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Abstract:

In this paper, we study the definition of soft metric space and fuzzy soft metric space and prove
some properties about them. Also we study the following: We wrote the definition of standard fuzzy soft
metric induced from a soft metric and proved some results about the relation between the properties in soft
metric space and the induced fuzzy soft metric space. We defined fuzzy soft isometry between fuzzy soft
metric spaces and proved some results about it. We defined fuzzy soft bounded in fuzzy soft metric space
and proved some result about it.
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1. Introduction:

In 1965, Zadha [15] defined the concept of fuzzy set. Kramosil [8]in1975, introduced the concept
fuzzy metric space independent by definition of metric space and definition of fuzzy set. The concept of
fuzzy normed space was Introduced by Katsaras [7] In 1984. In 1999, D. Molodtsov [9] introduced soft
set to solve complicated problem in economic, social study, medical science, ect. Maji [10] in 2001, defined
the fuzzy soft set depending on soft set and fuzzy set . In 2013, D.Das and Majumdar [5] introduced the
concept of soft normed space. In 2013,D.Das and Sammanta [4] define the concept of soft metric space. T.
Beaula and Merlin [1] in 2015, define a fuzzy soft normed space. In 2015,T. Beaula and R.Raja [13] define
a fuzzy soft metric space. In this work, we study properties of soft set, fuzzy soft set, soft metric space and
fuzzy soft metric space.

2.Preliminaries
Definition(2.1) [9.10]:
Let X be a universe and E be a set of parameters. Let P(X) denote the power set of X.

A pair (F, E) is called a soft set over X, where F is a mapping given by F: E = P(X).

In other words, a soft set over X is a parameterized family of subsets of the universe X. A soft set (F, E)over
X is said to be null soft set denoted by @, if for all e € E, F(e) = @and said to be an absolute soft set
denoted by X, if foralle € E,F(e) = X.
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Definition (2.2) [3]:

Let R be the set of real numbers , B(R) be the collection of all nonempty bounded subsets of R and E be a
set of parameters. Then a mapping of F : E = B(R) is called a soft real set . It is denoted by (F, E).

If in particular (F, E) is a singleton soft set, then identifying (F, E) with the corresponding soft element,
it will be called a soft real number and denoted by 7, 5, £ etc.

Let R(E)* denoted the set of all non-negative soft real numbers

0,1 are soft real numbers where 6(6) =0, i(e) = 1, for all e € E, respectively.
Definition(2.3) [4]:
Let X be a vector space over a field K and let E be a parameter set. Let (F, E') be a soft set over X. The soft

set (F, E) is said to be a soft vector and denoted by X, if there is exactly one e € E, such that F(e) = {x}
for some x € X and F(e') = @,Ve' € E/{e}.

The set of all soft vectors over X will be denoted by SV(X).

Definition(2.4) [6]

Let X be the absolute soft set. The a mapping ||. ||: SV(X) —» R(E)™ is said to be a soft norm on the soft
vector space X, if ||. ||satisfies the following conditions:

(N1):||%,|| S0v % €X

(N2):||%|| = O iff %, =0

(N3):||@. %, || = |& ||| %, || for all %, € X and for every soft scalar & .

(N4): for all X, 5 € X ,[I%e + Foll < lIZell + 170l

The soft vector X with a soft norm ||. || on X is said to be a soft normed linear space and is denoted by
&, 1111 E) or (&, 1. 1D:

Definition(2.5) [4]:

Let X be an initial universal set and E be anon-empty set of parameters . Let X be the absolute soft set,

Sp ()? ) collection of all soft points of X and R(E)* denoted the set of all non-negative soft real numbers,
we defined soft metric space as follow

A mapping d: Sp()?)x Sp()?)—DR(E)* satisfying for all X, ¥, Z ESp(X)

1) d(%, ¥a) 2 0

2) d(fer;a) =0e Xe = Va

3) d(fer Vo) = d(yw Xe)

4) d(ielzb) < (iel ya) + d~(3~/a'z~b)

Then (X, d) called a soft metric space .

Definition (2.6)

Let (X, d) be a soft metric space, a subset A of X is said to be soft bounded if there exist r, 0 <r <1
such that d(%,,¥,) <1 VX, ,J, € A.

Definition(2.7) :

Let (X,d,) and (¥,d,) be two soft metric spaces, a mapping f: (X,d,) - (¥,d,) is an isometry if

dy(f(fe):f(ya)) = dx(fe' Va)-

3. Fuzzy soft normed space and Fuzzy soft metric space
Definition (3.1)[12]:
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Let * be a binary operation on the set I = [0,1], i.e *: [0,1] X [0,1] — [0,1] is a function, then * is said to
be t-norm (triangular-norm) on the set [ if * satisfies the following axioms :

(1) * is commutative and associative .

(2) ax1=a forall a € [0,1].

(3)ifb,c € I suchthatb < c,then axb <a=xcforall a€l.

In addition, if * is continuous then * is called a continuous t-norm.

The following theorem introduces the characteristics of the t-norm:

Theorem (3.1)[2] :

Let * be a continuous t-norm on the set I = [0,1], then:

(D1x1=1
(2)0x1=0
3)0x0=0

4)axa<aVacel

(5) Ifa<cand b<d,thenaxb <c=xd forall a,b,c,d €.

Definition(3.2) [1]

The 3-tuple ()? ,N ,*) is said to be a fuzzy soft normed linear space (In short, FSNLS) if X be an absolute
soft linear space over the field K, * is a continuous t-norm, R(E)* is the set of all positive soft real numbers,
Sp()?) denote the set of all soft points on X and N is a fuzzy setin X X R(E)*(i.e.N : X x R(E)* = [0,1])
satisfying the following conditions: for all %, , 7, € Sp(X),{,§ S 0andk € K,

(FSN.1)N (%, ,t) > 0,

(FSN.2)N(%, ,t) = 1if and only if %, = 6,, where 8, be a soft zero vector

(FSN.3)N(k.%, ,E) = N (fe ,%)and k0,
(FSN.4)N(%, + J,,t +35) = N(%, ,t) * NJ,,5),
(FSN.5)N(X, ,)is a continuous, non-decreasing function of R(E)* and flim N(x,,t)=1

The triplet (X, N ,*) will be referred to as a fuzzy soft normed linear space.
Definition(3.3) [1]
Let X be an initial universal set and A be anon empty set of parameters. Let X be the absolute fuzzy soft

set , Sp(X) collection of all soft point of X and R(E)* denoted the set of all non-negative soft real numbers,
we defined fuzzy soft metric space using soft point as following

A mapping M: Sp(X) x Sp(X) x R(E)* - [0,1] satisfy the following for all X,,7¥,,Z,€X
D M(&e, o, ) =0

2)MXe, Yo B) =10 X, =7,

3) M(Xe, Y, t) = M (Fo, X, t)

4 M(%,, 2, t+8) = M(%,, V4, t) * M(Jg, Z,,5) forall £,5>0

5)M(%,,V,,-):(0,00) = [0,1] continous.

Then (X, M,*) called fuzzy soft metric space .

Definition(3.4)[1]

Let (X, M,%)be a fuzzy soft metric space and {X,,} be a fuzzy soft sequence in X then

1) A fuzzy soft sequence {X,,}in X is said to be fuzzy soft convergent to %, if for every e >0,
exist k € N such that M (X, X, ) >1—€Vn > k.
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2) A fuzzy soft sequence {x z=in &s said to be fuzzy soft Cauchy if for «r E
G 0 / TET H;PsF °JE R -

3) A fuzzy soft metric space is said to be complete if every fuzzy soft Cauchy sequence is convergent in
)

Definition (3.5)
Let ( E®/ Zbe a fuzzy soft metric space and #be a subset of &
(1) #s said to be fuzzy soft bounded (in short FS-bounded) if there exists PP mnd r O NO ssuch
that / :THEI ;P sFN TR —#
(2) #issaid to be dense in @f forevery T — #&ndforevery NP r ZPP ywe have that $:T AUAP; @
# M j.eevery open ball in ( Y& Egontain a point of #
(3) the closure of #s denoted by #%® % . :#and is defined to be the smallest closed set contain #
(4) #ssaidtobedensein ¥ #¥ B
Definition (3.6) [11]
Let k&E/ Eamd kEE Eave two fuzzy soft metric space. Let B*£\ hnd a7\ ‘be function. Then
:BE is called a fuzzy soft function from &  fand definedby :BE ;*:&%8/ E;\ :EEOE;
Example (3.1)[1]
Let kEA Ebe a fuzzy soft normed space, let /definedby :T &J ;L 0 :T F U &P;then /is a fuzzy
soft metric.
Proof:
Let :: 2 Ebe a fuzzy soft normed space
Define the fuzzy soft metric space by / :T &J #&°; L 0 :T F U APforevery T BJ —OLk¥o
the fuzzy soft metric axioms are satisfied
1) / TRHALO:TFUMBLCT
2) / TERIA;LO0:T FU ;L sifandonlyif T F U L fhence T L U
3) /:TRIE;L 0:T FU
LO:UFT &;
L / :U AT #;
So /:THmB;L /UL P
4) / TR EQPLO:T FV ADP;
LO:TFUEUFVIEDP;
RO:T FU D; U FV &
L /TR B /UK
Hence / :T AP P;R / T K K; / U AN &;
5) since ds continuous then /is continuous .

: /is said to be fuzzy soft metric induced by the fuzzy soft norm k&m0 Eo;
Theorem (3.2):
(1) Let /be a fuzzy soft metric induced by a norm on a fuzzy soft vector 58k¥&dhen:
(i) /T EVE EVE /TR B

(i) / NT AU, L / @ A& A
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(2) Let M be a fuzzy soft metric on a fuzzy soft vector S V()? ) such that
(1) and (ii), then M induced norm on a fuzzy soft vector SV ()? )
Proof:
(1) Let M be a fuzzy soft metric induced by a norm N on a fuzzy soft vector SV (X' ) such that V X,, ¥,,Z, €
erM(fe'yar t) = N(Xe = Ja, f)
(D) M(&e + Zp, Yo + Zb'f) =NE&.+27,—F, + Zb)'f)
=NE&, — Ja t) = M (X, Pao E)
(i) M(F.%,, 7. Y, t) = N(F. X, — 7. Y, 1)
= N(f(fe - ya)r t )

R
=N xe_Ya'm

=M (%o Juis)
(2) suppose that the condition (i) and (ii) holds
Let||.|l: SV(X) - R(E)*
N(%,, D) = M(%, 0,,t) V%, € SV(X), where , be a soft zero vector, We have
(N1) N(%,t) = M(%,,0,,t) = 0 and
N(%,, D) = M(%, 0,,) =1 %, =0,
(N2) N(#.%,, t) = M(7.%,, 8, )
= M(7.%,,7.0,,1)

i
:M<xe,00,m>
B ot
— M\ Fe

(N3) N(%e + 92, t®3) = M(Xe + Jo , —Fa + Ja , EB3)
= M(fe' _ya' E®§)
= M(%, + 0y,0, — 7, t®3)
> M(%, + 0o, 8) * MOy — $,,5)
= N(Ze, 1) * N(— 5, %)
. S
= N(fer £)*N (yar m)
= N(fer E) * N(ya: §)
Proposition (3.1):
Let (X,d) be a soft metric space and let axb=a-b for allab € [0,1] and My(%,, ¥, ) =

TG then (X, My,*) is a fuzzy soft metric space (and it is said to be the standard fuzzy soft metric
eva

space).

Proof:

1) let %, 7, € Sp(X) and £ € R(E)*
Since d(%,,7,) =0
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— >0
1+d(%e,5a)

_tr
1+d(Xe,Va)
So, Md(yce v Vao E) =0

2)let %, , ¥, € Sp(X) 2 X, =7,
= d(fe 'ya) =0

Since My (%, , ¥, t) =

1
1+d(Xe,Ya)

1 1 L e
TrdGogs) 140 1, therefore My (%, ,9,,t) =1
COHVCI‘SGly, let fe ! }7(1 € Sp()?) = Md(fe rya; E) =1

1
1+d(Xe.a)

1 o 5 —
Then m =1=1 +d(xe;37a) =1

Sod(X,,5,) =0
Since d is soft metric = %, = j,
3) Since d(X,,7¥,) is a soft metric = d(X,,¥,) = d(J,, X, )
1
1+d(Xe.Ya)
1 . 1
1+d(Xe.ya)  1+d(FaXe
Then My (X, , Ya, E) = My(Jo, X, E)
4) let %,, 9, 7 € Sp(X)
Since d is a soft metric
Then d(fe 'ya) < d(fée Jfb) + d(zb: ya)

1+ d(fe;ya) < 1+ (d(JNCErZND) + d(ZbI ya))
1 1

1+d(%e Ya) = 1+(d(Xe Zp)+d(Zp,Ya))
So Md(fe ) ya' E) =

Since My (%, , V,,t) =

= Md(fe ) ya' f) =

Since My(X,, V., ) =

Since My (%, , Jz, ) =

So Md(fe ’ ya' E) =

) = Md(ya'je ) f)

1

1+(d(Xe 2p)+d(Zp,Ta))+d(Fe Zp)d(Zp,T )
1

- (1+d(%e 2p))(1+d(Zp,Fa))
1 1

- (1+d(%e .2p)) ¥ (1+d(Zp.52))

= My(%,, Zp, §) * Md(zb! Yar 7)
5) since d(%,, ¥,) is continuous then M (%, ,¥,, £)is continuous.
Proposition(3.2):

Let (X, d) be a soft metric space and (X, My,*) be the standard fuzzy soft metric space and {X,,} be a
sequence in X then {X,,} converge to X, € X in( X, d) if and only if {X,,} converge to %, in (X, M4,*).
Proof:

Suppose that the sequence {%,,} in X converge to %, in (X,d) and € > 0

since {X,,} sequence in X converge to &, in (X, d)

3k €N 3d(X.p,%X.) <€ ,¥Yn >k

Since d(Xop, X,) < €

1+dXep, X)) <14+€
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1
S P—5 PsF
5> :°_ E_; 5>
. ~ 5
Since / T z AT AP; Lﬁ
> Haa. —7

This implies that / :T AT &°; P sF

Hence <Tcenvergesto Tin :£2E E ;

Suppose that <T ; eonverges sequenceto Tin £ & ;
Therefore / T AT #; P sF

. ~ 5
Since / :TE}ET E,Lﬁ

5
— P sF
5> :°_ E_;

5
SE @:Tz AT ;G?"

5 <
@:T 5 AT ;O;" FsO

~

@:TzAT ;0
Then <T, eonverges sequence to Tin :&ER;
Proposition(3.3):
Let : Emabe a soft metric space and / :T U Abge the standard fuzzy soft metric space then <T';isa
Cauchy sequence in : Emif and only if <T zisa Cauchy sequence in ( E¥ E&;
Proof:

Suppose that <T, be a Cauchy sequence in :&f@and P r
since <T'; €auchy sequence in : &£/ ;
thereexist G —0 @:Tz& ;O °"E JA R G
since @:TzA ;O °

SE@:T A ;0 sSE °~
This implies that / Tz AT A;P sF
Hence <Tj€auchy sequencein 2% E ;

Suppose that <T  is Cauchy sequence in :£% & ;

/ TzHA ;P sF
Since / :TzA&T &b; Lﬁ

Then—5 PsF
5> :°_ R ;

SE@:TgAT ;02

@:TzA ;0— FsO °

@:TzA ;0 °

Then <T; €auchy sequence in : EmR;

Proposition(3.4):

Let : Emobe a soft metric space and / :T U &e the standard fuzzy soft metric space, a subset #f
Zis FS-bounded if and only if it is bounded.

Proof:
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Suppose that 4 is a bounded subset in (X, d) and 7 > 0

Since A bounded subset in (X, d)

Then there exist #,0 <#<1 3 d(&,,y,) <# VX, 7, EA
Since d(%,,¥,) < 7

Then 1+ d(%,,7,) <1+ 7+

1 1
—_— > 1—r
1+d(%e,¥a) 1+7

This implies that My (%,, Y5, t) >1—7
So A4 is FS-bounded in ()? , Mg %)
Suppose that A is FS-bounded in (X , M ,*)

Then there exist r,0 <r <1, £t >0 3 My(%,,J,,t) >1—1rVx, j, €A
1

1+d(%e.Ya)
>1—r

Since My (%,, Yo, t) =
1

© TiGEesa)
1+ d(%e, o) < —
d(Fe, o) < ——1<F

d(%e, ¥a) <7

Hence A is bounded subset in (X, d).
Definition(3.7):
Let (X, M,,*) and (Y, M,,*) be two fuzzy soft metric spaces, a soft function f : X — ¥ is said to be
continuous at da, € X , if for every 0<e<1, there exist some 0<d<1 , such
that M,,(f (%,), f(@,),t) > 1 — €, whenever X, € X and M,(%,,d,,t) >1—6.If f is continuous at
every point of X ,then it is said to be continuous on X.
Theorem(3.3):
Let (X, M,,*) and (Y, M,,,*) be two fuzzy soft metric spaces and f be a soft mapping ,then f continuous

at @, if and only if for any sequence {X,,} in Xconverge to @, then the sequence (f(X,,)) converge to

f@)

Proof:

Suppose that f be a continuous function at @, € X and {&,,} sequence in X converge to @,
Leté>0

Since f continuous at d,

=386>0,v%, €X and M, (%,,d,,{) >1-4

So My (f (%), f(@),8) >1—€

Since 6 > 0 and X,,, — a,

Then there exist k € Z* 3 M, (%,,,d,,t) >1—-8 ,vn>k

since %,,, € X,then by above we have My, (f (%en), (@), 0) > 1 —€

3k eZ" 3 M,(f(xen) (@), 1) >1—€,Vn>k

Hence f(%en) = f(a)

& suppose that the condition holds and f is not continuous

3e>0,v6>0,3%, €A > M,(%,,d,,t) >1—5and
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M B:T ;MB:= ;/;0 sF
Let J— <”and L—; Pr

then by above there exist Tz —# /. :Tz%& H;P sF L s F—Z and
/ BTz M:= ;A;0 sF
Tz \ =but B:Tj notconvergeto B:= ;
This contradiction with the condition above
Hence Bs continuous function at =.

Theorem(3.4):

Let #be asubset of a fuzzy soft metric space ( £# E;then = — #fand only if there is a sequence { =5 =
in #suchthat =5 \ =.

Proof:

: suppose that = — #§
Since #3. # ° #
so = —# °#ithen = —#or = —#
If = —#
Let =z, L= °J—0
{ =gsequencein thnd =5 \ =
If = —#& #
Let 0—< B := —é; P ppen ball with center

This implies that $ := —EEE AP ppen set contain
Since = —# : :$@=—IEE1EPAGE#F <= =M |
so there exists =, — $ @= _éza IAGE #
S .
=y —$1=E B L =; —#
<= gz sequence in  #
Let P iy by Archimedean property], G—< :- 0O
Since JPG :— 00 :— O
E E
Since =, —$@=—}§EZEFﬂlen
- s
/ =g B ;P s B

If JPG: /i=zB ;P sF PsE PsF
Hence / :=;E ;P sF then =z \ =

9 suppose that <=z sequencein # =, \ =
To show that = — #%E= —# ° #
If = —#: = —#C#8% = —4#8
If = #
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Let G be an open set in X containing d,

There exist v >0 s.t B(d, ,r,t) € G

Since r>0,d,, — a,

So there exist k € Z* 3 M(G,,, d,,t) >1—1 Vn>k
= d,, € B(a,,r,t) vn>k

Sinced, €A VneZ?*

Then An (B(a,,r,t)/{a,}) # o

since B(d,,r,t) S G = AN ({g}

) * 0
s0 d, € A hence d, € A.
Definition(3.8):

A mapping f from a fuzzy soft metric space (X, M,,*) in to a fuzzy metric space (¥, M,,,*) is a fuzzy soft
isometry (in short FS-isometry ) if My, (f (%), f (J,), 1) = My(%,, 95, t) for all %, 5, € X and £ > 0.

X and Y are said to be FS-isometric if there exists an FS-isometry between them that is onto.
Proposition(3.5):

Let (X, d) be a soft metric space and (X, My,*) be the standard fuzzy soft metric space. Let(¥, d) be another
soft metric space and (¥, N;,*) be the standard fuzzy soft metric space, Let f: X — ¥ be a mapping , then
f is isometry if and only if f is FS-isometry.

Proof:

Suppose that f: X — ¥ be a mapping and f is isometry
SO dy(f(fe)rf(ya)) = Czx(fe: ya) V X, V4 € X

Nd(f(fe)v f(ya); t) = 1+dy(f(;e)zf(37a))

_ 1
 1+dx(Feda)
= Md(fer ya' E)
So Na(f(Xe), f(Fa), ©) = Mg(Xe, Yo, )
Then f is FS-isometry

Conversely, Suppose that f: X — ¥ be a mapping and f is FS-isometry
d Nd(f(fe);f(ya)'f) = My(Xe, Va, £)
(1 = My(Xe, Yo, )

&x(ie: ya) =

Md (fe' ya' E)
3 ~ ~ 1-N (f( ~e)rf( ~a):f))
And - d,(f(%), fG)) = Nd?f(f:),f@:).f)
1—My(%e, Vo, ) 5
= po = d X ) Y/
Md(iev ya' t) x(xe ya)

So Czx(fe' ya) = dy(f(fe)' f(ya))
Then f is isometry.
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