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Abstract

The main purpose of this paper, is to characterize new admissible classes of
linear operator in terms of seven-parameter Mittag-Leffler function, and discuss
sufficient conditions in order to achieve certain third-order differential subordination
and superordination results. In addition, some linked sandwich theorems involving
these classes had been obtained.
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1. Introduction

The history of differential subordination theory was related to differential inequalities in
real variable concept that involve real-valued technique, due to the requirements to modify
these differential inequalities to its complex analogue. Thence, the notion of differential
subordination for holomorphic functions raised in the monographs of Lindelof [1], Littlewood
[2], and Rogosinski [3]. Since then, hundreds of articles interested to study that concept,
especially second-order differential subordination with their various applications, see [4-10].

*Email: mariam.khodairl103a@sc.uobaghdad.edu.iq

6576


mailto:mariam.khodair1103a@sc.uobaghdad.edu.iq

Rasheed and Majeed Iragi Journal of Science, 2024, Vol. 65, No. 11, pp: 6576- 6588

In 1982, Goldstein et al. [11] assumed a third-order differential subordination involving
geometric aspects and some Miller problems. After that, Punnusamy and Juneja [12] deals
with third-order differential subordination with new specific properties and simple classes.
Thereafter, Antonio and Miller [13] could address a general class linked to third-order
differential subordination that had significant applications for univalent functions and
operators.

Let H be the class of holomorphic functions in the open unit disk U, also let
Hla,n] ={f EH: f(z) = a + apz" + aps 12"+ -} a,a,,; €C(>{I=0,1,..;n€N).
Additionally, the class A denotes the subclass of H consisting of the normalized functions by
the form, [14]:

f(z)_z+zan @, €C(i=2,..,n). (1.1)

For two functions f; and f; belong to H, we say that the function f; subordinate to f, ,
written f; < f, if there exists a schwarz function w, such that f,(z) = f,(w(2)). If £,
univalent, then f; < f, if and only if £;(0) = f,(0) and f;(U) c f,(U). Note that, if f;
subordinate to f;, then £, superordinate to f;, [15].

Let y: C* x U — C and h be univalent in U and p be analytic in U such that p satisfies the
third-order differential subordination

¥ (p(2), 2p(2), 22p(2), 2°(2); 2) < h(2) (1.2)

then p is called a solution of (1.2). The univalent function p is called dominant of the

solutions (1.2) if p < u for all p satisfying (1.2). A dominant i that satisfies g < u for all
dominants u of (1.2) is said to be the best dominant of (1.2), [13].

Analogously, let y:C*xU—->C and h be analytic inU. If p and
1/;(p(z),zp(z),zzﬁ(z),z35(z);z) are univalent in U such that p satisfies the third-order
differential superordination )

h() < ¥ (p(2),2p (@), 2*3(2),2*p(2); 2) (13)
then p is called a solution of (1.3). The univalent function u is called subordinant of the
solutions of the differential subordination if u < p for all p satisfying (1.3). A subordinant j

that satisfies u < fi for all subordinants u of (1.3) is said to be the best subordinant of (1.3),
[13].

In order to apply the idea of this work, we recall the seven-parameter Mittag-Leffler linear
operator M ljlcr 1,f(@): A > Awhich introduced by Rasheed and Majeed [16], as

abc _ abc
Tl l1 T2, lzf(z) T1 /11 Tz /12 (Z) f(Z)

Z (@n (D) ¢ T'(t1+2A)I (75 + 42) @ (14)
b (O)oI'(tyn+A)I(tn+ A)n! '
where f € A given in (1.1) and Tflljlfr 2 (z) is the normalization of the seven-parameter

Mittag-Leffler function E%%¢ 1, (z) proposed by Rasheed and Majeed

Tl,ll,'[z,
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abc CF(T1+11)F(T2+/’LZ) abc
r1)l1rz/12( z) = ab ( T1/11Tzlz( z) — m) (1.5

Moreover, some computations of certain results were essentially connected to those relations:

z2(MEYE 0 f(2)) = (a+ DMELEE, £(2) — aMhe | f(2), (1.6)
and

,b, ’ _ ,b, ,b,
21z (ME o f @) = @+ AWM F(2) = MEYE o f(D). (L)

The central method of this paper, is to assume a sufficient conditions to suggest admissible
classes considering the linear operator M;ll’}f ,2,) () that mentioned above, then investigate
certain third-order differential subordination properties associated with these new classes, and
its dual superordination properties. Further, some sandwich type theorems had been

confirmed due to the collection of subordination and superordination results.

2. Preliminaries
In this portion, we recall the fundamental definitions and results that will be used
throughout this paper:

Definition 2.1: [14] Let A be the set of all functions u(z) that are holomorphic and univalent
on U/E (1), where U = U U dU, with
E(u) = {s € 0U:limu(z)} = oo,
Z—S
such that /i(z) # 0 for s € dU/E (u). Note that, Ag denote the subclass of A where u(0) = g
for g € C.

Definition 2.2: [13] Let Q € C,u €, and n be a positive integer. The class of admissible
functions W,[Q, u] containing those functions :C* x U - C that satisfy the following
admissibility condition:
Y(u,v,w,r;z) & Q
whenever

= u(s), v=ksi(s), Re (% + 1) > kRe (5’2 ) 4 1>

a(s)

r s2i(s)

Re—> sze< - + 1),
v a(s)

where z € U,s € JU/E(u), k = nand n € N/{1}.

and

Definition 2.3: [17] Let Q € C, u € H[a,n] with n € N and ji(z) # 0. The class of

admissible functions W[Q, u(z)] containing those functions y:C* x U — C that satisfy the
following admissibility condition:
Y(u,v,w,r;s) €

= u(s), V= Z/l(z), Re (% + 1) < lRe <Z{1(Z) + 1),

L

whenever

and

6578



Rasheed and Majeed Iragi Journal of Science, 2024, Vol. 65, No. 11, pp: 6576- 6588

r 1 zzﬁ(z)
- < —
Re(v+1) _lzRe< @ )
where z € U,s € 0U,t > nand n € N/{1}.
Theorem 2.4: [13] Let p € H[a,n] withn > 2, and let u € Ag, such that
27
Re <Z ,u(2)> >0, zp(z )
(i(z) fi(s)
Where z € U,s € 0U/E(u)and k = n > 2.
If QCCye W[, pu],andy (p(z),zp(z),z25(z),z35(z);z) € Q, then p(2) < u(2).

Theorem 25: [17] Let Y e¥,[Qul, p€Ag and p € H[a,n]. Suppose that
¢(p(z),zp(z),z25(z),z35(z);z) is univalent in U, such that
27
Re <Z ,,u(z)> S0, zp(z )
n(z) a(s)
where z € U,s € 0U/E(u) and t = n = 2.
Then Q c {1/) (p(z),Zp(z),zzﬁ(z),z3ﬁ(z);Z) 1ZE [U} which implies u(z) < p(2).

3. Third-order differential subordination results
This section, aim to construct new admissible classes in terms of the seven-parameter

Mittag-Leffler linear operator Mg{,bii,rz,/lz f(z) recalled in (1.4), then investigates certain third-
order differential subordination significant properties.

Definition 3.1: Let Q € C, u €. The class of admissible functions ®[, u] containing those
functions ¢: C* x U — C that satisfy the following admissibility condition:

dV1, Y2, V3, Ve 2) € Q
whenever

ksii(s) + au(s)
yi=u(s), v2= @t D

Re <(a +D(a+2)y;— Ra+1D(a+ Dy, + a2y1> > kRe <5fi(s) >
(a+ Dy, —ayy

and
re <<a+1)(a+2)[<a+3)y4—3<a+2)y3+3(a+1)yz—ay1]>Zsz ( 24 (s) )

(a+ Dy, —ar,
where z € U,s € dU/E(u) and k € N/{1}.

Consider a member of the class ®[Q, u] that concurring the linear operator M*%¢ . f(2),

T1, ).1 T2, 2.2
the next theorem establishes certain conditions to get a dominant for that operator.

Theorem 3.2: Let ¢ € ®[Q,u] and u € A,. If f € A such that
< .U( )) $1+/111l;§/12f(z) Mflbszz /sz(Z)
Re
1(s)
and

fi(2)
,b, ,b, ,b, ,b,
{¢ (M'?l,ﬂ.i,fz,lzf(z)' M‘?:_;;,T;Azf(z)'M‘?:_fb‘[;).zf(z)’M‘?;_fl,'f:‘,lzf(z); Z). ze U} c Q’ (32)

, 3.1
- |a+1 G
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then
ME5e (@) < u(@). (3.4)
Proof. Suppose that
T.C'llbl: T2, lzf(z) - p(Z) (3.5)
by virtue of relation (1.6), yields that
ﬁﬂ@ﬂ)— T [26(2) + ap(2)], (3.6)
a+2,b,c _ 27 ’
Mrl./‘ll,rz,lzf(z) = 2laF1 z°p(2) + 2zp(z) + ap(z)], (3.7)
and
1 1 z 3 ,
a+3 b,c _ 37 27 7
Tl)LlTZAZf( ) a+ 3 (a+ 1)(a+ 2) z p(z) + a+ 1 z p(z) + 3Zp(Z) + ap(Z)] (38)
Now, we define
Yi=1, y2=a+1(v+au), y3=a+2[(a+1)w+2v+au],
and
1
= 3 .
Ve (a+3) (a+1)(a+2)r+a+lw+ v+au]

So, the transformation 1: C* x U — C can be define as

YW, v,w,7;2) = $(V1, V2, V3 Va; 2), (3.9)
from relations (3.5) to (3.8), we conclude

¥ (p(2).28(2),2%h(2),2°h(2); 2)

b, +1,b, +2,b, +3,b, .
- ¢( ;_11 1(1; T2, Azf(z)' M'?l,ll,'f;lzf(z)’ M'?l,).l,'l';).zf(z)’ M'lc'll,z.l,'[;,lzf(z)’ Z)' (3'10)
by expression (3.9) we obtain

Y (p(z),Zﬁ(z),zzﬁ(z),z3;§(z); Z) € Q. (3.10)
Note that,
K+1 _ (a+1)(a+2)y; — 2a+1)(a+ 1Dy, + a? yl 3.11)
v (a+ Dy, —ay,
and
r (a+1D(a+2)[(a+3)y,—3(@a+2)y; +3(a+ 1y, —ay]
= ) (3.12)
v (a+ Dy, —ay,
Furthermore,
zp(2)| _ |(a+ DM e 1, f (D) — aM5e L f (@)
) o) <k. (3.13)

Hence, the admissibility condition of ¢ € ®[Q,u] is the same for ¢ that defined in (1.2).
Therefore, and by Theorem 2.4, we obtain p(z) < u(z), thatis M*%¢ . f(z) < u(z).m

T1,41,T2,42

Assume that ( is a proper subset of C, that means there exist a conformal mapping of h(z)
maps U onto Q such that h(U) =. As a direct conclusion of Theorem 3.2, we get the
following theorem.
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Theorem 3.3: Let h(z) be analytic functionin U, ¢ € ®[h,u] and u € A;. If f € A satisfies
the condition (3.1). If

,b, ,b, ,b, ,b,
¢( 51 /1(1: T2, Azf(z)'M‘?:/llp‘f;/lzf(Z)'Mg:/lszgﬂzf(Z)'Mg:/if[;lzf(z); Z) < h(Z), (314)
then

M5 (@) < (@), (3.15)

The above results can be extended for the case that the behavior of the function u(z) on
the boundary of U is unknown, see the following corollaries.

Corollary 3.4: Let Q € C, u(z) be univalent in U with u(0) = 1. Let ¢ € ®[Q, u,] for some
t € (0,1), where u,(z) = u(tz). If

Sﬁt(s)
ke < () ) =0,

a b,c a+1,b,c a+2,b,c a+3,b,c .
¢( 71, 11 T2, Azf( ) T1, ll,Tz,lzf(Z)’ MTl,).l,Tz,).zf(Z)’MTl,).l,Tz,).zf(Z)’ Z) € Q' (3'17)

a+1 b,c
Tl Al T2, lzf(z) Tl Al T2, Azf(z)

.Ut(Z)

1
_— 1
k‘a+1' (316)

and

then for z € U and s € OU\E (u;), we have
ME%e (@) < u(@). (3.18)

a,b,c

Proof. From Theorem 3.2, we obtain M.’} ; f(z) < p.(2z). Hence, we conclude that
#e(z) < p(z).m

Corollary 3.5: Let Q € C, u(z) be univalent in U with u(0) = 1. Let ¢ € ®[Q, ] for some
t € (0,1), where u;(z) = u(tz). If the condition (3.16) satisfied such that

a b,c a+ 1,b,c a+2,b,c a+3,b,c .
d(ME e L@ M f@), M f@), M f(2);2) < h(z), (3.19)

then for z € U and s € dU\E (i), we have Mfll}f e (@ < u(2).
The following part considering the relation (1.7) as an essential tool to achieve another
.. . . b,
class of admissible linear operator that concurring M;%°  ; f(2).
Definition 3.6: Let Q € C,u €. The class of admissible functions ®[Q, u] containing those
functions ¢: C* x U — C that satisfy the following admissibility condition:
¢ (Y1, v2, V3,45 2) € Q

whenever
T1kspi(s) + /11;1(5)
Y1 = u(s), Y2 = =
Re <0(V3 - 2y,)(0—1) +11V1> > kRe ( .U( ) 1)
T4 (Y2 — v1) + 272 1(s)
and
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Re (%5 loo = Do - 2~ oo = 17
' +[oc(c—1)(c+ 21, —1) —304,(c — 2) + 301, — 20]y,

s2/i(s
—[o(o0 — 1) +345(0 — 2) + 31344 — 214] ]/1) > sze< /llg)) + 1,>

where z € U,s € JU\E(u),k e N/{1}and o = 7; + 1;.

Theorem 3.7: Let ¢ € ®[Q,u] and u € A,. If f € A such that

7 Ma,b,c 7) — Ma,b,c 7
Re (S,fl(s)> >0, T1./11.T2./12f( ) , T1./11+1,T2,/12f( ) <k |E|’ (320)
Acs) i(s) o
and
:b: ,b, ,b, ,b, ] ,
{p(MEBe, @M F@ M5 @MY, f(2);2):z € U}
<, (3.21)
then
M5 1 i (2) < (). (3.22)
Proof. Suppose that
ME 1 e f (D) = (@), (3.23)
by virtue of relation (1.7), yields that
1
My v, f () =~ 11282 + p(2)]) (3.24)

hence,
M e f () =

T]_,A]_ bl 1,T2,AZ

1 ;
5o D HEP@ + 10 + A = Dzp(@) + 4k ~ Dp(2)], 3.25)

also,
Mgifi{i—zr‘fzrﬂzf(z)
1
- o(c—1)(o —2)
~ 131 = 2p(@) + 1 ~ D~ Dp(@)]. (3.26)

Now, define the transformation

[ti2%4() + 317 (0 ~ D226(2) + 3021 (02)

1
Yi=u, Y= p (Lu+ 11v),

Y3 [TfW+T1(O'+/11—1)U+/11(/11—1) u],

- olc—1)
and
“o(o- Sca —ylEr +3t (e - Dw + Buki(o - 2) - nGn -2y

+ 414 — DAy — 2)ul.

Va

So, the transformation 1: C* x U — C, can be define as

Y, v,w,1;2) = d(Y1, Y2, V3, Y4 2), (3.27)
From relations (3.23) to (3.26), we conclude

¥ (p(2),2(2),22p(2), 2% (2); 2)

b, b, b, b, :
= ¢(M$11/1:+1»T21/12f(z)’M;lp/lilfz,lzf(z)’Mgpl:—l,fz,lzf(z)'M‘i,ﬂi—zﬁzﬂzf(z)’z)’ (3.28)
by expression (3.27), we have
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¥ (0@, 28(2),2%h(2),2*p(2)z) € Q. (3.29)
Note that,
w o(y. — 2 o—1)+ 12
W= (vs Y2)( ) - 171 (3.30)
v 11 A (Y2 — V1) + 1172
and

r 1 )
23 o(c—1)(0—2)y,—0a(c—1)%;
1
+[0c(c—1)(c+ 21, —1) —304,(c — 2) + 301, — 20]y,

—[o(c—1) +32%3(c — 2) + 3194, — 244]y1. (3.31)
Furthermore,
, ,b, ,b,
Zp(Z) _ O-M'?l,li,'fz,lzf(z) - AlMgl,A:‘l'l,Tz,Azf(Z)
y = y <k (3.32)
a(s) 71 4(S)

Hence, the admissibility condition of ¢ € ®[Q,u] is the same for vy that defined in (1.2).
Therefore, and by Theorem 2.4, we obtain p(z) < u(z), that is M*%¢ f(2) <u(z).m

T1,A1+1,72,4;

Let Q is a proper subset of C, then there exists a conformal mapping h(z) which take
U onto Q, i.e., h(U) = Q. The next theorem is a direct conclusion of Theorem 5.

Theorem 3.8: Let h(z) be analytic function in U,¢ € ®[h,u] and u € A;. If f € A satisfies
the condition (3.20). If

¢(Ma,b,c f(Z),Ma’b'C f(Z),Ma’b'C f(Z),Ma'b'C f(Z); Z) < h(Z), (3_33)

T1,11+1,T2,Az Tl,ll,Tz,lz Tl,ll—l,fz,lz 11,11—2,‘[2,12
then

Mg{,bifﬂ,rz,zzf (2) < u(2). (3.34)

The next corollaries extend Theorem 3.7 and Theorem 3.8, for the case that the behavior of
the function u(z) on the boundary of U is unknown.

Corollary 3.9: Let Q € C, u(z) be univalent in U with u(0) = 1. Let ¢ € ®[Q, u;] for some
t € (0,1), where u,(z) = u(tz). If

7 a,b,c __ yab.c
Re (Slft(s)> >0, [Mridmea O = Mo dyina ) =L 335)
He(s) u:(z) o
and
b, b, b, b, )
¢(M'?1,A:+1,Tz,12f(z)’ M‘L('ll,/’l(i,fz,/’lzf(z)’ M‘L('ll,/’l(i—l,'l'z,lzf(z)'Mgl,A:—Z,Tz,Azf(Z)’ Z) € Q’ (336)
then for z € Uand s € OU\E (i), we have M{:%¢ - f(z) < u(2).

Proof. From Theorem 3.7, we obtain M%P°

T d+1m,0,f (2) < pe(2z). Hence, we conclude that
pe(z) < p(z). m

Corollary 3.10: Let Q < C,u(z) be univalent in U with u(0) = 1. Let ¢ € ®[Q, ;] for
some u.(z) = u(tz). If the condition (3.35) is satisfied such that

,b, ,b, ,b, ,b,
¢(Mgl,l:+1,'fz,lzf(z)' Mgl,li,fz,lzf(z)' Mgl,li—l,'[z,lzf(z)’Mgl,li—z,'fz,lzf(z); Z) < h(Z)' (3'37)
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then for z € U and s € dU/E (u,), we have M*%¢ f(2) < u(2).

T1,A1+11,72,4;

Remark 3.11: If we consider the special case of u(z) = Bz, (B > 0) in Definition 3.1 and
3.6 respectively, we could achieve the following interesting results.

Definition 3.12: Let Q € C and B = 0. The class of admissible functions [Q, B] containing
those functions ¢: C* x U — C that satisfy the following admissibility conditions:

1 1 X 1 1 3
Bz, , 2k , Y X
¢(Za+1(k+a)a+2 a+1+ +a]a+3[(a+2)(a+3) +a+1 + 3k
+a];z)6£ﬂ

where z € U, Re(X),Re(Y) and k € N\{1}.

Corollary 3.13: Let ¢ € ®[Q, B]. If f € A such that

1
b, b,

|M$:/%1,T;;sz(z) - M‘?l,lj,rz,ﬂzf(z)l <k |m| B, (3.38)

and

b, +1,b, +2,b, +3,b, .

¢(M‘?1’Ai"[2’lzf(Z), M‘?l’llﬁ-r;)if(z)’ M'?l,ll,'[;),zf(z)’Mgl’ll’-[;)'zf(z); Z) E Q; (3-39)

then
Mz 2. f (D) — 1] < B. (3.40)

Corollary 3.13: Let ¢ € ®[Q, B]. If the condition (3.38) holds, and
then

|M&%e o f(@ —1] <B. (3.42)
Definition 3.14: Let Q € C and B = 0. The class of admissible functions [Q, B] containing
those functions ¢: C* x U — C that satisfy the following admissibility conditions:

1 1
¢) <BZ,;(11 + le),m [TfX + Tl(ll +0— 1)k

+ 2,4 — 1] [3Y + 313 (0 — X

"o(c —1)(oc—2)
+ (3174,(0 — 2) — 74[37, — 2])k]; Z> g Q
where z € U, Re(X),Re(Y), k e N\{1}and o = 7, + ;.

Corollary 3.15: Let ¢ € ®[Q, B]. If f € A such that
|Ma,b,c £(2) - Mabe f(z)l <k |%| B, (3.43)

T1,A1,T2,Az T1,A1 + 1,T2,/‘12
and
p(MEYE f(2),M*%¢ . f(z),M*%¢ f(z), M*%¢ f(2);z) €Q, (3.44)

T1,2.1+1,T2,2.2 Tl,ll,'[z,lz Tl,ll—l,'fz,/'lz 11,21—2,‘52,/12
then

|M&Pe f(z)—1| <B. (3.45)

Tllll + 1,'[2,12

Corollary 3.16: Let ¢ € ®[Q, B]. If the condition (3.44) holds, and
,b, ,b, ,b, ,b, .
|¢(M'?1,l(;+1,1'2,/12f(z)’ M‘?1,/1i,‘f2,/12f(z)’ M‘L('ll,/‘li—l,'fz,/‘izf(z)’M'?l,li—z,‘fz,lzf(z)’ Z) - 1|
< B, (3.46)
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then
|M&be f(z)—1| <B. (3.47)

T]_,A]_ +1,T2,Az

4. Third-order differential superordination and sandwich results
This section, discuss corresponding third-order differential superordination features

associated with the admissible classes of the linear operator Mg{ﬁ':xz,ﬂz f(2), due to its key
role to establish sandwich theorems.

Definition 4.1: Let Q € C and u € A. The class of admissible functions ®[Q, u] containing

those functions Y: C* x U — C that satisfy the following admissibility condition:
Y(V1, Y2, V3, V4 Z) € Q

whenever

), 2 S F an(s)
Yi=uls), VY2 = ja+ D

Re ((a +D(a+2)y;— Qa+1)(a+ 1y, + a2y1> 1 <S/ft(s) N 1>’

)

< —_Re -
(a+ Dy, —ay, J f(s)

and
re ((a +1)(a+2)[(a+3)ys—3(a+2)ys +3(@+ Dy, - ah]) B ]1 re (S'ulég) s 1>'

(a+ 1y, —ar
where z € U,s € dU/E(p) and j € N/{1}.

Theorem 4.2: Let Y € ®[Q, u], f € A and M?{f’if,rz,zzf(z) € A, such that
Ma+1,b,c f(Z) _ Ma,b,c f(Z)

T1,A1,T2,42 T1,A1,T2,42

fi(s)

1

Re )
a+1

SA(s) -0

ok (3.48)

</l

and
{Y(Ma,b,c f(Z), Ma+1,b,c f(Z), Ma+2,b,c f(Z), Ma+3,b,c f(Z), Z): 7 € [U}, (349)

T1,A1,T2,4; T1,A1,T2,4; T1,A1,T2,4; T1,A1,T2,4;
are univalent. In addition,

Qc {Y(MZPe_, f(2), ME2C, £(2), METPPC L £(2), MEDPC | f(2);2): z € U}, (3.50)

T1A1,T2,42 T1,41,T2,42 T1,A1,T2,42 T1,A1,T2,42
then
b,
u(z) < M;ll,/li,rz,/lzf(z)' (3.51)

Proof. The proof can be obtained in similar way to the proof of Theorem 3.2, with
considering Theorem 2.4 as a basic tool. m

As a direct consequence of Theorem 4.2, the following theorem discuss the case Q =
h(U) for some h(z) that mapping Uconformally onto Q.

Theorem 4.3: Let h(z) be analytic function in U, Y € ®[Q,u],f € A and Mgﬁ:.rz.azf(z) €
A, satisfies the conditions (3.48) and (3.49). In addition,
h(Z) < Y(Ma,b,c f(Z),Ma+1'b'C f(Z), Ma+2,b,c f(Z), Ma+3,b,c f(Z), Z), (352)

T1,41,T2,42 T1,41,T2,42 T1,41,T2,42 T1,41,T2,42
then
,b,
u(z) < Mfl‘lirz’lzf(z). (3.53)
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Definition 4.4: Let Q € C,u €. The class of admissible functions ®[Q, u] containing those
functions Y: C* x U — C that satisfy the following admissibility condition:

YY1, V2, V3, V4:2) € Q

whenever
Ty5(s) + A u(s)
yi=uls), v2= . :
oj
-2 — 1)+ 22 1 si(s
Re (0(V3 v2) (o ) i 1V1> < —_Re( ll( )+ 1>'
11 (Y2 —v1) + 172 ] f(s)
and

1
Re (100~ Do = 2074 - o = 17,
1
+[o(c—1)(c+ A, —1) —30A,(c — 2) + 301, — 20]y,

1 2/
~lo(o = 1) +3(0 ~ 2) + 3122, - zal]yJ) <jRe (sﬂlés(i) ¥ 1),

where z € U,s € 0U/E(u),j € N/{1}and o = 7, + ;.

Theorem 4.5: Let Y € ®[Q, u], f € A and M*%¢ 2,f (@) € Aq such that

T1,11+1,T2
; b, b,
si(s) M2 @ =ML @D
Re=—>2 >0, : < |— , (3.54)
f(s) fa(s) o

and

,b, ,b, ,b, ,b, . .
{Y(Mgl,li'i‘l,'[z,lzf(z), Mgl,).:,'fz,).zf(z)’ Mgl,).:—l,'fz,lzf(z)’ M'lc'll,/’li—z,'fz,/’lzf(z), Z)' Z E [U}(B'SS)
are univalent. In addition,

b, b, b, b, ).
e Y{(Mgb/‘l:‘*'lﬂ'z/‘lzf(z)’ M‘?Ll:»‘fz,lzf(z)’ M‘?L/li—l,‘rzllzf(z)’M‘LC'ILA:—Z,Tz,Azf(Z)' Z)' z
€ [U}, (3.56)
Then
u(z) < M5 f(@). (3.57)

Proof. The proof can be obtained in similar way to the proof of Theorem 3.7, with
considering Theorem 2.5 as a basic tool. m

If we assume Q = h(U) for some h(z) that mapping U conformally onto Q, then the
following theorem obtained directly from Theorem 4.5.

Theorem 4.6: Let h(z) be analytic function in UYe€®[Qu], fEA and
M*Pe f(z) € A, satisfies the conditions (3.54) and (3.55). In addition,

Tlrll + 1,T2,Az

h(z) < Y(M&Pe f@),ME%E o f(2), M&Ye f(2), M*%¢ f(2);2),(3.58)

T1,A1+1,72,4; T1,A1,T2,42 T1,A1-1,72,4; T1,A1-2,T2,4,
then

w(z) < M*%° . f(2). (5.59)

Tl,ll,'[z,lz

The next theorems, establish sandwich results involving the operator Mfl',b;if,rz,az f(z), by

collect Theorem 3.2 and Theorem 4.3, then Theorem 3.7 and Theorem 4.6 respectively
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Theorem 4.7: Let h,(z) and u,(z) are analytic functions in U, h,(z) is univalent in U and
Uy (z) € Ay with  p(0) = pu,(0) =1. Also, let 0 € ®[Q,u]n®[Q,u], fEA and
ME5e 3, f(2) € Ay N AL In addition

T]_,A]_,Tz,

9( “’ﬁffzazf( ), a+zllbrzcazf( ), a+zzlbr§/12f( ), a+flbr§/12f(z)iz)'
are univalent in U. Suppose that the conditions (3.1) and (3.48) are satisfied, also
hl(Z) < G(Ma,b,c }{Zf(z)’Ma+1'b'clzf(z)’Ma+2’b‘cﬂ,2f(z)'Ma+3’b‘c f(Z); Z) < hz (Z),

Tl,ll,fz, Tl,ll,Tz, Tl,ll,Tz, Tl,ll,Tz,z.z
then

m(2) < ME5E o F(2) < ().

Theorem 4.8: Let h,(z) and u,(z) are analytic functions in U, h,(z) is univalent in U and
Uy (z) € Ay with  p(0) = pu,(0) =1. Also, let 0 € ®[Q,u]n®[Q,u], fEA and
M&be Azf(z) € A, N A. In addition

T1,11+1 Ty,

,b, ,b, 3,b, .
G( Al+1 Ty, Azf(Z) Tal A: T2, lzf(Z) Tal A: 1 T2, Azf(z)’ M‘lc'll-f—ﬂl—;,‘fz,lzf(z)’ Z)
are univalent in U. Suppose that the conditions (3.20) and (3.54) are satisfied, also

,b, ,b, +3,b, )
hl (Z) < G)( Al+1 Ty, Azf(Z)’ M'?l,lj,‘fz,lzf(z) Tal A: 1 T2, Azf(z)’ M‘?]_,Al—;,fz,/‘lzf(z)’ Z)
< h2 (Z);
then

w(2) < M2, (D) < ().

5. Conclusion
This article devoted to construct an admissible class of the seven-parameter Mittag-Leffler

operator M?;,”if,rz,azf(z), and assume this class to study third order differential subordination

and subordination. Generally, the results of this paper divided into two main parts, the first
one concerning relation (1.6) as an essential tool in their investigations, and the second part
involving relation (1.7). Each of these two parts establish third order differential
subordination and its corresponding superordination. Further, some new sandwich theorems
are derived by collecting some considering results linked to our mentioned operator

abc
Tl Al To, )sz(z)
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