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Abstract:  
          In this paper a new form has been found that gives all natural solutions to the 
hyperbola equation  𝑥ଶ − 𝑑𝑦ଶ = 𝑐ଶ  where  𝑐𝜖𝑁 , 𝑑   is a positive square free 
number. It has been depended of Pell's equation  𝑥ଶ − 𝑑𝑦ଶ = 1  and a continued 
fraction method for a real number √𝑑 . 
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1. Introduction 
   For                                                                     𝑢 = 𝑚ଶ + 𝑛ଶ1 + 𝑚𝑛                                                                    (1) 

where  𝑚, 𝑛 ∈ 𝑍 such that 1 + 𝑚𝑛 ≠ 0, the Diophantine equation has infinitely many real solutions [1]. 
Indeed, when (𝑚, 𝑛) ∈ 𝑍 then Eq. (1) has infinitely many rational solutions. The integer numbers (𝑚, 𝑛) 
sometimes give square positive integer number 𝑢  in Eq. (1). For example, (𝑚, 𝑛)  ∈{(−100,0), (7,0), (0, −50), (1,1)}.  
    For 𝑢 ∈ {2ଶ, 3ଶ, 4ଶ, 5ଶ, 6ଶ, … }, there are infinitely many natural pairs that can be obtained from Eq. (1) 
resulting in the following hyperbola equation                                                                   𝑥ଶ − 𝑑𝑦ଶ = 𝑐ଶ                                                                 (2) 
where 𝑑 is a positive square free integer and 𝑐 ∈ 𝑁. Note that, there are only one natural pair (𝑚, 𝑛) =(1,1) for  𝑢 = 1ଶ .  
We denote by (𝑠௥, 𝑡௥), 𝑟 = 1,2,3, … to the infinitely many natural solutions of Eq. (2) that depends on the 
following equation                                                                       𝑥ଶ − 𝑑𝑦ଶ = 1                                                            (3) 
Which is known as Pell's equation and it was named after John Pell. In the seventeenth century Pell [2] 
searched for integer solution of this type. He was not the first to work on this problem, Fermat [2,3] found 
the smallest solution for 𝑑 up to 150, John Wallis[2] solved Eq. (3) for 𝑑 = 151 or 313. Lagrange[2,3] 
developed the general theory of Pell's equation, based on continued fractions and algebraic manipulations 
with numbers of the form 𝑥 + √𝑑𝑦 in (1766–1769). 
    For Eq. (3), we denote by (𝑥௥, 𝑦௥), 𝑟 = 1,2,3, … to all natural solutions. The first non-trivial fundamental 
solution (𝑥ଵ, 𝑦ଵ) for Eq. (3) can be found using the cyclic method [3], or using the slightly less efficient 
but more regular English method defined in [3,4]. The rest of solutions (𝑥௥, 𝑦௥ ), 𝑟 = 2,3,4, … are easily 
computed from (𝑥ଵ, 𝑦ଵ).  There are another methods to find this fundamental solution, in this paper we 
have used  a continued fraction method for a real number √𝑑  see remark (2.6), (For further details on Pell 
equation see [3,4,5,7]). In theorem (2.9), (𝑥ଵ, 𝑦ଵ) has been used to give the form of finding all the rest 
natural solutions(𝑥௥, 𝑦௥), 𝑟 = 2,3,4, … for Eq.(3). 
 
2. Preliminaries: 
    In this section, the basic definitions, theorems and remarks which will be used in this work have been 
introduced.   
Definition 2.1 [3]: The Diophantine equation is a polynomial equation, usually in two or more 
unknowns, such that only the integer solutions are sought or studied (an integer solution is a solution such 
that all the unknowns take integer values).  
Definition 2.2 [1]: The square-free, or quadrate free integer, is an integer which is divisible by no other 
perfect square than 1. For example, 10 is square-free but 18 is not, as 18 is divisible by 9 =32.  
Definition 2.3 [6]: The quadratic Diophantine equation of the form  𝑥ଶ − 𝑑𝑦ଶ = ±1 is called a Pell's 
equation where d is a positive square free integer. In this paper the Pell equation of the form  𝑥ଶ − 𝑑𝑦ଶ =1 was discussed. 
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Example 2.4:  
i. 𝑥ଶ − 8𝑦ଶ = 1  

ii. 𝑥ଶ − 13𝑦ଶ = 1 
iii. 𝑥ଶ − 13 = −1 

 
    The solutions for equations (i), (ii) are given by (𝑥, 𝑦) = (3,1), (𝑥, 𝑦) = (649,180) respectively, while 
equation (iii) does not have any solution; it is not solvable [6].  
 
Definition 2.5 [6]: The expression of the form a଴ + 1aଵ + 1aଶ + 1aଷ + 1. + 1. + 1. + ⋯

 

where a௜′s are integers, is called the continued fraction expression to any real number denoted by the 
notation [𝑎଴;  𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, … , 2a଴, aଵ, aଶ, aଷ, aସ, … , 2a଴, aଵ, aଶ, aଷ, aସ, …തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത  ].  This expression will be used 
to find the fundamental solution (𝑥ଵ, 𝑦ଵ) for √𝑑 in Eq. (3).  
 
    The following remark has been explained shortly the continued fraction method [2] for finding the 
non-trivial fundamental natural solution (𝑥ଵ, 𝑦ଵ) to Eq. (3). 
 
Remark 2.6: For √𝑑  in Eq. (3) assume that 𝛼଴ = √𝑑 , 𝑎଴ = ⌊𝛼଴⌋ . In general,  𝛼௞ = 𝑎௞ + ଵఈೖశభ ,  𝑎௞ = ⌊𝛼௞⌋  For 𝑘 = 0,1,2,3, …  

We obtain   √𝑑 = [𝑎଴;  𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, … , 2a଴, aଵ, aଶ, aଷ, aସ, … , 2a଴, aଵ, aଶ, aଷ, aସ, …തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത ]         
 
For finding (𝑥ଵ, 𝑦ଵ), only the numbers [𝑎଴; 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, … ] will be used such that  √𝑑 = a଴ + 1aଵ + 1aଶ + 1aଷ + 1aସ + 1. + 1. + 1. +1

= 𝑥ଵ𝑦ଵ  

 
Example 2.7: The continued fraction expression for  √7 = 2 + 11 + 11 + 11 = 83 = 𝑥ଵ𝑦ଵ 

  
where,  √7 = [𝑎଴;  𝑎ଵ, 𝑎ଶ, … , 2a଴, aଵ, aଶ, … , 2a଴, aଵ, aଶ, …തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത ] = [2; 1,1,1,4,2,1,1,1,4, … ] 
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Remark 2.8: A continued fraction is purely periodic with period 𝑚 if the initial block of partial quotients  𝑎଴, 𝑎ଵ, … , 𝑎௠ିଵ repeats infinitely and no block for length less than 𝑚 is repeated, and it is periodic with 
period 𝑚 if it consists of an initial block of length n followed by a repeating block of length 𝑚. Purely 
periodic continued fraction → [a଴; aଵ, … , a୫ିଵതതതതതതതതതതതതതതതതതതത] . Periodic continued fraction →[a଴; aଵ, … , a୲ିଵ, a୲; a୲ାଵ, … , a୲ା୫ିଵതതതതതതതതതതതതതതതതതതതതതതത] 
the length of the period was denoted by 𝑡 . 
 
Theorem 2.9 [6]: If (𝑎, 𝑏) is a solution to 𝑥ଶ − 𝑑𝑦ଶ = 1 where  𝑎 >  1 and 𝑏 ≥  1, then (𝑥, 𝑦) is also a 
solution such that   𝑥 + 𝑦√𝑑 = ൫𝑎 + 𝑏√𝑑൯௝

 
for  𝑗 =  1, 2, 3, 4,… . Similarly, if (𝑐, 𝑘) is a solution for 𝑥ଶ − 𝑑𝑦ଶ = − 1 where  𝑐 >  1 and 𝑘 ≥  1, 
then (𝑥, 𝑦) is also a solution such that   𝑥 + 𝑦√𝑑 = ൫𝑐 + 𝑘√𝑑൯௝

 
for  𝑗 =  1, 3, 5,7, … .      
 
Theorem 2.10 [6]: The equation   𝑥ଶ −  dyଶ =  1  is always solvable and the fundamental solution is (𝐴௞ , 𝐵௞ ) where 𝑘 =  𝑡 or 2𝑡 and 𝐴௞/𝐵௄ is a convergent to √𝑑 . The equation 𝑥ଶ −  dyଶ =  1  is solvable 
if and only if the period length of the continued expansion of √𝑑 is odd. The fundamental solution is (𝐴௞ , 𝐵௞ )  where 𝑘 =  𝑡  or  𝑡 + 1 .  
 

3. The main result 
  

3.1 Finding of the new relation 
    In the following steps, we give a new form that will be used to find all natural solutions (𝑠௥ , 𝑡௥), 𝑟 =1,2,3, … for Eq. (2). 
Step 1: We are looking for a natural solution (𝑥, 𝑦) = (𝑠ଵ , 𝑡ଵ) to Eq. (2). 
Solving the equation     𝑥ଶ − 𝑑𝑦ଶ = 𝑐ଶ  ⇒    𝑥ଶ = 𝑐ଶ + 𝑑𝑦ଶ   ⇒   𝑥 = ∓ඥ𝑐ଶ + 𝑑𝑦ଶ. 
The required natural solution is,  𝑥 = ඥ𝑐ଶ + 𝑑𝑦ଶ                                                             
then (𝑥, 𝑦) = (𝑠ଵ , 𝑡ଵ) such that  𝛾 = 𝑠ଵ + √𝑑𝑡ଵ  ,   𝛿 = 𝑠ଵ − √𝑑𝑡ଵ  𝛾𝛿 = ൫𝑠ଵ + √𝑑𝑡ଵ ൯൫𝑠ଵ − √𝑑𝑡ଵ൯ = 𝑠ଵଶ − 𝑑𝑡ଵଶ = 𝑐ଶ 𝛾 + 𝛿 = ൫𝑠ଵ + √𝑑𝑡ଵ ൯ + ൫𝑠ଵ − √𝑑𝑡ଵ൯ = 2𝑠ଵ 
By this step we have been found one natural solution (𝑠ଵ , 𝑡ଵ) to Eq. (2) such that  𝛾 = 𝑠ଵ + √𝑑𝑡ଵ  
Step 2: In general, assume that all natural solutions of Eq. (2) are (𝑥, 𝑦) = (𝑠௥ , 𝑡௥), 𝑟 = 1,2,3, … , where 𝛾௥ = 𝑠௥ + √𝑑𝑡௥ , 𝛿௥ = 𝑠௥ − √𝑑𝑡௥  𝛾௥ +  𝛿௥ = 𝑠௥ + √𝑑𝑡௥ + 𝑠௥ − √𝑑𝑡௥ = 2𝑠௥ 𝛾௥ 𝛿௥ = ൫𝑠௥ + √𝑑𝑡௥൯൫𝑠௥ − √𝑑𝑡௥൯ = 𝑠௥ଶ − 𝑑𝑡௥ ଶ = 𝑐ଶ                                                                
Step 3: Assume that (𝑥ଵ , 𝑦ଵ) is the fundamental natural solution to Eq. (3), which has been found by 
continued fraction expression for √𝑑  in remark (2.6) such that                   
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𝛼 = 𝑥ଵ + √𝑑𝑦ଵ  ,   𝛽 = 𝑥ଵ − √𝑑𝑦ଵ  𝛼 𝛽 = ൫𝑥ଵ + √𝑑𝑦ଵ൯ ൫𝑥ଵ − √𝑑𝑦ଵ൯ = 𝑥ଵଶ − 𝑑𝑦ଵଶ = 1   
Hereby, we obtain the fundamental natural solution(𝑥ଵ , 𝑦ଵ) for Eq. (3) such that 𝛼 = 𝑥ଵ + √𝑑𝑦ଵ 
Step 4: All natural solutions (𝑥௥ , 𝑦௥), 𝑟 = 1,2,3,4, … for Eq. (3) will be given, as follows:  We have  𝛼 =𝑥ଵ + √𝑑𝑦ଵ, using theorem (2.9) for 𝑖 = 1,2,3, … then                                                         𝛼௜ = (𝑥ଵ + √𝑑𝑦ଵ)௜                                                                               is a natural 
solution for Eq. (3) . 
Step 5: From  Step1 and Step4, we have 𝛾 = 𝑠ଵ + √𝑑𝑡ଵ, and  𝛼௜ = (𝑥ଵ + √𝑑𝑦ଵ)௜ respectively. All natural 
solutions (𝑠௥ , 𝑡௥), 𝑟 = 1,2,3,4, …  to Eq. (2) can be obtained from the following for      𝑠௥ + √𝑑𝑡௥ = 𝛾𝛼௜     𝑤ℎ𝑒𝑟𝑒    𝑖 = 0,1,2,3, …                                         (4)                   
 

3.2 Applying the new form 
In this section we have applied our a new form in  some examples as follows :  

Example 3.3:For find all natural solutions to 𝑥ଶ − 3𝑦ଶ = 4 then    𝑥ଶ − 3𝑦ଶ = 4   ⇒  𝑥 = ඥ𝑐ଶ + 𝑑𝑦ଶ . Here 𝑐ଶ = 4, 𝑑 = 3,  therefore, let  𝑦 = 2  ⇒   𝑥 = 4, resulting (𝑠ଵ , 𝑡ଵ) = (4,2) such that γ = 4 + 2√3.  
We have   𝑥ଶ − 3𝑦ଶ = 1.                                                                               
By Step 4 we have used the continued fraction expression of  √3   to find (𝑥ଵ , 𝑦ଵ): Assume that    𝛼଴ =√𝑑 = √3 = 1.7  𝑎𝑛𝑑   𝑎଴ = ⌊1.7⌋ = 1  𝛼଴ = 𝑎଴ + 1𝛼ଵ   ⇒   √3 = 1 + 1𝛼ଵ   ⇒   𝛼ଵ = 1√3 − 1 

𝛼ଵ = 1√3 − 1 ∗ √3 + 1√3 + 1 = √3 + 12    ⇒   𝑎ଵ = ⌊1.3⌋ = 1 

𝛼ଵ = 𝑎ଵ + 1𝛼ଶ   ⇒   √3 + 12 = 1 + 1𝛼ଶ 

𝛼ଶ = 2√3 − 1 ∗ √3 + 1√3 + 1 = 2൫√3 + 1൯2 = √3 + 1  ⇒   𝑎ଶ = ⌊2.7⌋ = 2 𝛼ଶ = 𝑎ଶ + 1𝛼ଷ   ⇒   √3 + 1 = 2 + 1𝛼ଷ 

𝛼ଷ = 1√3 − 1 = √3 + 12 = 𝛼ଵ   ⇒   𝑎ଷ = ⌊1.3⌋ = 1 

𝛼ଷ = 𝑎ଷ + 1𝛼ସ  ⇒   √3 + 12 = 1 + 1𝛼ସ 

𝛼ସ = 2(√3 + 1)2 = √3 + 1 = 𝛼ଶ   ⇒   𝑎ସ = ⌊2.7⌋ = 2 

And so on then:  1 = 𝑎ଵ = 𝑎ଷ = 𝑎ହ = 𝑎଻ = ⋯ , 2= 𝑎ଶ = 𝑎ସ = 𝑎଺ = ⋯  . Hence √3 = [1; 1,2,1,2, … ].  
The continued fraction expression for  √3 = 1 + ଵଵ = ଶଵ = ௫భ௬భ 
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thus,  (𝑥ଵ, 𝑦ଵ) = (2,1)   ⇒   α = 2 + √3 . 
By Eq. (4)   𝛾𝛼௜ = 𝑠௥ + √3  𝑡௥  where  𝑖 = 0,1,2,3, …, and  𝑟 = 1,2,3, … 𝛾𝛼௜ = ൫4 + 2√3൯൫2 + √3൯௜ = 𝑠௥ + √3  𝑡௥   
For  𝑖 = 0, 𝑟 = 1  ⇒   𝛾𝛼଴ = ൫4 + 2√3൯൫2 + √3൯଴

=𝑠ଵ + √3  𝑡ଵ   4 + 2√3 = 𝑠ଵ + 𝑡ଵ√3   ⇒   (𝑠ଵ, 𝑡ଵ) = (4,2) 

For 𝑖 = 1,  𝑟 = 2     ⇒   𝛾𝛼ଵ = ൫4 + 2√3൯൫2 + √3൯ଵ
= 𝑠ଶ + √3  𝑡ଶ            = 14 + 8√3 = 𝑠ଶ + 𝑡ଶ√3   ⇒   (𝑠ଶ, 𝑡ଶ) = (14,8) 

For  𝑖 = 2, 𝑟 = 3   ⇒    𝛾𝛼ଶ = ൫4 + 2√3൯൫2 + √3൯ଶ = 𝑠ଶ + √3  𝑡ଶ  𝛾𝛼ଶ = ൫4 + 2√3൯൫7 + 4√3൯ = 𝑠ଷ + √3  𝑡ଷ = 52 + 30√3 = 𝑠ଷ + 𝑡ଷ√3   ⇒   (𝑠ଷ, 𝑡ଷ) = (52,30). 
And so on for  𝑖 = 3,4,5,6, … and 𝑟 = 4,5,6, … we will get the rest of all natural solutions (𝑠௥, 𝑡௥). 
Remark 3.3: All  natural pairs (𝑚, 𝑛) such that 𝑢 is a natural square number in Eq. (1) have been found 
by using the new form Eq.(4),  the natural solution to Eq. (1) when 𝑢 = 1ଶ is only the pair (𝑚, 𝑛) =(1,1).  
If 𝑢 = 2ଶ  in Eq. (1), we have  2ଶ = 𝑚ଶ + 𝑛ଶ 1 + 𝑚𝑛  4 + 4𝑚𝑛 = 𝑚ଶ + 𝑛ଶ   ⇒  𝑚ଶ − 4𝑚𝑛 + 𝑛ଶ = 4                                      
Add and subtract 4𝑛ଶ, thus 𝑚ଶ − 4𝑚𝑛 + 4𝑛ଶ − 4𝑛ଶ + 𝑛ଶ = 4  ⇒   (𝑚 − 2𝑛)ଶ − 3𝑛ଶ = 4 
This equation has infinitely many solutions (𝑠௥, 𝑡௥), 𝑟 = 1,2,3, …   
for  𝑟 = 1,2,3, …  then,   𝑚 − 2𝑛 = 𝑠௥ , 𝑎𝑛𝑑   𝑛 = 𝑡௥   so 

                                            𝑠௥ ଶ − 3𝑡௥ ଶ = 4                                                                               
is a hyperbola equation has a same form in Eq.(2).  
 
If 𝑢 = 3ଶ in Eq. (1), thus 3ଶ = 𝑚ଶ + 𝑛ଶ 1 + 𝑚𝑛  9 + 9𝑚𝑛 = 𝑚ଶ + 𝑛ଶ   ⇒   𝑚ଶ − 9𝑚𝑛 + 𝑛ଶ = 9 
By multiplying both sides by 4, then   4𝑚ଶ − 36𝑚𝑛 + 4𝑛ଶ = 36                                          Add and 
subtract  81𝑛ଶ, gives  4𝑚ଶ − 36𝑚𝑛 + 4𝑛ଶ + 81𝑛ଶ − 81𝑛ଶ = 36 (2𝑚)ଶ − 2(2𝑚)(9𝑛) + 81𝑛ଶ − 77𝑛ଶ=36 

(2𝑚 − 9𝑛)ଶ − 77𝑛ଶ = 36 
Then for 𝑟 = 1,2,3, …  we obtain,  2𝑚 − 9𝑛 = 𝑠௥ , 𝑛 = 𝑡௥   such that                                                      𝑠௥ଶ − 77𝑡௥ ଶ = 36                                                                        
is a hyperbola equation has a same form Eq.(2).  
    In order to find all pairs (𝑚, 𝑛) ∈ 𝑁  such that 𝑢 = 2ଶ, 3ଶin Eq. (1), we will use Eq.(4). For 𝑢 =4ଶ, 5ଶ, 6ଶ, …  has the same form of Eq. (2).   
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Conclusion: We give a new form Eq.(4) to find all natural solutions to the hyperbola Eq.(2) using  the Pell 
equation Eq.(3) and continued fraction method . By this  form all  natural pairs (𝑚, 𝑛) such that 𝑢 is a 
natural square number in Eq. (1) have been found.    
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