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A MODEL FOR GROUNDWATER MOTION IN 3D RANDOM
HYDROGEOLOGIC HETEROGENEOUS MEDIA *
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Abstract:

A mathematical model for groundwater motion in three dimension hydrogeologic
heterogeneous media at Al Hawija Area (4222km’in extent) is developed. The theory of
superposition is applied at the media and the results are verified using a theoretical
background of Darcey’s Law and Theis Equation for the confined and unconfined
aquifers at the area. Under the highlight of the current conceptualization study, the
resulted superimposed drawdown variation of theoretical and numerical solutions shows
a good identity at the beginning of pumping up to 2500 days and acceptable identity in
variation beyond these periods for the unconfined aquifer. Whereas the variation of
drawdown with time for both theoretical and numerical solution shows an acceptable
coincidence before one year and the two solutions begin to deviate with time beyond that
under the effect the existing hydraulic boundaries for the confined aquifer.
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Introduction:

A long term background of superposition method is developed in various aspects of
science. Sink and source in fluids and gases, heat, earthquake, contamination, sonic,
ultrasonic, acoustic, elastic, optics, and electromagnatism, etc... Waves, cause superimposed
effects in both homogenous and heterogeneous media.

In the current study, the simultaneous numerical and analytical solutions are adapted to
treats the phenomena mathematically in heterogeneous media.

[1] generalized an earthquake-wave-motion model, which considers 3D random
heterogeneous media, together with existing models for sources and realistic geological
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profiles for sedimentary basins and irregular topography. The model can be used not only to
examine the influences of heterogeneous media, but also to explore the multiple interactions
of source, site (irregularity and/or heterogeneity), and wave interference on spatial variations
of ground motion.

[2] adapted the superposition theory in shear stress distribution of axial tension plates.
Results are shown for one quarter of the plate cross section in the xy plane. The lines of
symmetry are at the bottom and on the right hand side of the cross section. The uniform
tension load is applied normal to the xy plane. The zoomed area of shear stress distribution in
the close vicinity to the free edge is also shown. Results of the classical step-by-step
procedure based on the homogenization theory are compared to the reference solution where
the size of finite elements is of the same order of magnitude as that of material heterogeneity.
It can be seen that a classical step-by-step procedure predicts accurate shear stress distribution
except for the close vicinity to the free edge, where it significantly underestimates maximum
stress values, and along the entire interface between the two dissimilar layers.

[3] reviewed recent results on the Eulerian Computation of high frequency waves in
heterogeneous media to cover three recent methods: the moment, the level set, and the
computational methods for interface problems in high frequency waves. These approaches are
all based on high frequency asymptotic limits.

[4] investigated the performance of diffuse optical tomography to image highly
heterogeneous media, such as breast tissue, as a function of background heterogeneity. To
model the background heterogeneity, the functional information derived from Gadolinium-
enhanced magnetic resonance images of the breast has been employed. Overall image quality
and quantification accuracy worsens as the background heterogeneity is increased.

In this analysis a numerical solution based on a finite difference method is adapted and a
theoretical solution depending on Darcey’s law and Theis Equation is used for comparison
purposes.

Purpose of the Study:

The purpose of the current study is to develop the method of superposition in a
hydrogeologic heterogeneous media using a numerical and theoretical background.
Description of the Problem:

It is suggested that a natural hydrogeologic regime of Al Hawija Basin with natural
hydrogeologic properties is used as a pattern of the study in this analysis rather than assumed
one. The covered area is about 4222km” as shown in Fig.(1). Actually the figure presents
natural and essential boundaries that are perfect for the modeling process.
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Fig.(1) The Boundary of the Modeled Area and Domain Descretization

Development of a Numerical Model:

Several programs have been written for aquifer simulation by a mathematical model,
using a finite difference approach. It was preferred to use one of them instead of writing a
new one. The program of [5] has been modified and used. It is chosen because of its
flexibility for modification. The derivation of finite difference equation is based on the mass
conservation principle and Darcy’s Law. A detailed derivation of the finite differences
equations and convergence test for errors study are found in the [5]. In general, the model is
designed to remedy the instantaneous irregularity and heterogeneity of hydrogeologic media.
For more information about modeling technique, data evaluation, and model calibration, [6]
presents a brief methodology

Simulation Technique:

Discretization of the Domain

The first step in modeling job is to discrete the domain by superimposing a mesh of finite
difference grid over the map of the area. The size of mesh or in other words the number of
rows and columns that is to be adapted depends on the required accuracy. However uniform
spacing of 1mesh per 1km is specified in the present work because the area is relatively large
as shown in Fig. (1).

Theoretical Background:
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In transient groundwater flow regime, [7] derive the basic famous equation in unsteady
flow at the vicinity of a pumping well which is written in the following simple form:

r’s

U=— R |
4t

5 4}??“{_1:,}

Where: 1 is the interested distance from the production well, S is storage coefficient, t is the
time since pumping starts, s is the drawdown, Q is the production capacity, T is the average
transmissivity at the vicinity of the production well, and w(u) is the well function.

So the drawdown in any point around the production well in the vicinity of the cone of
depression can be obtained immediately if the previous parameters are known.

The Current Hypothetical Assumptions in Heterogeneous Aquifers:

a) Primary Assumptions
In this mathematical model, it is assumed that there are:
1- Many production wells with continuous pumping and constant productions of 50{/s.
2- Equidistance of 1km apart (center to center) between each two consecutive wells in
both X & Y coordinates.

b) Secondary Assumptions

To find the drawdown at the point of interest in the vicinity of the production wells shown
in Fig.(2), a theoretical solution of Theis could be done for the purpose of verification with
the numerical solution with some limitations; these are:

1- The resulting drawdown at the point of interest is produced by the cones of depression
of production wells overlapped or superimposed over it.

2- The hydrogeologic parameters (transmissivity & specific yield or storage coefficient)
of a certain mesh where the production well is located are specified for analytical
solution of the drawdown.

3- If the point of interest is located at the center of a production well, the corresponding
drawdown should be considered in the analytical solution of the drawdown.

Some Definitions:

The point of interest: It is a point at which the drawdown of groundwater scheme is
required theoretically and numerically.

Theoretical Solution: It is an analytical solution by Laplas’s Equation in 3Dgroundwater
flow and Theis Equation.

Production Wells : Represent all wells have continuous discharge during certain
pumping interval.

Effective Wells : All wells around the point of interest have cones of depression
which are overlapped over.
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O Ineffective Well

‘ Effective Well

< The point of interest

of Depression of a Single Well

Fig (2) shows the Cones of Depression of the Effective Wells Overlapped over the Point of Interest

Methodology of the Work:

The purpose of this analysis begins with a selection of a specimen model; this may or
may not be a true simulated area. Al Hawija Basin is selected to be as an interesting modeled
area for the availability of the necessary data. In general, the model information is overset as
follows:

Input Data Files

[6] indicated the requested data files to be prepared and lunched in the modeling
process.

a) Boundary Conditions

The hydraulic heads and water levels at the all of natural rivers, streams, bonds and
reservoirs are measured by the author (2005) and fixed in the model as boundary conditions
in the model.

b) Recharge (or Constant Head) Boundary Condition

A recharge boundary is defined as a boundary along which groundwater head is fixed.
This type of boundaries is handled in the simulation by setting the storage factor of the nodes
along the position of the recharge boundary equal to extremely large values. A typical value
of 10°° m” storage factor is use in this simulation. A natural recharge value of 1.29 cm/year
(Iraqi Metrological Organization, 2003) is assigned for each nodal point inside the modeled
area.
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¢) Calibration of the Model
[8] presents a brief explanation on how the model should be calibrated and adjusted
before any environmental application.

Simulation of the Unconfined Aquifer:

a) Properties of the Unconfined Aquifer (Aquifer Coefficients)

In the absence of hydrogeologic data in an area, many methods may be used to
estimate aquifer coefficients like, geoelectric methods outlined by [9]. These methods appear
to be capable of providing a relatively rapid mean of assessing the variation in aquifer
properties such as the specific yield, [9].

Specific yield and transmissivity are unknown parameters; since no pumping tests
have been conducted in the study area for the unconfined aquifer, it becomes necessary to
assume approximate and reasonable values for the aquifer coefficients, and then carry out any
necessary adjustments on the bases of the results of the model calibration. [10] presented a
value of (0.2) for the specific yield of rocks similar to those characteristics of the unconfined
aquifer (fine-grained, silt, clay, and sandstone). This value is specified for each nodal point in
the model.

The hydraulic conductivity values are assigned for each nodal point within the model
area. These values have been estimated on the bases of the data of existing production wells.
The assumed values were extrapolated over all the area of the model. The approximated
values are adjusted through the steady calibration of the model.

b) Recharge of the Unconfined Aquifer
A recharge value of 1.29 cm/year, which is equal to 3.2% of the total annual rainfall,
is used for the infiltration rate as remembered before. This value was specified for each nodal
point within the modeled area (4222km?). Several attempts have been conducted for the
calibration of the recharge values through the calibration of the model.

¢) Bottom Levels
The bottom level of the unconfined aquifer is determined, from the stratigraphy
(lithological well logs) of 56 existing wells of table (1). These levels are extrapolated over the
nodal points of the modeled area.

Table (A-1) Existing Production Wells Data

Well. No Li):lg'lt'l,lde L?tl'h::ie

435922 34 5919
43 5730 34 5745
43 5531 34 58 59
43 55 00 34 58 04
43 5150 34 5845
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435417 350100
43 58 45 351245
441752 352505
435045 350329
43 50 00 3505 00
43 46 27 350530
434212 350136
43 40 45 3506 40
433715 350612
433612 350630
43 3530 3506 10
43 39 00 3509 00
43 5728 3508 00
4401 14 350213
44 07 52 352515
44 00 00 350100
4401 10 3504 00
44 03 30 350515
4414 15 350559
44 00 53 350713
4403 18 350852
44 05 54 3508 54
4419 28 351158
44 02 00 3513 00
4402 10 351330
44 01 51 351423
44 04 23 351415
44 08 00 3514 00
44 14 58 352055
44 08 42 352023
441120 351835
44 11 00 3518 00
4419 50 351811
44 08 30 351730
4413 06 351759
44 02 36 352142
44 00 56 352052
44 00 26 352015
44 07 00 3519 00
44 05 50 3519 04
44 05 00 352000
44 04 10 351914
44 03 45 351825
44 02 00 3518 00
44 06 05 3518 00
44 05 50 3516 00
44 03 30 351545
43 58 20 3513 00
43 5730 3519 00
435712 351930
43 54 00 351903
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After [11]

d) Model Calibration
The flowchart of Fig.(3) shows the step by step program operation of the mathematical
model. After the program has been run for long period, the predicted static water levels are
obtained and show a relatively acceptable similarity with the measured water levels which are
shown in Fig (4).
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e) Prediction of Aquifer Response to Pumping Effects

The Fig.(3) Modified Simulation Flow[csliart of Water Table Aquifer, after ial head values for
computatic nping rate of 4320
m’/day (50€/s) from a hypothetical well is introduced in a representative location of Fig (5).
The superposition effects of all wells around the vicinity of the pumping well were considered
according to the concept of Fig.(2) in the modeling process theoretically and numerically. The
program was run for a simulated period of 10000 days. The resulting drawdown contour map
is also shown in Fig. (5).
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Predicted W.L
Natural W.L

Fig.(5) Drawdown Values(in meters) Contour Map as a Result of Pumping 50 L/s
Production Rate for a Period of 27 Years for a Signifying Well Location

f) Discussion and Comparisons

The predicted drawdown which is shown in the contour map of Fig (5) and the
comparison of the distance-drawdown curves between Theis and the numerical solutions of
Fig (6) was found to be 4.08m in the pumping well site after 10000days of continuous
withdrawal rate of 4320 m3/day (50 €/s). Figs. (7, 8, and 9) show the comparison between the
theoretical and predicted time-drawdown curves for a period of 10000days for the same
abstraction well with the same discharging rate. The theoretical and predicted drawdown
values seem closely coincident. Few differences between the predicted and measured values
are observed and attributed to the given assumptions and approximations.
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Simulation of the Confined Aquifer:

The same basic conceptual methodology of superposition remembered previously is
also applied to the media of the confined aquifer. Fig.(10) presents the modified basic
confined aquifer simulation flowchart.

A 4

Compute B and G
> arrays

A 4

Compute heads for

row
Read input data files and set new O TE T T
» time step
Ll
¢ v
All rows
Predict heads for next time No i' processed
¢ - Yes
Set sum of changes in
»
Ll
Convergence achieved?

v

Compute B and G
arrays Yes

A 4

A 4

Compute heads for
column

PRSSR: S I I v

All time
\ 4 No < increments
All columns processed?

d
processe Yes ¢

Store in the output data files

Fig.(10) Modified Basic Confined Aquifer Simulation Flowchart, after [5]

Simulation technique of the confined aquifer has few differences which needs data of
the hydrogeologic structures, aquifer boundaries, natural ground flow regime, recharge and
discharge boundaries, and hydrogeologic properties of the aquifer.

11



AL- Taqani ,Vol .24, No. 3 ,3011

Simulation Technique:

1- Hydrogeologic Aquifer Properties
Since the preceding pumping tests were carried out at the area without observation
wells, then the available methods of analysis to find the aquifer coefficients cannot be used to
estimate the storage coefficient (or specific yield for unconfined aquifer). A value of the
storage coefficient for confined aquifer was selected to be .0001. For the nodes in the recharge
areas where unconfined conditions exist, a value of 0.2 for the specific yield is assumed.

2- Initial Hydraulic Heads
Although any initial hydraulic head may be assumed, an initial hydraulic head of
360m is assigned (assumed according to natural hydraulic system of the area) to each nodal
point within the modeled area in the initial head file. The nodes of the recharge areas were
given measured head values which were fixed by assigning a high storage factor value. All
the required data were prepared and stored in the appropriate input data files.

3- Model Verification
The predicted and natural hydraulic heads are found closely similar. They are falling
in the range of (160-320) m.a.s.l. Fig. (11) shows the match between the natural and predicted
hydraulic heads.

Measured Hydraulic Heads

80

Predicted Hydraulic Heads

70

60

50

40-|

30

20+

10+

\ 1 \ T T T T 1 \
10 20 30 40 50 60 70 80 90 100

Fig.(11) Comparison between the Measured & Predicted Hydraulic HeadsUsing the Mathematical Model of
the Confined Aquifer in (m) a.s.l

4- Prediction of Aquifer Responses to Pumping Effects

After the mathematical model has been verified, a pumping rate of 50 {/sec was
assumed for the sake of comparison between model prediction and Theis Formula, the

12
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program was run for a long period (10000 days). The resulting drawdown values of the model
are shown in Fig. (12). The results obtained by the two techniques (numerical & analytical)
show a close similarity in the drawdown values. Figs. (13 to 17) show the comparison of the
distance-drawdown curves between the Theis and numerical solutions at different periods.
Time drawdown curves of the process are represented in Figs.(18 to 21)

i

N ]
o 5 1o 13 Zokm

80

7 Q=50L/sec

50-1 _ B

30+ -

20 } =

I -~ T T [ I I
10 20 30 40 50 60 70 80 90 100

Fig (12) Drawdown Values of the Confined Aquifer as a Result of 50 I/sec
Withdrawal Rate at a Production Well after 10000 days
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Fig.(13) Comparison of the Distance-Drawdown Curves between Theis & the
Numerical Solutions for an Abstraction well of S0L/sec Continuous
Withdrawal Rate after 20days
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Fig.(17) Comparison of the Distance-Drawdown Curves between Theis & the
Mumerical Solutions for an Abstraction well of 50L/sec Continuous Withdrawal Rate
after 10000days

Discussion of the Results:

Figures (13 to 17) show a comparison of drawdown variation with time as obtained by
Theis solution and those obtained numerically. A relatively good coincidence between the
time-drawdown curves of the analytical and that of the model at the early period of pumping
is obtained. However, it starts departing after 2500 days since pumping started as shown in
Fig (18). This deviation in the drawdown values may be attributed to the effect of the recharge
areas of the confined aquifer at Bteawa Mountain Recharge Area which is located at a
distance of 28km to the north of the abstraction well. This effect has been taken into account
through the calculations of the numerical model but it is not considered through Theis
solution. After the model have been run with a withdrawal rate of 50 I/sec for a period of
150days, the resulting drawdown of (.84m) is produced at the recharge boundary of Bteawa
Mountain. The induced drawdown value at the recharge boundary produces this departure in
the drawdown values between the theoretical and numerical solutions.

2.80
2.60 -
240 e P
220 = T
E2% = g N
£ 1.80
£ e M
T 140
© 1.20
9 1.00
0.80
060 4 —e— Theoretical |
040 A H
0.20 —&— Predicted
0.00 r -
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time, Day
Fig (18) Comparison between the Theoretical & Numerical Time-
Drawdown Curves at Distance of 1kin from the Abstraction Well
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Conclusion:

The study of superposition in heterogeneous hydrogeologic media shows a good
coincidence between the time and distance drawdown curves of theoretical (Theis) and

numerical solutions for both the confined and unconfined aquifers.
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Recommendations:

I- It is recommended to use this new technology of superposition theory in
hydrogeologic heterogeneous media wherever and whatever it is encountered.

2- It 1s recommended to extend this analysis to comprise the allowable limit of errors
and acceptable fitting of the numerical and theoretical output data.
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List of Symbols
Symbol Definition Dimension

U Theis Factor
r Distance from pumping well L
S Storage coefficient -
t Time T
] Drawdown L
T Transmissivity LT

W(u) Well Function of Theis L
Q Discharge LT
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