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Abstract: 
In this paper, we apply double sumudu transform coupled with a numerical method ”a new iterative 
method” to solve some of fractional partial differential equations which cannot be solved by applying 
double Sumudu transform only. Several examples illustrate with plotting their solutions are given. 
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1. Introduction 

Fractional partial differential equations are found to be an effective tool to describe certain physical 
phenomena, such as diffusion processes [1 ], electrical materials properties [2], however, there exist no 
method that yields an exact solution for non-linear fractional partial differential equations. Some different 
and powerful methods for solving fractional partial differential equations have been proposed in order to 
obtain the approximate and numerical solutions. In [3], the authors established the double Laplace 
transform for partial fractional derivatives, and apply this technique to solve initial and boundary fractional 
heat equation. In [4], they investigate the transport equations in fractal porous media by using the fractional 
complex transform method. While in [5], proposed a numerical method that is new iteration method NIM 
to solve linear and non-linear integral and differential equation. 
In this paper, we generalized the  NIM to another  form by coupled the  double Sumudu transform with that 
iterative method ( NDSIM) for obtaining analytical and numerical solutions of some types of fractional 
partial differential equations. The advantage of this method is to enable us to solve more complicated 
problems than in [6] such as space-time non-linear fractional partial differential equations with highly 
accurate to approximate the exact solution, here space fractional derivative means the fractional derivative 
is with respect to the space x, and time fractional derivative means that the derivative is with respect to 
time t. 
 
2. Fundamental properties of Fractional Calculus and Double Sumudu transform (DSTM) 
In this section, we give some important definitions and notations which are needed in our work. 
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2.1 Important Facts of the Fractional Calculus 
Definition 1 [6] The Riemann–Liouville fractional integral of order a for a function f is defined as 

 

 
The linear  operator R-L fractional integral has the following properties: 
 
  
  

 
Definition 2[6] The Caputo fractional derivative of positive order for a function f is defined as 
 

 

 
Some properties of fractional Caputo derivative and fractional R-L integral are: 
 

  

  

  

  

 

 
 
Definition 3 [6] A two parameters Mittag-Leffler function is defined as: 
 

 

 
Lemma 1 A Mittag-Leffler function has an interesting properties [6]: 
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Lemma 2 The Caputo derivatives of Mittag-Leffler are given as [7]: 

  

  

  
 
2.2 Fundamental Facts of the Single and Double Sumudu transform 
 
The following definitions and properties of single and double Sumudu transform are necessary for our 
work. For 
all, we consider Sumudu transform of a function and it’s inverse is exist. 
The following definition is introduced by [8]. 
Definition 4 The Sumudu transform for the exponent order function  is given by 
 

 

And the inverse Sumudu transform of T(u) is defined by: 
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The Sumudu transform of the important function ”Mittag-Leffler function ” is given by 
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In table (2), Sumudu transform for some famous functions are given. 
Definition 5 The double Sumudu transform for the function B :PÆT; is given by [9] 
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We state here some of important properties of double Sumudu transform which are need 
 56 <B:=T;C:> P;=L 6:=Q;):>R; 
 56 <+º B:TÆP;=L Q 6:QÆR; 

Theorem 1 [10] If the double Sumudu transform of the function f (x; t) given by 56 <B :TÆP;L 6:QÆR;, 
then  
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The double Sumudu transform of the partial Caputo fractional derivatives are given in the following 
theorem 
Theorem 2 [9] Let the exponent order function has a continuous partial derivatives on  
and    then: 
  

  

 

 

Where and    

3. The New Double Sumudu transform Iterative Method (NDSTIM) 
To illustrate the basic idea of the NDSTIM for the fractional partial differential equation, we consider the 
following equation 

 
Where    is the is the Caputo fractional derivative operator with respect to   respectively,  is a 
linear operator,  is general non-linear operator and  is a continuous function. 
Applying double Sumudu transform on both sides of Eq.(1), we obtain 

                       (2) 
By simplify Eq.(2), we get 

  

                                                                                                            (3) 
By taking the inverse double Sumudu transform of both sides of Eq. (3), we have 

  

Now, by assuming that 

  

  

  
So, we can rewrite Eq.(3) in the following form 

 
Where  is a known function,  are given linear and non-linear operators of  , respectively 
Solution of equation(5) in the series form is: 
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Thus, since  is linear operator, we get 

 

 
And the non-linear operator N is decomposed as [11] 
 

 
Defining the following recurrence relation 
 

 
 

 
 

 
Then we have 

 

For convergence, we refer to [11] 
 
4. Numerical Examples 
Example 1. Consider the following non-linear fractional Cauchy reaction- diffusion equation: 

                   
(6)  
 
With conditions 

 
 
Solution: 
Operating the double Sumudu transform on both sides of Eq.(6) and applying the property of double 
Sumudu transform for fractional derivatives and by using Theorem (2.2), we get 
 

 
  
By applying the single sumudu transform of the conditions, we have 

    
By simplify, we have 
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Using inverse double Sumudu transform technique, we get 

  

According to the NDSTIM, we obtain 

 

 

 

 
Then by Lemma (2.2) and using properties of Mittag-Lefler function, it is obvious that    and    

,   therefore , and iteration formula of NDSIM reads 
 

 
 

 
Thus, the solution of Eq. (6) is given by 

 
Note that this solution is exact solution in this case. 
Table 1 showing the absolutely error of exact solution and 10th order approximate solutions for various 
values of  . 
Figure 1 show the plot of exact solution and 10-th order approximate of some solutions for Eq.(6). 

Table 1 Absolutely Error of 10-th order approach solutions for Eq.(6) 
             |Error| 

  
(0.3, 0.1) 1.4918246976 1. 49182469764 3  
(0.6, 0.2) 2. 2255409285 2. 2255409285 9.507  
(0.4, 0.8) 3. 3201169227 3. 3201169193 3. 4383352825  
(0.9, 0.9) 6. 0496474644 6. 0496474435 2.08939575638  
      

(0.3, 0.1) 1.8024905441 1.8024905441 1.06378  
(0.6, 0.2) 3.0505558344 3.0505558344 7.1743864  
(0.4, 0.8) 4.6306328568 4.6306316430 1.2137436787  
(0.9, 0.9) 9.6056869664 9.6056804816 6.4848  
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Figure 1-Exact solution and 10-th order approach solutions for Eq.(6) 

 
Example 2 - Consider the following nonlinear parabolic-hyperbolic differential equation 

 
 
With conditions 

 
 
Solution: 
Single Sumudu transformation of the conditions yields: 

 

And double Sumudu transformation of the integer order partial derivatives are: 

 

 

Then, operating double Sumudu transform of (7) we obtain: 

  

By simplify, we have: 
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Taking inverse double Sumudu transformation, we get: 

  
Consequently, NDSIM reads 

  
  

  
 
Since we know that   then by iteration formula 

    we have 

  

  
  

  
So,         
And in this case, we obtain the exact solution for Eq. (7). 
 
Example 3 Consider the following non-linear fractional differential equation 

 

 
With the conditions 

 
 
Solution 
Operating double Sumudu transform of Eq.(8), we have: 

   where    
 

Inverse double Sumudu transform, yields 

 

NDSIM, reads 

 

 
 

  



JJournal of Education for Pure Science- University of Thi-Qar 
Vol.9, No.2 (June, 2019) 

Website: jceps.utq.edu.iq                                                                                                     Email: jceps@eps.utq.edu.iq 

 

 
 

166 

  

  

  

Where   

By iteration formula 
  

One can obtained another terms to approximate the exact solution  when after 
cancelling the noise terms.       

In Figures 2, 3, we plot the exact solution of equation (8) and the four approximate solutions for fixed 
value of   and various values of .

 
Figure 2 The exact solution and the numerical solutions for equation (8) obtained by  the NDSIM  with 

 for  various values of . 
 

 
Figure 3 The exact solution and the numerical solutions for equation (8) obtained by the NDSIM  with 

0.7  for  various values of . 
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Example 4 Consider the one-dimensional linear inhomogeneous fractional Klein-Gordon equation 
 

With the conditions 
 

Solution 
Single Sumudu transform of the initial conditions are: 

 
Operating double Sumudu transform for Eq.(9) 

  
  

Taking inverse double Sumudu transform  
 

   

 
According NDSIM, we have 

  

  
  

  

  

  
  

  

By the same manipulation, we have: 

  

  

  

After cancelling the noise terms, we get the approximate solution of equation (9) when  as 

  

  
So, one can obtain the exact solution as 

  
In Figures 4, 5 , we plot the exact solution of equation (9) and some of numerical solutions obtained by 
the NDSIM. As we see from Figures , the numerical solutions obtained by NDSIM are in good agreement 
with the exact solution as the values of n increased. 
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Figure 4 The exact solution and the numerical solutions for equation (9) obtained by the NDSIM  

with   for  various values of . 

 
 

Figure 5 The exact solution and the numerical solutions for equation (9) obtained by the NDSIM  
with   for  various values of . 

 
Example 5 Consider the one-dimensional linear inhomogeneous fractional equation 

 

 
With condition  
 
Solution 
Operating double Sumudu transform for Eq.(10), we get 
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Taking inverse double Sumudu transform for the last equation, we have 

  

So, according to NDSIM, we have 

  

  

  

  

  

  

  

  

By cancelling the noise terms, we get the exact solution as      . 
Figures 6, 7 show the exact solution for equation (10) and some of approximate solutions obtained by the  

 

NDSIM  
 

Figure 6 The exact solution and the numerical solutions for equation (10) obtained by the NDSIM  with 
 1 for  various values of . 
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Figure 7 The exact solution and the numerical solutions for equation (10) obtained by the NDSIM  with 

  for  various values of . 
 

Table 2 Sumudu transform for some specieal functions 
        

        1             1     

    

    

  
  

 
5. Conclusion 
Double Sumudu transform method has been known as a powerful tool for solving many fractional partial 
differential equations, integral equations and so many other equations. In this paper, we have presented a 
new method, that is coupled the double Sumudu transform with a numerical iteration for solving some of 
fractional partial differential equations such as (linear, non-linear) parabolic-hyperbolic fractional 
equations, non-linear fractional Cauchy reaction-diffusion equation. 
All of the examples show that the numerical solutions obtained by NDSIM are in good agreement with the 
exact solution as the values of n iterative are increased. Also, when the initial and boundary conditions are 
compatible with the assuming problem, the NDSIM gives the exact solution directly. We are plotting the 
solutions by help of Matlab and Mathcad programs. 
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