then from using(A- a)
E-1 Gl iy S Tiadia (Tf1di57.51) = 0
The uniqueness (16) is obtained from its corresponding homogeneous system.
Proposition 3.1 [6]: Forany v in V, V, has a sequence {¢,} with @, € V,, , ¥V n for which
¢, — V stronglyin V.

Now, by Theorem 3.1, the following sequence of the WFO has a sequence for the solutions
{¥n Inta
a(Yn, On) =F(Py), V¥n ,0n €V,,¥n (17)

Theorem 3.2: The sequence { ¥, }3_, converges to ¥ strongly in (Hi(ﬂ))3.

Proof: we have ¥, is a solution of (17), thenby (A- a&c):

Il ¥n |l s < Cy, whereC; >0, vn
(1 @)

From the Alaoglu's theorem (Agth)[8], {y,} has a subsequence. It is not loss of generality to
say again {J,} for which §, — ¥, weaklyin V.

Now, let Vv € V be fixed, then Ly (W) = a(W, V) is a bounded linear functional i.e, Ly € 2
To prove the sequence of the solutions {y, };°, of the WFO (17) converges to the solution of
the WFO(11).

Step 1: since ¥, — ¥ weakly in Vand by Proposition3.1, @, — V strongly in V, then

|a(¥n, @n) — a(¥. V)| < la(¥n,Pn— V) + a(¥n— ¥, V)<

C ¥ Oy — V Cllv,—V v 0 18
90 s o1 = ¥l o+ CollTn = F ol Tl = (18)
Hence

a(yn,¢n) —a(y,v) (19)

Step 2: since ¢, — V stronglyinV = @, — vweaklyinV, then F(G,) — F(¥)
The above two steps give the following

a(y,v)=F(V),vv e V

which means ¥ is a solution in (11).

Now, to prove §, — ¥ stronglyin V,by using ( A — a), it follows that :

IS = Tl s <2(F = I 7) =25 30) + a( T 50)

=a(y = ¥n,¥)=Lg(y = ¥n) =0
Thus {y,} convergestoy strongly in (Hl(ﬁ))3 :
. Existence of a CCBOCVr:
Lemma 4.1: The operator U — ¥ is Lipschitz continuous from (L, (60))3 into (L, (O.))3

and is satisfied
” Ay ||(L2(_Q))3 = C3 ”Au”(LZ(aﬂ)f , with C3 > 0.
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Proof: Let u; , U, ,u3 be controls of the WFO (11) ¥,, ¥, and ¥; be their corresponding SSV,
subtracting the obtaining WFO from (11), by letting Ay, = ¥; — y; and Au=1u; — u with
V= Ay ,toget

G(E;TY) = ( Auy , Ay, )(Lz(an)) + ( Auy LAy, )(Lz(an)) + ( Aug ,Ay; )(LZ(GQ)) (20)
which gives after using(A-a), the Cauchy inequality(CSIn) and then the trace operator to obtain

— 2
Cllay |

(@) [ (87.25) | < Cull Bu | o0 13| (o)

Then,

— — C
|| Ay ||(H1(.Q))3 = C2|| Au ||(L2(an))3 Where CZ = El
Since || Ay || (La@) = c|| ay ||(H 1(0))3 , then the above inequality becomes
187y = G gy Shre s =C - @
Lemma 4.2 [3]:The norm || IILZ(Q) (or the norm || ||L2(,m)) is weakly lower semi
continuous (WELSC)

Lemma 4.3: The objective function (7) is WELSC.
Proof: The norm || ”Lg(aﬂ) is WELSC (by lemma 4.2 ), but when U, » U weakly in

(L, (Q))g, then by using lemma 4.1 gives ¥, -y = ¥z weakly in (L, (Q))g, then by using
lemma 4.2, [I¥ = ¥ullf, gy is WELSC, ie ,Go(td) is WELSC.

Lemma 4.4 [3]:The norm || ”Lz(n) (Il ”Lz(an)) is strictly convex (SC) .

Remark 4.1: by applying lemma 4.4, Go,( 1) is (SC).

Theorem 4.1: If U; ,vi=1,2,3 is bounded, then there is a CCBOCVr for the problem (8).
Proof: Since U;,vi=1,2,3 isbounded, then W; (Vi=1,2,3) is a bounded and then
W is bounded Since Go(T) = 0 , then there is a minimum sequence

{4,} = {(uyy, Uy, usy)} € W, for each n, such that:

r111_)n(;1O Go( Uy ) = infe 5 Go(W)

From the coercive property of Go(U) , and its infimum, there exists a constant C > 0 such

that || ﬁ“”(Lz(amf <C,vn (22)

Then by Agth, the sequence {1, } has a subsequence. It is not loss of generality to say again
{U, } forwhich U, > U weaklyin (L, (61’1))3.

From theorem3.1, for each control U, = (uy,,u,,,us,) the TEPDESE has a unique
APPS ¥, =¥y, -

To prove (for each n) { ¥, } ., is bounded in v, using (A - a &c), CSIn and the trace operator
, to get

Ol gy S 2 T ¥n) = F(F)

< 4l Yln“LZ(.Q) + ol Y1n||H1(_Q) + 45|l Y2n”L2(_Q) + ¢l Y2n||H1(_Q)
+ 45l Y3n||1,2(_q) + | YSn”Hl(_Q) <sl| ?n”Hl(g)

then || ¥l 3£a,f0reachnwitha:§>0.

(@)

where r; = max(¢, ,c;),r, = max(¥,,c,),r3 = (£3,c3) and s = max(r;,r,,r3).
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Then by Agth {¥,} has a subsequence. It is not loss of generality to say again {V, } for
which ¥, —» ¥ weakly in V , since ¥n ¥, satisfies the WFO (11) for each, or

a(ynv) =F,(v) = (f; JV1)L2(Q) + (ugy JV1)L2(GQ) + (f; JVZ)LZ(.Q) + (uzp rV2)L2(6n)

+(f; »Vs)LZ(Q) + (ugp »Vs)Lz(aQ) (23)

To show (23) converges to

a(y,v) =FQ@) (24)
First, since y;, = y; weakly in L,(Q) Vi (for y;, — y; weakly in V; ), then by CSIn, one has:
| a;(Y1n, V1) — (¥2n +Yan V1 )LZ(.Q) +a,(Y2n,V2 ) + (V1n + Yan V2 )LZ(Q)
+a3(Y3n, V3 )+ (Yin —¥2n,V3 )LZ(Q) —a;(y1,vi )+ (y2 +y3.v4 )LZ(.Q)
—ay(y2,v2 ) — (y1 +V3.V2 )Lz(ﬂ) — az(y3,vs ) — (y1 —V2.,V3 )Lz(n)
< (Cill y1n — Y1||H1(g) + [ yon — Y2||L2(Q) + 1l yan — YS“LZ(.Q))” V1||L2(n)
+(Call yan = ¥allgrqy + 1yin = valli, @) + 1 Yan = Yslln, @)l vallL, )
+(Csll yan = ¥allgrqy + 1 vin = vl @) + 11 Van = Valln, @)l vslli, @) = 0

Second, we have U, — U weakly in (L2 (6‘0.))3, then the terms in the right hand side of (23)
converges to the those in the right hand side of (24) .

Thus (23) converges to (24) .
But, we have U, > U weakly in (L, (6(1))3 and Gy(u) is WELSC, then
Go(Uu) < 1111_7)20 infﬁ’new Go(Uy) = 1111_7)23 Go(Uy) = infggy Go(W)

Then
Go(U) = infg % Go(W) ,ie, i aCCBOCVr.
Applying Remark 4.1, givesus U which is unique.

. The NCTh for Optimality:

Theorem 5.1: The TAJEs(z, ,2, ,23) = (Zyu, » Z2u, »Z3u,) Of the WFO of the TSEs (1-6) are

given by:

A1 Zy+ 2+ 2+ 23 = (Y1 — Y14),in Q (25)
AyZy =2+ 2, — 23 = (Y, — Yaq),in Q (26)
A3Zy — 2+ 2, +23 = (Y3 — y3q),in Q (27)
621 _ - )
I 0,1n dQ (28)
0z, _ . i
I, 0,1n dQ (29)
0z . i
I 0,1n dQ (30)

Then the FDe of G, 1s given by :

(Go (W), Au) g = (E+xTAL) oo

Proof: Rewriting the TAJEs (25-30) by its WFO, adding them, then substituting v = A_ﬁ, once
get the following WFO which has a unique solution Z = Zg:

a1(zy,4y, ) + (2, + 23, Ay, )Lz(.ﬂ) +a,(z,,4Ay, ) — (2, + 23, Ay, )Lz(.ﬂ) +as(z3,Ays ) —

(z1 — 25, Ay3 )LZ(Q) = (Y1 — Y14, Ay1 )LZ(.Q) + (V2 — Y24, Ay> )LZ(.Q) +
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(V3 — ¥34.,4y3 )Lz(.ﬂ) (31)
Utilizing (12a&b) in (11), then substituting Vv = Z once and once again Vv = Z and setting
y+ A_§ instead of ¥, then subtracting the second obtained equation from the first one, to get
a;(Ayy,zy ) — (Ay, 24 )LZ(Q) - (Ays, 24 )Lz(.ﬂ) + a,(Ay,, Z; ) + (Ayy, 2, )Lg(n) +
(Ays, z, )LZ(.Q) +az(Ays, 23 ) + (Ays,23 ) — (Ay,, 23 ) =

(Auy ,Z1 ), 00) + (AUy ,Zy )1,00) + (Aus, 23 )1, 00) (32)
Subtracting (32) from (31), to get
(Au,z )LZ(GQ) = (V=Ya. by )LZ(Q) (33)

Now, for the cost function, we have
Go(Uu + E-{) — Go(W) = (y1 — Y14, Ay1 )LZ(.Q) + (Y2 = Y24, Ay> )Lz(n) +

(Y3 — ¥3d. AY3 )Lz(ﬂ) + % ||&y||(L2(.Q))3 + E ||Au||(L2(aﬂ.))3 (34)
From (33) & (34), we get

SI— . . . —2 o 11— 2 _
Go((W+BU) — Go(W) = (2 +oc W, B0)_ o +3 1851 oy + 5 180 o (35)
From lemma 4.1, it yield that
2185 oy 5 180 e = @B (36)
2 y (L2() 2 (L2(09) (L2(09))

Where e(m — 0, as ||H||ELZ(69))3 — 0 with e(m = ei(m) +e€, (Ei)
Then from the FDe of G, , and (35-36), once get:

(Go(W), Au) = (Z +oc T, Bu), 00

Theorem 5.2: The (CCBOC) of (1-6) 1s:

Go(W) =Z+xu=0withy =ygzand Z = Zg .

Proof:If U is an optimal control of the problem, then

Go(W) = ming Go(W) . VW € (L,(00))°

WEW
Le,Go)=0=7i=—-xu, A u=w-1u
The necessary condition for optimality is:

(Z+oii,1) < (Z+ocQ, W) . VW € (L,(00))°.

6. Conclusions
The existence and uniqueness theorem for the SSV of the TLEPDEs is proved successfully

using the GME when the CCBCVr is given. The proof of the existence CCBOCVTr ruled by the
considered TLEPDEs is demonstrated. The studding of the existence solution of the TAJEs
related with the TLEPDE:s is demonstrated. The FDe is derived. Finally the NCTh of optimality
for the considered problem is demonstrated.
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