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Abstract
In the literature different kinds of mappings between topological spaces
have been of this paper if to continue to explore further properties and
characterization of PCC and pre-irresolute mappings.
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Introduction and Preliminaries
Talking about groups is a complex topic that requires special skills and more
specific ones. Among these topics is the so-called pre-conquered or PO
group, as its idea has a very important role for general topology . The pre-
conguered or the PO group has many names, for example the so-called open
group and the locally intensive group, as these groups are very useful in
covering the characteristics of pre-continuity, continuity and even analyzing
them. They are also used in descriptive analyzing context of open-
assignment theories and closed-graph theories . This paper is devoted to
continue to explore to explore further properties and characterizations of
PCC and pre-irresolute mappings. From the beginning, and through the text
of the present paper, let us assuming both X & Yrefers to the TSs over it
separation occurred, or stated clearly. Assuming that A spaceX then;

ClA& Int Awill refer to Closureand Interiorof A. Now again, A cspaceX
refer to re-open, under the condition. Complementing of a PO set is called
PC . Every open (closed) set is PO (precludes), but the converse is not true,
the family of all PO sets of a spaceX defined asPO(X).

PCC Mappings

In 1982, A. S. Mashhour et al. presented the symbols of PCC mappings,
and giving certain characterizations of PCC mappings. The purpose of this
section is to investigate further properties and characterizations of this class
of mappings.

Definition 2.1

The mapping 3: X, Y refer to per-continuous if 37 (v)is PO inXvveY.
Definition 2.2

Assuming that X is TS, A set Nxc X is called a PN (Pre-nedb in short) of a
pointy € X if and only if3PO set A such thaty € Ac N,

Definition 2.3
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Assuming that X is TS and AcX, The point PeX is called a PL of
Aiff UNA-{P}= ¢ VU e PO(X)under the condition P € U. Set of all PL points
of A is called the PD set of A defined asA™, and (A U A* )defined as pre-
closure of A and is denoted by PclA.
Theorem 2.1
Let3: X,Y is mapping, thenX <Y
e JisPCC
e 3vPe and every OS GeY, 3(P)eG, 3a POset Ain X; P € A and f(A)
(A)f(A)cG
e vy e X, each neighborhood N of f (y) 3¢ PN V of ¢
ePcl[f(B) ](cl B) for each subset B of Y.
Theorem 2.2
A mapping 3:X,Yis PCCiff 3
(AM)c S(A)U(3(A) d, vAC X
Proof
Necessity
Assume that A < X, ag APd
Also, assume that 3(a)g 3 (A)
Let N be a neighborhood of 3(a)
Since Jis PCC, then by Theorem 2.1., 3 pre- nbd U of « such that J(U) cN
From a e A= UNA 2J
FixbeU&beU & beA
Therefore
3(b)eN & 3(b)e I(A)
Since 3(a)e 3(a)e I (A)
Therefore
3 (A), therefore (b)=3(a)
Thus every neighborhood of 3 (a) contains an element of J(a) contains an
element of 3 (A) different from 3(a)
Hence it concluded 3 (b)e(3) (A))d
This proves necessity
Sufficiency
LetJis not PCC
Then by Theorem 2.1, 3aeX and a neighborhood N of 3 (a) such that every
pre-nbd U of a contains at least one element beU such that 3 (b)¢N

Yo
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A={beX:3(b) N}
Then

agA because 3 (a)eN

Therefore f(a))]=J

Thus 3 (APY) is not contained in J(a)e(f((A)" because I (A)N[N—(f(a
) S,

Thus

3 (AP is not contained in 3 (A)(3((A))d

This is a contradiction to our hypothesis, hence Jis PCC

Theorem 2.3

Let3:X,Y be an injective mapping

Then3Jis PCC iff 3 (AP)<(3((A))d, vAc X

Proof

Necessity

Assume that AcX, ac AP & N be a neighborhood of 3 (a)

SinceJis PCC, then by Theorem 2.1., 3 pre-nbd U of a; 3(U) < N

But o e AP

Hence 3 eelement beUN; b #a; then J(b)e 3 (A)

Since Jis an injection, 3 (b)=3(a)

Thus every neighborhood N of 3 (a) contains an clement of 3(A) different
from 3(a); consequently 3 (@)e 3(a)e(3((A)) ¢

So I(A™)(3((A))

Sufficiency follows from theorem 2.2.

Definition 2.4

Assume that X be a TS and AcX, A point ye X is called a pre-interior point
of A iff 3UePO(X); yeUc A. The set of all pre-interior points of A is
called the pre-interior of A and take the symbol pint A.

Theorem 2.4

Assume that X be a TS and A < X, then Point A=X=pcl(X-A)

Proof

Obviously,

Pint AcA,

Thus

X-AcX-Pint A,

=Pcl(X-A) cPcl(X-pint A)

YooY
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I.e., pcl(X-A)c X-Pint A
Hence

Pint AcX—pcl (X-A)

On opposite side, if ye X—pcl(X-A),

Then y ¢pcl (X-A)

Hence3aUyxe PO (X); xeU, & U,N(X-A)=Z

Then

1€ UyCPO (X) & UycA, and so, yePint A

This clarify that X-pcl(X-A)c pint A

Thus, pint A= X—pcl(X-A)

Theorem 2.5

A mapping3:X,Y is PCC iff 31(Int B)=31(Y-B)) X-3"(cl (Y-B)) Since
Jis PCC we have by Theorem 2.1, pcl 3°4(Y-B)c 3 (cl(Y-B)

Hence

373(int B)cX—pcl 31(B)

Applying theorem 2.4, = 3 (Iny B)c3*(B)

Sufficiency

Assume that B be an open-set of Y, then B=Int B

Hence by hypothesis 3 (B)< pint3%(B), but pint3*(B)

Therefore,

31(B)=pInt31(B) is a PO set and hence Jis PCC

Theorem 2.6

Assume that3: X, Y mapping, g:XxY be the GM given by g(%)=(x, 3 (x)) v
xeX, if g is PCC, thenJis PCC

Proof

Assume that yeX & G is any OS contains (%), and thenXxGis an OS in
XxY containing g (y)

Since g is pre continuous,3PO set U contains y such that g(U)cG, by
theorem 2.1, it follows that Jis PCC.

Remark 2.1

The converse of theorem 2.6 is not true as shown by the following example
Example 2.1

Let X={a,b,c} & ={Y,{a}, {B}, {a,b}, X}

Define mapping 3:(X,t) (x,t) as following:

F(a)=b, 3(b)=a, 3(c)=a

Yoy
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Then3Jis PCC, but g:(X ,t) (XXX, txt ) is not PCC, due to A={(a, a), (b, a),
(c,a)} is open in Xx X, but g*(A)={b,c} is not PO in X

Pre-irresolute mapping

Herein, it is considered the mappings for which inverse images of PO sets
are PO. An investigation of some new properties and characterizations of
such mappings are described below.

Definition 3.1

A mapping 3: X, Yis called PI [10] if 3-1(V) is PO in X for any PO subset V
of Y.

Theorem 3.1

A mapping 3: X, Y is PI, iff vy in X and each PO set V in Y with3 (y)xV,
3a PO set U in X; yeU, f(U)cV

Proof

Necessity

Assume that U=3"1(V)

SinceJis Pl, Uis PO in X

Also

ye 3(V)=Uas J(y)eV

Also we have 3(U)=3(3(V))cV

Sufficiency

Assume that VePO (Y) & U=3"(V)

We had shown that U is PO in X

So, yeV, then by hypothesis, there U yePO(X); xeUy and 3 (Uy)c 343
(Uy) =34(V)=U

Thus U = uyeU UX; it follows that U is PO in X, hence Jis PI

Theorem 3.2

A mapping 3: X, Y is pre-irresolute iff inverse image of every PN of J(y) is
a PN of y

Proof

Necessity

Assuming that ye X & B be pre-nbd of 3(y), then 3Uef-1 (U) <3(B)
Since Jis PI, then31(U)ePO(X)

Hence 3(B) is a pre-nbd of y

Sufficiency

Assuming that BePO(Y)

Putting
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U=3%B) & yeU

Then 3(y)e, But B, being PO is pre—nbd of 3 (y), therefore, by hypothesis,
U=3"1(B) is a pre—nbd of

Hence by definition, 3Uye PO(X); yeUyxcU

Therefore

U=u,.Uu,U %

It following that U isa PO in X, soJis Pl

Theorem 3.3

Mapping 3: X, is Pl iff vy in X and each PN V of3(y), 3 PN U of y; 3
UV

Proof

Necessity

Assuming ye X&V be a pre-nbd of 3 (y),

Then3Bs(y) ePO(Y);

3(x)eB3(x)c 31(V), by hypothesis 3 (B 3 (y)) PO(X).

Assuming U=3"(V), then it follows that U is a pre-nbd of y & 3 (U)= 3(3
V)V

Sufficiency

Assuming VePO(Y)

Putting B=31(V) & yeB, then J(y)eV is a pre-nbd of J(y)eV, thus V is
pre—nbd of 3 (y), therefore by hypothesis 3pre-nbd Uy of y; 3 (Uy)cB
Byxe PO(X); xe Byc U y, hence yeBycB, ByePO(X)

Thus

B= Uy eB By. It follows that B is pre open in X, and so 3 is PlI

Theorem 3.4

Mapping 3: X, Y is Pl iff v BcY, pcl (372(B)) =3 *(pcl(B))

Proof

The easy proof is omitted

Theorem 3.5

Mapping 3: X, Y is Pl iff, vBcY, pcl (374(B)) = 3 *(pcl (B))

Proof

The easy proof is omitted

Theorem 3.6

Mapping 3: X, Y is Pl iff, v BCY, then by theorem 2.4, we have pint B=Y—
pcl(Y-B)

Hence

Y.o
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37Y(PInt B)=3(Y-Pcl(Y-B))

= 3(Y) -3(Pcl (Y-B))

= x -3Y(Pcl(Y-B))

Since 3is a Pl mapping, then by making use of theorem 3.4, pcl 3(Y-B)c
37 Y(Pcl(Y-B)

Hence 31(Pint B)cX—pcl(31(Y-B))

Therefore

3 Y(pInt B)</X—pcl(31(B))

3 }(PInt B)c=X-Pcl(X-31(B)), by theorem 3.4, we get 3 (pint B)cpint3-
“(B)

Hence 31(B)ePO(X) & Jis Pl

Theorem 3.7

Mapping 3: X, Y is Pl, iff 3(Apd)c 3 (A)U(TI(A)) pd, for Ac X

Proof

Necessity

Assuming 3:X,Y be a PI, and assuming AcX & acApd, and J(a)¢ I (A)
& V be a pre—nbd of 3(a), since Jis Pl, by making use of theorem 3.3, 3
pre—nbd U of a; I(U)NA; 3(b)e I(A) & 3(b)eV, sinceJ(a)g I(A), we
have 3(b)# 3 (o). Thus every pre nbd of 3 (a) containing an element of 3
(A) different from 3 (a) consequently J(a),e(3(A)) pd, this proves the
necessity part.

Sufficiency

Assuming 3 is not Pl, by Theorem 3.3, 3aeX & pre-nbd V of 3 (a); v pre-
nbd U of a contains at least one-element be U for which 3 (b)¢V

Putting A={beX: 3(b)gV}, then agA, where J(a)eV, & J(a)g I (A),
also 3(a) ¢ (3(A)) pd since 3 (AN (V-3 (a))=J, following J(a)e I (A
pd)-(3 (A)u(3(A))pd) =J.

This is a contradiction to condition no. 5, the condition of the theorem is
therefore sufficient and the theorem is proved.

Theorem 3.8

Assuming 3: X, Y be an IM, then Jis Pl iff 3(APM)<(3(A))P, v AcX
Proof

Necessity

Assuming Jis Pl, AcX, o AP & V be a pre-nbd of 3 (), since Jis PI, then
by theorem 3.3, 3pre-nbd U of a; 3(U)cV

Yo
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But ac A, then 3an element be UNA; b=(a); so every pre—nbd V of 3(a)
contains an element of 3 (A) differing from 3 (a); so 3(@)e(3(a)e( 3 (A))™
Theorem 3.9

Assuming X & Y is TS. If AePO(X) & BePO(Y), then AxBePO(XXxY)
Proof

Similar to the method of proving the corresponding results for the other
cases of generalized OSs.

Theorem 3.10

Assuming 3:X,Y be mapping & g:XxY to be the GM defined as g(y)=(yx,
3(0), vxe X

If g is PI, then f is pre-irresolute

Proof

Assuming yeX & VePO(Y); 3(x)eV, then by theorem 3.9, XxV is a PO
sub-set of XxY containing g(x) and hence by theorem 3.1, 3UePO(X);
yeU & g(U)cXxV, by the definition of g we have 3(U)eV, therefore by
theorem 3.1, 3 is PI.

Remark 3.1

Referring to example (2.1), the mapping J:(X,t) (X,7) is PI, but g:(X,7)
(XxX,tx7) is not, due to A={a,a),(b,a)} is open in XxX & so a is PO, butg
1(A)={b.c} is not PO in X, so g is not PI.

Definition 3.2

A TS X is said to be pre—T; if for each two distinct points y,yeX, 3
A,BePO(X); xeA, yeB & AnB=Y

Remark 3.2

Every T2-space is a pre-T,-space but the opposite does not need to be true
as illustrated by the next example

Example 3.2

Assuming X={a,b,c} & t ={,{a},{b,c} X} be a topology on X, then (X,1)
is a pre — T,- space but it is not a T, —space .

Theorem 3.11

If3:X,Y is a pre-irresolute-injection and Y is pre-T,, then Xis pre-T,
Proof

Assuming y & y be two-distinct points of X, since Jis injective & Y is pre-
T2, 3U, VePO(Y); 3(x)eU, 3(Y)eV & UinU=, then y1e 31(Uy), yoe
31Uy & 371 (U)n 374U,)=@.

SinceJis PI, 371(U;) &3(U ,) are PO-sets in X.

YoV
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Putting V= 31(U1)x3}(U,), then by theorem 3.10, (y1, x2 ) € VePO(XxX)
It is clearly Vn A=, therefore (y1,x2) ¢ pcl and hence A is PC in XxX
Theorem 3.12

If3:X,Yis Pland Y is pre —T,, then the graph G(f) is PC in XxY

Proof

Assuming (x,y) 2 G(3J), then y=3(y)

Since Y is prc-T,, 3U, Ve & UnV=Z

Since Jis pore-irresolute, then by making use of theorem 3.1, 3
WePO(X);xgW &3 (W)cV, then3 (W)nU=J, therefore (x,y)zpcl (G(3
)) & thus G(3) is pre-closed in XxY.
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