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Abstract :

In this paper we discussed properties extensive set through studied semi group replete in
topological transformation group , and it will given necessary condition for extensive set to be
syndetic set ,so image and inverse image of extensive set also extensive set and introduce new
define of point dynamics be strongly periodic using concept of the extensive set as well as we
introduce that many of new relations and theorem.
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Introduction :

Let X invariant topological group and V topological group , The first has been introduced the
topological transformation group (X, V, ) with compact hausdorff X was Ellis R. and Gottschalk
W.[1]]3].

In this article ,we study extensive set on topological group ,where group be extensive this a
much stronger from group itself and obtain many of properties dynamics . We show relation
extensive set with some topological properties (closure set ,close set , interior set ),and show that
intersection extensive set also extensive set . also we studied strongly periodic and feebly recurrent
in depended on extensive set and invariant neighborhood so show that relation strongly periodic
and feebly recurrent with transitive point , and we studied the image of extensive set under
homomorphism ,.We use symbolm to indication the end.

1.Preliminaries:
In this section we given important concepts that we needed in this work.

Definition (1.1) [ 4]:

A topological group is aset V with two structures:

1. Visagroup

2. V is a topological space

such that the two structures are compatible i.e., the multiplication map f:V XV — V and the
inversion map v: V — V are both continuous.

Definition (1.2) [ 3]:

A right topological transformation group is a triple (X,V,m) where X is a topological space
called the phase space , V is a topological group called the phase group m: X X V = X, n(x,v) = xv
IS a continuous mapping such that :

1. xe = x (x € X),where e is the identity of T
2. xv)w=x(vw) (x€X,v,weV)
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Definition (1.3) [3]:
A semi group S in V is said to be replete provided that S contains some translate of each compact
setinV.

Definition (1.4) [3]:
A subset p of V issaid to be {left}, {right} syndetic in V if and only if there exists a compact
subset k of V suchthat pk =kp =V .

Definition (1.5) [3]:

1.A set Ain V is said to be extensive set provided that A intersects every semi replete group in V
non-empty set.

2. Let (X,V) be a topological transformation group A subset A cX is said to be invariant set if
AV = A.

3. The transformation group (X,V) is said to be transitive at x and the point x is said to be
transitive under (X, V) provided that if U is a neighborhood subset of X ,then there exists
v € V such that xv € U.

Example (1.6):

(Z,+) with topological discrete be a strongly effective topological transformation group and
(2Z,+) semi - group such that 2Z ={...,—2,0,2,4,...}and {0} compact subset of Z there exist
v € Z such that left translation of compact set is contained in 2Z ,it follows that 2Z semi replete

group .

Definition (1.7):
Let (X,V,m) and (H,G,o) be a topological transformation group, and 7: X — H be continuous
,v:V = G be continuous homomorphism then (z,y):(X,V,m) - (H,G,0) is said to be
homomorphism and ((z, t)m)t = ((z)r, (t)y)a.lf for each 7,y onto then homomorphism is said to
be epimorphism .

Definition (1.8):
Let x € X .The replete period of V at x or the replete period of x under V is defined to be the
extensive subset P of V such that xP = x.

Definition (1.9):

Let (X,V,m) be a topological transformation group, and x € X

1. x is said to be strongly periodic point under V or V strongly periodic at x if replete period x
extensive subset of V.

2. topological transformation group(X, V, ) is said to be strongly periodic if V strongly periodic .

Definition (1.10):
Let x € X, is said to be feebly recurrent point if for each invariant neighborhood U of X there
exist extensive subset A of V suchthatxA c U .

2 Extensive set :
In this section ,we introduce properties extensive set .

Theorem (2.1):

Let (X, V) be a topological transformation group , the following statements are valid.

1. if K compact subset of V then K~ compact set of V.

2. if A semireplete group of V then A syndetic setof V.

3. V isextensive set.

Proof (3). Let V group ,it easy find semi replete subset P of V suchthat VNP #@® Then V is
extensive group . m
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Theorem (2.2):

Let (X,V)be a topological transformation group, and V be an abelian.Then the following
statements are equivalent:

1. A extensive set of V

2. A syndetic set of V

Proof: Assume (1) .We prove (2). Let A be a extensive subset of V ,there exist semi replete P of
V such that AN P # @, since intersects be abelian then P ¢ A from (theorem (2.1) number 2)
there exists a compact subset K of V suchthat PK =V so V c AK .1t follows that A syndetic set
of V.

Assume (2) .We prove (1).Let A be a syndetic subset of V , there exists a compact subset K of V
such that AK =V, since V be an abelian then V = KA from (theorem (2.1) number 1) for each
v € V there exist k € K™1,a € A such that vk = a and vK~! c A .Hence A semi replete of V
and A n A # @ ,therefore A extensive setof V .m

Theorem (2.3):

Let (X, V) be a topological transformation group then :

1. If A extensive set, A c B c V, of V then B extensive set of V.

2. If A,B extensive set of V ande € B then A.B , B.A extensive set of V.

Proof : (1) .Let A be a extensive subset of V' there exist semi replete P of V suchthatAnP # @
sothat ANPcBNPcVnPsince VNP #@ from (theorem (2.1) number 3) .it follows that
B extensive setof V. m

Theorem (2.4):

Let (X,V)be a topological transformation group, and V be an abelian Then the following
statements are equivalent:

1. A extensive set of V

2. Ag extensive set of V

Proof: Assume (1) .We prove (2) .Let A extensive set of V ,then there exit semi- replete P of
V such that AnNP # @ so AgnPg + @ for some g € V. It is enough to prove that Pg semi-
replete of V ,by hypothesis we have that compact set M of V such that g,M < P for some g, € V
.since V group then there exist g~ € V such that g;Mgg=' c P and g,Mg c Pg ,since M
compact set of IV continuous transformation of X x V' into X then Mg compact set of V' ,therefore
Pg semi- replete and Ag extensive set of V.

Assume (2) .We prove (1), .Let Ag extensive set of I/ ,then there exit semi- replete P of V
such that Agn P # @ , for each a € A there g € V,p € P such that ag = p, so a =pg~! thus
Ac Pg~',.Itis enough to prove that Pg~! semi- replete of V , by hypothesis we have that
compact set M of V such that g;M < P for some g, € V . Since V then g;Mg~! c Pg~1 since M
compact set of V continuous transformation of X XV into X then Mg~! compact set of V
therefore Pg~1 semi- replete it follows that A extensive setof V. m

Corollary (2. 5):
Let (X, V) be a topological transformation group, and V be an abelian Then A extensive set of V
if and only if g,Ag extensive set of V.

Theorem (2. 6):

Let (X, V) be a topological transformation group, and V be an abelian , A extensive set of V then
P semi replete syndetic .

Proof: Let A extensive set of V ,then there exit semi replete P of ¥V suchthat ANP # @ by
hypothesis there exist compact subset K of V such that AK N PK #= @ , by theorem (2.2 number
(2)),V c PK it follows that P semi replete syndetic m
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Theorem (2.7):

Let (X, V) be a topological transformation group, and A4,B extensive set of V then A X B extensive
setinV xV.

Proof: Let A,B extensive set there exist semi replete P;,P, of V such thatAnP; + @ and
BnNnP,+ @, Itis enough to prove P; X P, semi replete in V x V since P;, P, semi group then
P, x P, semi group in V XV ,since each P;, P,semi replete in V then for each compact subset
K; ,K, of V there exit g;,g, €V  such that g;K; € P, and g,K, c P,,let K compact subset
Ky XK, Thus (91,92)K € (91, 92)K1 X K5 = g1K1 X 2K, C Py X Pytherefore Py X P, semi
replete in V x V for some (g;,92) €V XV , then it obtain A X B € P; X P, and A X B extensive
setinV xV.m

Theorem (2.8):

Let (X,V,m) and (H, G, o) be a topological transformation, y:V — G be
continuous homomorphism Then
1. If A extensive set of V then y(A) extensive set of G.
2. If Aextensive set of G then y~1(A4) extensive set of V.
Proof:
(1) Let A extensive set of V ,then there exit semi- replete P of V such thatAnP # @ and
y(ANnP) cy(A) ny(P) .Itis enough to prove y(P) semi- replete in G, by hypothesis for each
compact subset K of V there exist g € V such that gk < P and y(gK) < y(P) since y be
homomorphism then y(g)y(K) < y(P),since y be continuous function and K be compact set then
y(K) compact subset in G therefore y(P) semi- replete in G then y(A) ny(P) # @ and y(4)
extensive set of G. m

(2) Let A extensive set of G ,then there exit semi- replete P of G suchthatAnP # @ and
Yy 1(AnP) cy1(4) ny~1(P) .Itis enough to prove y~1(P) semi- replete in V, since P semi-
group in G so y~1(P) semi —group in V , assume that K compact subset in V ,then y(K) compact
subset in G there exist n € G such that ny(K) € P and v € V such that y(vK) c P thus vK c
y~1(P) and y~1(P) semi- replete in V ,it follows that y ~1(A) extensive set of V. m

Theorem (2.9):

Let (X, V) be a topological transformation group, then A extensive set of V if and only if A" is
extensive set of V

Proof: : since AN P # @ and P semi- replete of V ,since aP left translation for each a € P
and (aP )" =aP’ implythat (PP )’ = PP’ since PP c P then P°’P°c PP°= (PP ) c P’
and P’ semi — group .assume that K compact open sub set of V there exist g € V such that gK c
P and (gK) = gK < P’ imply that P°semi- replete , (ANP) = A’ NP’ # @ therefore A is
extensive set of V.

Conversely .Let A° be extensive set of VV and A" n P = @ where P semi- replete of V since
AcAand A NPcAnPthenAnP # @and A extensive setof V. m

Theorem (2.10):

Let (X, V) be a topological transformation group, and A extensive set of V then :
1. A isextensive set of V
2. A is closed setof V

(1) .Since A extensive set of V , then there exit semi- replete P of G suchthat AnP # @ and
ANPcA NP.SincePP c P ,PP c P then P semi group

Now prove P by hypothesis for each compact subset K of V there exist g € V such that gk c P
,since P be a subset of a topological space ,then P is the smallest closed set containing P imply
gK c Pitfollows A NP+ @and A isextensive setof V. m
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(2)since A be a subset of a topological space ,then A is the smallest closed set containing A imply
that A ¢ A ,now it want to prove A c A since A extensive set of V there exist semi —replete P of
V such that A c P by theorem ((2.10) number 1) A c P it only proved P closed set _by hypothesis
for each compact subset K of V there exist e € V such that eK c P so that eK c P since K
compact set then eK < P and eK N P < P n P therefore P c P and P closed set

since V abelian group A c A it follows that A closed set of V . m

Theorem (2.11):

Let (X, V) be a topological transformation group, then A extensive set of V if and only if A~1
extensive set of V

Proof: Let VV semi-replete and A NV # @ there exista € A,g™* € V suchthat a = g7, a ! =
g, thena ! e Vthen A1 nV i @ .Then A~1 is extensive set of V. Conversely .Clearly
ANV = @thereexista™* € A71,g e Vsuchthata ™ = g, g7 = a then g=! € A since V be
abelian ANV # @ .Then A is extensive setof V. m

Theorem (2.12):
Let (X, V) be a topological transformation group, if A and B are extensive setsin VV then AN B
IS a extensive setin V

Proof. Let A,B are extensive setsin V then there exist semi- replete P;, P, of V such that A n
P,+@® and BNnP,+ @ ,ssince P;, P, semi groupthen P, NP, Semi- group ,itis enough to
prove P; N P, semi- replete by hypothesis  for each compact subset K; and K, of V there exist
91,92 €V such that g,K; c P, and g,K, c P, .Assume that K compact subset of K; N K, then
(91,92)K € (91,92)(Kin K,) = g,K; n g,K, € P; N P,since K; N K, compact set of V

Then P; N P, semi- replete of V,LetP = (P, N P,)
AnB)N(PLNP,)=An(P,NnP,)NBN(P,NP,)
=(ANP)n(BNP)
*0
It follows that A N B are a extensive setsin V. m

Theorem (2.13):

Let (X, V) be a topological transformation abelian group, A is extensive setsin ¥V and P group —
replete thenV = AP~!

Proof: Clearly P semi group —replete set then for each compact subset K of V th ereexitg € V
such that gk < P and gKV < PV since V syndetic set thengV cV c PV ,V NnA c PV n A since
VNnA#@ then for each v €V there exist a € A,p € P such that pv =a so v=ap™!
therefore V ¢ AP~ foe some P~1 It followsthat V = AP™1. m

3.Strongly periodic point and feebly recurrent point :
In this section study relation strongly periodic with some dynamical points.

Theorem (3.1):

Let (X,V) be a topological transformation group, and x strongly periodic under V then x feebly
recurrent under V

Proof: Assume that N invariant neighborhood of x ,since x strongly periodic under V' then replete
period of X be extensive subset of V such that xP = x since x € N it follows that xP c N and
x feebly recurrent underV . m
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Theorem (3.2):

Let (X, V) be a topological transformation group, and x strongly periodic under V Then:
1. If N neighborhood of x then xV NN #= @

2. If N invariant neighborhood of x then x feebly recurrent under V"

Proof (1) : Assume that N neighborhood of x M be group — replete , since x strongly periodic
under V then replete period of x be extensive subset of V such that xP =x and xPM~! =
xM~1 by theorem (2.13) it obtain xV = xM~1since x € Nthen xV NN # @ .

(2) Assume that M be group — replete , since x strongly periodic under V then replete period of x
be extensive subset of V such that xP =x and xPV =xV by hypothesis xPVM™! =
(xV)M~1 c xV since N neighborhood of x then (xV)V c N so (xV)V? c NV since N invariant
then (x)V3 c N also (x)V* c NV c U .Thus (x)V™ c U foreachintegern > 2. m

Theorem (3.3):

Let (X, V) be a topological transformation group, Then the following statements are equivalent:
1. x feebly recurrent under V

2. x transitive under V

Proof : Assume (1) .We prove (2) .Let x feebly recurrent under V then for each invariant
neighborhood U of X there exist extensive subset A of V such that xA c U . There exist v € A
and A subset of V such that xv € U then x transitive under V.

Assume (2) .We prove (1) .Let x transitive under V then for each neighborhood U of X there
exist v € V such that xv € U so that xVV < U .1t is enough to prove

U invariant set , xVT c UT since V be invariant then x¥V N U < UT n U it follows that UT c U
implies that U < UT therefore U invariant set .From (theorem 2.1 number (3)) . it follows that x
feebly recurrent under VV . m

Remark (3.4) :

Let (X, V) be a topological transformation group , x strongly periodic then x transitive under V.
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