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Abstract

This paper is concerned with finding the approximation solution (APPS) of a certain
type of nonlinear hyperbolic boundary value problem (NOLHYBVP). The given BVP is
written in its discrete (DI) weak form (WEF), and is proved that it has a unique APPS, which
1s obtained via the mixed Galerkin finite element method (GFE) with implicit method
(MGFEIM) that reduces the problem to solve the Galerkin nonlinear algebraic system
(GNAS). In this part, the predictor and the corrector technique (PT and CT) are proved
convergent and are used to transform the obtained GNAS to linear (GLAS), then the GLAS is
solved using the Cholesky method (ChMe). The stability and the convergence of the method
are studied. The results are given by figures and shown the efficiency and accuracy for the
method.

Keywords: nonlinear hyperbolic boundary value problem, Galekin finite element method,
implicit method, convergence, stability.

1. Introduction

Hyperbolic partial differential equations play a very important role as real life problems
in many fields of sciences as in technology, fluid dynamics, optics, science and many others.
In the past few decades, there have been many researchers interested in their study to solve
boundary value problems in general and in particular NLHBVE. Many researchers have used
different methods to solve the NLHBVE, Smiley studied in 1987, was used Eigen function
methods to solve problems of nonlinear hyperbolic value at resonance [1]. In 1989, Chi,
Wiener, and Shah used in the exponential growth of solutions of nonlinear hyperbolic
equations [2], while in 2001 Minamoto used the existence and demonstration of the
uniqueness of solutions [3]. In 2004, Krylovas, and Ciegis, used the numerical asymptotic
averaging for weakly nonlinear hyperbolic waves [4].
In 2018, Ashyralyev and Agirseven solved NLHBVE with a time delay [5].
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The specific element method has been studied by several researchers interested in this
field, for example, in 2010 Bangerth and Rannacher touched on Galerkin's specific adaptation
techniques for wave equation [6]. Whereas, in 2017, Al-Hag and Muhammad discussed
numerical methods to solve LHYBVP by difference method and the method of the specified
elements [7].

In this paper, we are concerned the study of the APPS of the NOLHYBVP. The given
BVP is written in its WEF, and 1n its discrete equation (DI) type. It i1s proved to have unique
APPS. The APPS is obtained via the MGFEIM. The problem then reduces to solve the
GNAS, then the PT and CT are proved convergent and are used to transform the GNAS to a
GLAS. This GLAS i1s solved by using the ChMe. The stability and the convergence of the
method are studied. A computer program is codding to find the numerical solution for the
problem. The results are given by figures, and are shown the efficiency and accuracy for the
method which is highly considered in this work.

2. Description of The NOLHYBVP

Let I =[0,T], with 0<T <o, 1 cR* be a bounded and open region with smooth
boundarycp, @=¢Y xI,X=0yY X I, thenthe NLHYPVP is given by:

Wi — Aw+w =h(X,t,w), in ¢

(1)
w(X,0) = wo(X), in ¥
(2)
we(X,0) = wl (¥), in ¢
3)

w(%,t)= 0, on X

2 aZW

(4) where w = w(X,t) € Hi(),, Aw = Y7, —— and h € L?()) isagiven function.

Now, let V= Hj()={ n:n € H*(¥),n =0o0n &Y}, w; = p, then the WEFM of (1-4) is:
(wee,m) + (Vw, Vi) + (w,n) = (h(w),n), Vn €V areon I,

(5)

(w(0),n) = W°%n) iny, weV

(6)

(»(0),n) = (whn) inY,w'e L*(¢p) ,
(7)

Definition (1),[8]: A point s* € D c R? is called a fixed point of the functiony : D — R?

ify(s*) = s*.
Definition 2,[8]: A function y: D € R? — IR? is called contractive on D if for each d,,d, €
D:

ly(d2) — y(d)ll < alld, — d4ll, where a € (0,1).
Theorem (3),[8]: A contractive function y on a complete normed space D has a unique fixed
point s* in D.
Theorem (4),[9]: Let {v,} be a bounded sequence in the space in L* (). Then, there exists
a subsequence {n'} and a function v, € L* (1) such that, in L* () then v,;; — v,.
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Assumptions 2.1:

(i) Let k1 and k2 be two positive constants such that the following are satisfied:
a) (Vi Vo) < kel Va1 Vel , Vo €V
b) (Vi Vu) = ol Vullf - v uev

(ii) The function his defined on ¢ x R , continuous with respect to wJ,?'1 satisfies the

following:

a)lh(X,t,w)| < B (X,t)+ 6 |w|whered>0,w € @ and B € L*(o).

b) |h(X,t,w,) — h(X,t,w,)| < L|w; —w,|, where L is a Lipchitz constant and w,,w, €
R.

3. Discretization of the Continuous Equation (COE):

The WEF of ((5)- (7)) is discretized by using the GFEME , let ¢ be divided into sub

regions @;; =i X Ii', let {v,bf}f:(f) be a triangulation of iy and {I{'}j=0 be a subdivision

of the interval I into Y(n) intervals, then I = I}?'" = [t}", t}‘;l] has the same length At = 5 ,

also, let V, ¢ V'=H} () be the space of piecewise affine functions in 1.

Now, the discrete equations (DES), where Vv n € V}, are written as follows:

(i1 —pjom) + At (Ywiiy, Vi) + At(wiy,m) = At (h(Wjiy),m)

(8)

Wi —wit = Atpfy,

©) (w(0),m) = W°n) in ¥

(10)

@©),n) = (whn) iy

(11)

where, w® € V, w! € L*(), and w = w(x, *.:?"),pj,f1 =p"(X,t)€V,,Vj=01,..,Y -

1.

4. The APPS of the NLHYBVP:

To find the APPS W™ = (wg ,wy', ..., wy )for the DES (8-11), the MGFEIM is used through

the following steps:

(DLet {n; : i =1,2,...N,withn;(¥) = 0,on dy } be a basis of V,, and by using the
GFEME, let w"(%,t]") (with w7 (¥,t') = p(X,t]"))be an APPS  of (8-11) such that
W”(ié ,t}‘) = yN, r,,g n; and ﬁ”(a’c’ , t?l) = zgzlu,{; n vn; €V,

where r,g = 1 (t}") ;and u,’:; = u(t") are unknown constants vj =0,1,...,Y — 1.

(2) Using the APPsin (8-11)to get, vj =0,1,...,Y — 1:

(M + (At)2Q )RI*t = MRJ + (At) MU/ + (A0)2 L (¢}, TRI*) (12)
j¥1 _ 1 rpj+1 _ pj :

Uitt = — (R RY) (13)

MR® = s° (14)

MU° = st (15)

where, M = (my)nxw - Mie = i) @ = @i)wxews G = (Vi V0:), L = (L)wxa -

L = (h( ﬁTRJH),m) . Rl =01, DT Ul =@, u)T, s

(S?)les
s? = (w%m), st = (sHyx1 and s} = (wh ), foreachi,k =1,2,..,N.

0 —
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(3) System (12-15), is GNAS and has a unique solution. To solve it, we find at first R® and
U° from solving (14) and (15) respectively, then, the PT and the CT are utilized to solve
(12) foreach j(j = 0,1,...,Y — 1) as follows:

In the PT we suppose R/*1 = R/ in the components of L in the R.H.S of (12), then it turn
to a GLAS, which is solved to get the predictor solution R/**, then in the CT we resolve

(12) with setting R/** = R/*1 (in the components of L of the R.H.S of it) to get the
corrector solution R’/*1, finally substituting R/*! in (13) to get U/*!, we can repeat this
procedure if we want more than one time. This reputation can be expressed as follows:

1
i) + (802w, vm) + (802 Wi, m) = Wi + At @) )

+ (a02h(e,wP ) n) (16)
( ( 1) ?‘.'.)

(1+1) _ +1 Wy :
jr1r T : At (17)
(

i1 Y. Thus, equation (16) is

Equation (17) tells us the iterative method depending on just w

reformulated as w1 = §(w@*D)  where [ is the number of the iterations. And this led us
to the following theorem.

Theorem (5): For any fixed point, the DES (8)-(11), and for A sufficiently small, has a
unique solution w"™ = (wg,,wi, .....,wy) and the sequence of the corrector solutions
converges on R.

proof: Let w(*1) = (w, wth, l(lﬂ) (Hl))and
S+ (_(1+1) _(1+1) _(:.+ ))where w@D and 5 are
solutions of equatlon 16) Th1s means,
l 1 l
Wi m) + OPEwP Y ) + @002 WP n) = Wi + At
+ (a0 (r(e w2, ) m) (18)
and
I+1 —(1+1 —(I+1
@ m) + Q02w Vn) + Q02 (W) = Wi + At@]m)
SCORACAZN RS (19)
subtracting (19) from (18) t tti 40 _ @Dy iy the obtained t1
g( )rom ) then setting ”1_(_;+1 Wit ) in the obtained equation , we
get that
(I+1) l —+1) (@ —(l+1) I _(t+1) I
@ —winV wi —wii) + @02 W, - v, v - vwi) +
FD _ 04 S (1) 0] ® ) @D _ |, )
@2 —wiiD, Wit —wii) = a2 (h( W1 ) — h( )H) Wiy —wh)
(20)

From Assumptions 2.1 (ib) the 2? and 3"¢ terms in the L.H.S of equation (20) are positive,
and applying Assumption 2.1 (iitb) on h in R.H.S of equation (20), and by using the Cauchy
Schwarz inequality on this side, we get

Jo(2)- s = [F527 - il < a it witl,

where 1 = (&t)zL < 1, for sufficiently small At.

which implies that § is contractive, also since { w(¥} € Rv [, that §(w V) = wt+D) €

RV i.e §(w) € R, hence by theorem 3 the sequence { w(} converges to a point in R.
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5. Stability:
Lemma (6): If A is sufficiently small, thenv j = 0,1, ...,Y

[wi'lii <d |[pj 13 <d, X5 lwia—witlIf <d,and X755 19— pf 15 <d
where d refers to a various constants.
proof: Let n = p}lﬂ substituting in equation (8), and rewriting the first term in the L.H.S of
the obtained equation, we get
I p}lﬂ”% — |l p}l 15+l p}l-l-l_ p}l”% + At (VW}T:-I’ VP;}H) + At (W}?}i-lf p}lﬂ) =
At (h(W;?h) :p}lﬂ) (22)
Since,

1

At [(Yw/iy, Vi) + Wi pji] = > [(Vw/is — YW/ VWi, — Vwf) +
WJr?rfl-l - w}?l ’ wﬁi—l - W)Tl) + (Vw}?}i-l ’ VW}?—Ii-l) + (w}?}i-l ’ Wﬁl—l) - (VW)TI ’ ij?l) -

(w*, w1
By substituting above equality in the L.H.S in equation (22), summing both sides of the

obtained equality, for j = 0toj = [ — 1, then set ¢ =max (1,%), we get

cl P I3+ e Xih I pfa=pP I3 + cllwi I + S5z Il wha=wlIE < P35+ 2
Iwit I + Efi_:}) At (h(WﬁﬂJP?H) (23)
Now, using the assumptions on h and then by the Cauchy Schwarz inequality, to get

| (R o) | < B3 + S wall? + 8l i3, 6= 8 +1 (24)
since || Wi, lIf = 2l wji —wi' lIF + 2]l w" |IF (25)
and || pj4lI5 = 2l pja—pj 115 + 2117 115 (26)

Substituting (25) and (26) in inequality (23), and assume that d = max (28, 25), to get
cllpfllf + (c—dA) X525 | pfsa—pJ 15 + c[witlIF + (c -

At B | wiha— w1} <
Il po 115 + % Wi 113 + IBIIE + d(Av) X5 w117 +d(a0) X5 1Ip} 113 - (27)
Now, let At < ¢/d then the 2™® and 4" terms in the R.H.S of (27) are positives, by using
the discrete Gronwall’s (DGs) inequality [10], one obtains

olll 3 + 11 W] 12) < aeP/5949 = qel4® < ,

which gives that

Iwl'll <dy = 2,and || p}*|l5 < d,, forany arbitrary index L.
Hence, || wj* ||} < dyand || p}||§ < dy.foreach j=0,1,....,Y —1.
Therefore

@AY Wl Iz + (ADd X lIpf IIf <2d;dAtY = 2cT = d.
We back to (27) substituting [ = Y, the 1* and the 3™ term in the L.H.S are positives, then we
use the above results in the R.H.S. of it , keeping in mind the first three terms in this side that
are bounded (from the above steps), to obtain

ralwh, —wiz <d (28a)

j=o lpji —pj G <d (28b)
6. Convergence:
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The following definitions for the functions "almost everywhere on/ " are useful in the proof
of next theorem, so let
wl(t) == wj', te [[', vj=01,..7,
wi(t) := Wﬁ1 , te IJ,”,V}' =01,...,Y -1,
pR(t) := p}lﬂ, te I}‘",V}' =01,...,Y—1,
pt(th) ==p}tt eI, vj=01,..7Y,
Also, Let wi* (t) := 1:1,’}?’t be an affine function on each IJ,T‘ , V,j=01,...,Y,and
px (t) := pj , be an affine functiononeach [/*, v,j=10,1,...,Y.
Theorem (7): The discrete solutions w’ (t) ,w} (t) ,and wi (t) are converges strongly in
L?>(¢), where n — oo.
proof: we start with using lemma (6) we have forany j = 0,1, ....,Y that

W I? <d andIp} I3 < d, then

2 2 2 2 2 2
”Wil ”ﬂ(}y} ’ ” M”-?I:l ”LZ(;,V)r ”w’{l ”LZ(I,V)’ ”pT—I ”LZ((p) ’ ”p:_I ”LZ((p) ,and ”p"n”LZ((p) are
bounded.

From (28a), we have
&tzjr;—i} I W}?-Ii-l - W}TI ||§ < Atd — 0,as At — 0,

gives

wi — wt strongly  (ST) in L*(I,V) and then in  L?(p).
(29a)

by the same way from (28b), we get that ,

pt — p™ ST in L?(¢) (29b)

Then by theorem 3, there exist subsequences of {w”}, {w}}, {w}), and of ({p"}, {p¥}.
{p"},) use again the same notations which converge weakly to some w in L?(I,V), to some p
in L?(¢), i.e.

w!' - w,wl — w,wl — w weakly in L?(I,V)

p' — p,pt — p,p? — p weakly in L*(¢p),
N this point the first compactness theorem[9] is used , to get that wi* — w ST in L*(¢).then
wl! — w and w* — w ST in L?(¢).

Now, let {V, }5—; be a sequence of subspaces of V, where V}, is as defined above. Then by
using the Galerkin approach, for each n € V, there exists a sequence {n, }, with 1, € V,
for each n, such that n,, — n ST in L?(¢).

Consider that é(t) € C?[0,T], for which E(T) = &' (T)=0and &(0) = &'(0) #
0,let {™(t) continuous piecewise(CP) interpolation of ¢(t) with respect to [i", and let
¢ =n&(t), with {" = n, §"(t), with

M= ét(),te I, j=01,...,Y =1, € g,

=880, te I, j=01,....,Y=1,n, € V.,

¥ = &), tel, n, €V,

Setting n = {}‘H in equation (8), and summing both sides of the obtained equation for j = 0,
to j =Y — 1, then using discrete integrating by parts (DIBP) for the 1% term in the L.H.S.,
once can get that
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— @@y dt + [ I(VWE, V) + (whEE)]de = fy (h(e, wh),81) de +
(po .1 ) £(0)
(30)
On the other hand, from (9), once has
(W2),m) (™) = %, 1) (™)
Integrating both sides on [0, T], then using DEBP for the 1** term in the L.H.S., to obtain
= J, W) E@)"de = [J0F 0 EW'dE+ W0, (E™(0))
(1)
Now, since
E(t) — &(t) inc() cL*(I),n, — n ST inL?(1,V) and in L?(3y), then, we have
(¢ =ma &} —»né=7 STinl?*(I,V)andin L?(9),n,§"(0) — n&(0) ST inL?(¢),
(@) = mé™ —n& =nd ST mL*(LV).
Andsince, t™ — t ST inL®(I), w}, w™, wl! - w ST inL?(¢), wl — w® ST in
Vand pf — w!ST inL*(¥).
Now, from assumptions h, and the above convergences, one can passage to the limit in (30)
and 1n (31), to obtain

T , T T .
—Jo . &'dt + [ [(Vw,Vn) + (w,m] & dt = [ (h(t,w),n) §dt + (w?, n)§(0) (32)
and

T rr T ! ! £
— [, w.mE"@®)dt = [ ,mE @®)dt + w°,n)E'(0) (33)
The following cases appear:
Case (1) : Consider &(t) € C?[0,T], such that &(T) = &'(T) =&(0) = &'(0) =0, by
setting &'(0) = 0 in equation (32) and &£(0) = 0 in (33), then we use IBP for the 1 term of
each one of the obtained equation, one gets respectively
fy e, mE @ de = [, mE @©dt = we=p,

Jy Wee, ) € dt + [[(Vw, V) + (w,v)] € dt = [ (h(t,w), )€ dt, (34)
Thus
(Wee ,m) + (Vw, V) + (w,n) = (h(t,w),n),n € Va.e.onl.

Case (2) : Consider é(t) € D[0,T], é(0) # 0, é(T) = 0and use IBP the first term in the
L.H.S of (34), once get that

— [y (we,m) &dt + [ [(Vw,Vn) + (w,m] & dt = [T (h(t,w),n)é dt +w¢(0), n)é(0)
(35)
Setting p = w; 1n (32), subtracting the resulting equation from (35), to get

we(0),mE0) = w?, ME0) = w:(0),n) = (w', n),foreachn
then w;(0) = w'(0).

Case (3): Consider &(t) € D[0,T], with &'(0) = 0, £(0) =0, and &(T) = &'(T)=0.
Using twice the IBP for the 1% term in the L.H.S. of (34), to obtain

Jy w,m)&"de + [ 1(Vw,Vn) + (w )¢ dt = [ (h(t,w),n)E dt = (w(0),mE'(0) (36)
Rewritten (33), in the following form

— [ @.mE @) dt = [ (w,mE" ®)dt + W°,1)E'(0) (37)
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Substituting (37) in (32), and using £(0) = 0, then subtracting the resulting equation from
(36) to get

w(0),mE'(0) = W, ME® = (w(0),n) = (W’ n) foreachn , then w(0) = w°(0),
Thus limit point w is a solution to the WEF for the COE.

7. Cholesky factorization

Cholesky method is used using to solve GLAS with conditions that the coefficient matrix
A must be a symmetric and positive definite. In this method the matrix A can be factorized
into the product of an Upper triangular matrix L and Lower triangular matrix LT [11], and L
calculates as follows:

i-1

1

fori=12,..,n then ;= (a;— Z Iz )?
k=1

-1
forj=i+1,..,n. then [;;=| a;;— Z bei Lej )/ Lig
k=1

8. Numerical Examples:
The problems in the following examples are coded by Mat lap soft.
Example 1: Consider the following NLHBVP:

W — Aw+w=hXtw), X=(x,y),¢ = ¢ xI,v=(01)x(0,1),I =][01]
w(x,0) = xy(1-x)(1-y),in @

we(%,0) = wl (¥),in ¢

w(X,t)=0 ,on Y =0y XI

where h(X,t,w) = %(xy —xy? — yx? + x2y?)Vcos? [1 — 2sin(xy — xy? — yx? +
x2y?)cost |+ 2(y + x — y%2 — x2)cost + (xy? — yx? — xy — x%y?) sint /43/cos(t) +
w sinw

and the exact solution (EXS)of the problem is w(%,t) = xy(1 — x)(1 — y)\/F(t) )

The MGFEIM is utilized to solve this problem with =9, ¥ = 20 and T = 1, the results are
shown in figure 1. (a) the APPS , and figure 1.(B) shown the EXS at £ =0.5.

=

Figurel. (a) shows the APS and (b) shows the EXS

Example 2: Consider the following NLHYBVP :
Wi — Aw+w = h(X, t,w) where X = (x,y)
w(%,0)= (x—1)(1 —y)sin(xy) in ¢
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w; (,0) = w'(X), in ¢
w(X,t)=0 ,on Y =0y XI
h(x,t,w) =2(y —x —y* + xz)\/e? cos(xy) +(1—x—-y+ xy)\/’e? sin(xy)
[x? 4+ y? —sin ((1 —-x—y+ xy)«/? sin(xy))] + w sin(w).
and the EXSisw(¥,t) = (x—1)(1 - y)«/? sin(xy) .

The MGFEIM is utilized to solve this problem with =9, ¥ = 20 and T = 1, the results are
shown in Figure 2. (a) the APPS , and Figure 2.(b) shown the EXS at £ =0.5.

(-

0.08 - 0.08 -
0.086 {
© 0.04

0.0z 4

Figure2. (a) shows the APS and (b) shows the EXS

9. Conclusions

The MGFEIM 1s used successfully to solve the DI of the WEF of a certain type of
NOLHYBVP. The existence theorem of a unique convergent APP is proved. The convergent
of the PT and CT which are used to solve the GNAS that is obtained from applying the
MGFEIM, is proved and the ChMe which is used inside these technique is highly efficient
for solving large GAS. The DI of the WEF is proved itis stable and convergent. The results
are given by figures and show the efficiency and accuracy for the method.
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