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Abstract: 
    This paper is devoted to construct the Orlik-Solomon algebra of a hypersolvable  r -arrangement by 

using the hypersolvable partition analogue. We used the hypersolvable ordering which preserves the 
hypersolvable structure to define the NBC-basis of the Orlik-Solomon algebra and we embedded it in the 
partition module as a free graded submodule. We used this ordering also to prove that a hypersolvable 
arrangement is quadratic if, and only if, it's fiber-type. As a generalization of a result of Jambu and 
Papadima, we gave the quadratic Orlik-Solomon algebra a structure isomorphic to a partition module and we 
used this isomorphism to produce a comparison between the Orlik-Solomon algebra and the quadratic Orlik-
Solomon algebra as free modules with many applications.  

 

Key words:Hyperplane arrangements, hypersolvable arrangements, the exterior algebra, the 
Orlik-Solomon algebra and the quadratic Orlik-Solomon algebra. 

 

Introduction: 
Let },,{ 1 nHHA K=  be a complex hyperplane r

-arrangement, with complement U
n

i i
r HCAM

1
/)(

=
= . 

The cohomology ring for the complement )(AM  
with arbitrary constant coefficients was given by 
Arnold [2], 1969 and Brieskorn [3], 1971. Orlik and 
Solomon [8], 1980 generalized Brieskorn's result to 

construct a graded algebra )(A∗Α  associated to a 

complex r -arrangement A and their description 
involves the intersection lattice 

}and|{)( ABHXCXAL
BH

r ⊆=⊆=
∈I  of A 

which is partially ordered by reverse inclusions and 
ranked by )dim()dim(co)(rk XrXX −== . 

For a commutative ring Κ and an arbitrary total order 

<  on A,  they defined )(A∗Α  to be the quotient of 

the exterior algebra )( 1
0

iH
n
i

p eΚ⊕∧ =
≥  by a 

homogeneous ideal )(AI  generated by relations 

∑ =
−−p

k HHH
k

pikii
eee

1

1 ˆ)1(
1

KK  for all  

nii p ≤<<≤ L11  such that },,{
1 pii HH K  is 

dependent. They proved that )(A∗Α  which is named 
by Orlik-Solomon algebra isomorphic to the 

cohomological ring of the complement ))(( AMH ∗  
by giving a presentation of the last one in terms of 
generators and relations. 

 For a given total order <  on A, if AC ⊆  is a 
minimal (with respect to inclusion) dependent set, we 

call C  a circuit of A and }{\ HCC =  a broken 

circuit of C , where H  is the smallest hyperplane in 

C via <  and by NBC base AB ⊆  we mean B  
contains no broken circuit. The set of the NBC bases 
of A forms an explicit basis of the Orlik-Solomon 
algebra (see [4] and we refer the reader to [9] as a 
general reference).     

Our aim in this paper is to give a structure of the 

Orlik-Solomon algebra )(A∗Α of the hypersolvable 
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class of arrangements which was introduced by Jambu 
and Papadima at 1998 [5] and 2002 [6], as a 
generalization of a fiber-type (Stanley supersolvable) 
class ([13] and [9]). We used the hypersolvable 
partition, the hypersolvable ordering which is defined 
by Ali in [1], 2007 and their study of the NBC bases 

of a hypersolvable arrangement to construct )(A∗Α . 
To make our structure more agreement with our 
analogue we embedded it in section (2) as a graded 

free submodule of the partition complex ( )∗Π
(definition (2.7)). We study how they are connected 
and the differences between them.  

Section (3) is devoted to prove that the 
quadratic property on the hypersolvable class is 
related to the fiber-type subclass only and that is 
caused by these subarrangements of non fiber-type 
arrangement A which are not NBC bases of A and 
contain no broken circuit of rank two. Then we used 
the hypersolvable ordering which preserves the 

hypersolvable structure and a result of Jambu and 
Papadima (3.8) to give the partition structure to the 

quadratic Orlik-Solomon algebra )(A∗Α of a 
hypersolvable arrangement [5] which is defined as the 

quotient of the exterior algebra; )( 1
0

iH
n
i

p eΚ⊕∧ =
≥  by 

a homogeneous ideal )(AJ  generated by relations 

133221 iiiiii HHHHHH eeeeee ++ , for all 

niii ≤<<≤ 3211  such that },,{
321 iii HHHS = is 

dependent. 
Section (4) in this paper reflects Ali and Al-

Ta'ai studies of the hypersolvable NBC bases of a 
hypersolvable arrangement into the structure the 
Orlik-Solomon algebra for the hypersolvable class of 
arrangements and we compare it with the structure of 
the quadratic Orlik-Solomon algebra as applications 
of the partition complex structure. 

 

 

 (1)THE  HYPERSOLVABLE PARTITION OF A HYPERSOLVABLE 
 ARRANGEMENT 
A hypersolvable class of arrangements was 
introduced by Jambu and Papadima (1998 [5], 
2002[6]). Ali in ([1], 2007) derived a natural                 

    partition from the hypersolvable structure and the 
goal of this section is to give an impression of the 
importance of this partition: 

 
Definition (1.1): 

Let A be an essential central complex r -

arrangement (i.e. φ≠==
=

TATH
n

i i )(
1I  and 

)dim()dim(co))((rk)(rk r

AH
CrHATA ====

∈I
). A partition ),,( 1 lK ΠΠ=Π  of A is said to be 

a hypersolvable partition of A with length 

ll =)(A  and denoted by HP, if 11 =Π , (i.e. 1Π
is a singleton) and for fixed l≤≤ j2 , the block 

jΠ  satisfies the following properties: 

( j -closedness property of jΠ ) For each 

jHH ΠΠ∈ ULU121, , there is no hyperplane 

lULU ΠΠ∈ +1jH such that

2),,(rk 21 =HHH . 

( j -completeness property of jΠ ) For each 

jHH Π∈21, , there is a hyperplane 

11 −ΠΠ∈ jH ULU  such that 

2),,(rk 21 =HHH . Note that, from closedness 

properties of the blocks 12 ,, −ΠΠ jK , the 

hyperplane H  is unique and we denoted it by 2,1H
. 

( j -solvability property of jΠ ) If jHHH Π∈321 ,, , 

the hyperplanes 

113,23,12,1 ,, −ΠΠ∈ jHHH ULU  are equal or

2),,(rk 3,23,12,1 =HHH . Observe that, if 

2),,(rk 321 =HHH then from closendess 

properties of the blocks 12 ,, −ΠΠ jK , 

3,23,12,1 HHH == . 

The vector of integers ),,( 1 lK ddd =  is 

called the exponent vector of Π , if for lK,,1=j , 
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jjd Π= . For l≤≤ j1  the rank of jΠ  is 

defined to be

)(rk)(rk)(rk
1

1 I ULU
ULU

jHjj H
ΠΠ∈

=ΠΠ=Π

. We call the block
 jΠ , a singular block of Π  if 

)(rk)(rk 1−Π=Π jj and we call it non-singular 

block otherwise. Notice that, in general 
1)(rk)(rk 1 +Π≤Π −jj . 

 

Remark (1.2): 
If 3≥l , any three different blocks 

Π∈ΠΠΠ
321

,, iii  such that l≤<<≤ 3211 iii  

are independent from 2i -closedness property of the 

block
2i

Π , i.e. for 3,2,1=k , if 
kk iiH Π∈ , then 

3),,(rk
321

=iii HHH . 

 
Definition (1.3): 
      A hypersolvable arrangement is an essential central 
complex r -arrangement with a composition series 

lLL AAAA jj ⊂⊂⊂⊂⊂ +11  with length 

ll =)(A  such that 1)(rk 1 =A , (i.e. 1A  is 

singleton) , AA =l , and ),( 1−jj AA is solvable, 

for each l≤≤ j2 , i.e. the pair ),( 1−jj AA  satisfies 

the following properties: 

1- 1−jA  is closed in jA , if for each distinct 

hyperplanes jAHH ∈21, , there is no hyperplane 

1\ −∈ jj AAH  such that 2),,(rk 21 =HHH .  

2- 1−jA is complete in jA , if for each distinct 

hyperplanes 121 \, −∈ jj AAHH , there exists a 

unique hyperplane 12,1 −∈ jAH  such that 

2),,(rk 2,121 =HHH .  

3- If 1321 \,, −∈ jj AAHHH , the hyperplanes 

13,23,12,1 ,, −∈ jAHHH  are equal or

2),,(rk 3,23,12,1 =HHH . 

 

 
Proposition (1.4): 

Let Abe an essential central complex r -
arrangement. A is hypersolvable if, and only if, A 
has a HP ),,( 1 lL ΠΠ=Π . 

Proof: If A is a hypersolvable r -arrangement with 
a composition series 

lLL AAAA ii ⊂⊂⊂⊂⊂ −11 , then the 

partition ),,( 1 lL ΠΠ=Π which is defined by 

11 A=Π and for lK,,2=i , 1\ −=Π iii AA

forms a HP of A (we refer the reader to [1] for 
more details). Conversely, if ),,( 1 lL ΠΠ=Π
forms a HP of A, then the composition series 

lLL AAAA ii ⊂⊂⊂⊂⊂ −11 which is 

defined by U ULU iHi HA
ΠΠ∈

=
1

, l≤≤ i1  gives A 

a structure of hypersolvable arrangement [5].     □  

 
 

Definition (1.5): 
     Let A be a hypersolvable r -arrangement with 
HP ),,( 1 lL ΠΠ=Π . For fixed l≤≤ j1 , the 

properties of the hypersolvable partition give rise to a 
natural partition to the block jΠ  as follows: 

1- Let jiij k
HH Π⊆=Π },,{

11* K , such that 

2),,(rk
1

=
kii HH K . 

2- Let  12* \ ∗ΠΠ=Π jjj  

Define the hypersolvable ordering of A induced by 

the HP Πand denoted by< , as follows: 

1- If iH Π∈  and jH Π∈′  such that 

l≤<≤ ji1 , put HH ′< . 
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2- For fixed l≤< j1 , give the hyperplanes of 

the subblock 1*jΠ of jΠ an arbitrary total order with 

preserving the order of iΠ  in Π  for each 

11 −≤≤ ji  and preserving the order of 2*jΠ  as if 

jHHH Π∈321 ,,  with 3),,(rk 321 =HHH , put 

321 iii HHH <<  if, and only if, 

323121 ,,, iiiiii HHH <<  such that 

},,{},,{ 321321
HHHHHH iii = . Observe that, 

since 3),,(rk 321 =HHH then there is at least one 

of 321 ,, HHH  is in 2*jΠ . 

Notice that the hypersolvable ordering of a 
hypersolvable arrangement respects the 
hypersolvable structure. 

 
Definition (1.6): [13] 
     Let A be a central complex r -arrangement 
and )(AL  be the intersection lattice of A which 
is partially ordered by the inclusions and  
ranked  by 

)dim()(codim)(rk XrXX −== .An element 

)(ALX ∈  is said to be modular if and only if 

)(ALYX ∈+  for all )(ALY ∈ . We call A 
supersolvable if it has a maximal chain of 
modular  elements 

)(10 ATXXXV =<<<=
l

L . Note that such 

maximal chain of modular elements, if it exists, 
needs not to be unique. 

 
Proposition (1.7): [5] 
  An essential central complex r -arrangement 
Ais said to be supersolvable if, and only if, A

is a hypersolvable arrangement with 
ll === )()(rk AAr . 

 
Note (1.8): 

Let A be a supersolvable l -arrangement 

and ),,( 1 lL ΠΠ=Π  be a fixed 

hypersolvable partition of A. We call your 
attention that we ordered the hyperplanes of A 
by the hypersolvable ordering which preserves 
the supersolvable structure. Notice that, A has 
a composition series associated with the Hp Π  

is 
lLL AAAA jj ⊂⊂⊂⊂⊂ +11 , where for 

l≤≤ j1

 
U ULU jHj HA

ΠΠ∈
=

1

,  which gives 

A a structure of a hypersolvable arrangement, 
where the maximal chain of the modular 

elements )(10 ATXXXV =<<<= lL  which is 

defined as I
jAHj HX

∈
= , l≤≤ j1  obtains on 

A a structure of supersolvable arrangement. 

 

 (2) THE ORLIK-SOLOMON ALGEBRA, THE BROKEN CIRUIT COMPLEX 
AND THE PARTITION COMPLEX OF A HYPERSOLVABLE 
ARRANGEMENT 
   
  Orlik and Solomon [8], 1980 constructed an 

algebra )(A∗Α  associated with a central 

arrangement A, named by their names and they 
proved that it is isomorphic to the cohomological 

ring of the complement ))(( AMH ∗ . This 

section is motivated to construct )(A∗Α  for a 

hypersolvable arrangement by using the 
hypersolvable partition analogue and we serve our 
goal as follows: 
• We used a result of Ali to embed NBC basis of 

)(A∗Α  in a basis spanned by the sections of a 

fixed hypersolvable partition Π  of A. 
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•  We constructed a graded free module ( )∗Π  

which has a basis spanned by the sections of Π . 

We call ( )∗Π  a hypersolvable partition module. 

• We embedded the Orlik-Solomon algebra as a 
free submodule in the hypersolvable partition 

module to produce a simplification of the 

structure of  )(A∗Α and the comparison between 

these structures leads us to the next section.   

 
Construction (2.1): [9] 

       Let Κ  be a commutative ring with unit and let 

},,{ 1 nHHA K= be a central  r -arrangement in 

rC . By ),,()(
1

*

nHH eeAEE K∧Κ== , we denote 

the exteriorΚ -algebra generated by symbols He  

in one to one correspondence with the hyperplanes 
AH ∈ , which is graded by exterior degree, i.e. 

p

n

p
EE ⊕ ==

0
 where Κ=0E , HAH

eE Κ= ⊕ ∈1  

and pE  with standard monomial Κ -basis; 

}1|{ 1
1

niieee pHHS
pii

≤<<≤∧∧== LKB , 

 i.e. it is spanned by all subarrangements 

AHHS
pii ⊆= },,{

1
K  such that 

nii p ≤<<≤ L11 . Write vuuv ∧=  and note 

that 02 =He  and HHHH eeee ′′ −=  for 

AHH ∈′, . Observe that the construction of the 

exterior algebra depends of an arbitrary total 

ordering <  defined on the hyperplanes of A and 

this ordering can give the monomial Κ -basis B  
the degree lexicographic (DegLex) order. That is; 

if qp < , then 
qjjpii HHHH eeee KK

11
<  and if  

}|min{0 kk jikk ≠= ,  then 

pjjpii HHHH eeee KK
11

< if 
00 kk ji HH < . 

Define a Κ -linear map EEE →∂=∂ :  by 

01 =∂ ,  1=∂ He   and 

∑ =
−−=∂ p

k HHH
k

HH
pikiipii

eeeee
1

1 ˆ)1(
11

KKK , for all 

AHH
pii ∈K,

1
. The pair ),( EE ∂  forms a 

chain complex with E∂  is the unique derivation of 

E  satisfies 1=∂ He .  

Define the Orlik-Solomon algebra )(* AΚΑ=Α  to 

be the quotient of E  by the ideal )(AII =  which 

is generated by relations of the form 

∑ =
−−=∂=∂ p

k HHH
k

HHS
pikiipii

eeeeee
1

1 ˆ)1(
11

KKK  

for all nii p ≤<<≤ L11  such that 

},,{
1 pii HHS K=  is dependent, i.e. pS <)(rk . 

The gradation of E  defines a gradation of the 
ideal I  as follows: Since each subarrangement of 
A contains one hyperplane or two hyperplanes is 

independent then 00 =I  and 01 =I . For each 

rp ≤≤2 ,  let 

}1)(and1,|{I +<+=⊆= pBrkpBABeBp , 

i.e. pI is the collection of  those monomials that are 

related to the dependent subarrangements with 

cardinality 1+p . Then pI is generated by pI∂ .  

    By IEE /: =Α→ϕ  we denote the canonical 

projection and for each AH ∈ , let 

Ieea HHH +== )(ϕ  and ppE Α=)(ϕ . That is 

p

Ark

p
Α=Α ⊕ =

)(

1
 be a graded anticommutative 

algebra, where Κ=Α0 , 11 E=Α . Since 

IIE ⊆∂ , then aΚ -linear map Α→Α∂Α :

defined by E∂=∂Α ϕϕ gives the pair ),( Α∂Α a 

structure of acyclic chain complex, i.e. the 
following sequence is exact; 
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0)()()(0 0111
01 →Α→→Α→Α→

ΑΑΑ
−

ΑΑ
+ ∂∂∂

−
∂∂ AAA rrr

rr L . 

 
  Definition (2.2) [12]: 

Let }and|{)( ABHXCXAL
BH

r ⊆=⊆=
∈I  

be the intersection lattice of a central complex r -
arrangement A which is partially ordered by 
reverse inclusions, i.e. XYYX ⊆⇔≤  and 
ranked by )dim()(codim)(rk XrXX −== . 
Then: 
1- If AC ⊆ is a minimal (with respect to 
inclusion) dependent subarrangement, then we call 
C  a circuit of A. That is, C  forms a circuit of A 

if, and only, if }{\ HC  is linearly independent for 

each CH ∈ . Observe that 1)(rk −= CC . 

2- Put a total order <  on A to distinguish it 

from the partial order ≤  of )(AL . A 
corresponding broken circuit of a circuit C  is 

}{\ HCC = , where H  is the smallest 
hyperplane inC . 
3- We call AB ⊆ , a NBC-base if it contains 
no broken circuit. Note that, such set must be 
independent and we denoted B  by i -NBC base if 

iB = . 

4- Let )(ALX ∈  and AAX ⊆ be the set of 

all hyperplanes AH ∈  such that XH ≤ . We 
say that the NBC-base XAB ⊆  is a NBC-base of 

X  if XH
BH

=
∈I  and we call the broken circuit 

XAC ⊆  is a broken circuit of X  if 

XH
CH

=
∈I . 

 
Remark (2.3): 

Rota [11] and Sagan [12], showed that the 
number of the kth NBC-bases of A are independent 
of our choice of the total ordering <  on the 

hyperplanes of A. Thus a NBC base of A for a 
given total order may be a broken circuit in another 
total order on A. That is, for a fixed total order <  

on A, if  AHHB
kii ⊆= },,{

1
K  is a kth-broken 

circuit, then there is a hyperplane AH ∈  such that 

jiHH< , kj ≤≤1  and BH U}{  is a circuit 

where }{\}{
ji

HBH U  forms an independent 

subarrangement for each kj ≤≤1  ( may be NBC 

base or broken circuit). Thus kBHe I}{ ∈U
 and 

kBkHBBHk aaaa Α
ΑΑ

+ =∂−=∂ 0}{1 U . That is; 

∑
=

−Α −=∂=
k

j
HBH

j
BkHB

ji
aaaa

1
}{\}{

1)1( U
, 

written as a linear combination of monomials 
derived by independent subarrangements with 
DegLex order, BHBH aa

ji
<}{\}{ U

 for each kj ≤≤1 .  

We mention, if A is a hypersolvable r -
arrangement with HP ),,( 1 lL ΠΠ=Π , the total order 

< on A is defined to be the hypersolvable order 
which we described in definition (1.5) and the 
ordering on the monomialΚ -basis B  of the exterior 
algebra E  is defined to be the DegLex ordering 
which is obtained from the hypersolvable ordering. 

 
Notation (2.4): 

Let )(AL  be the intersection lattice of a 

central complex r -arrangement A. Then: 

1- 1- For each )(ALX ∈ , the set of all NBC bases of 

X  is denoted by )(ANBCX  and the set of all 

broken circuit of X  is denoted by )(ABCX .  

2- If )(})(|)({)( ALiXrkALXALi ⊆=∈= ,  let U )(
)()(

ALX ii
i

ALXANBC
∈

∈= , U
)(

1
)()(

Ark

i i ANBCANBC
=

= .  
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Let U )(
)()(

ALX

X
i

i

ABCABC
∈

= and U
)(

1
)()(

Ark

i i ABCABC
=

= . In fact, for )(, 21 ALXX i∈ , 

ϕ=)()( 21 ANBCANBC XX
I and ϕ=)()( 21 ABCABC XX

I . Therefore, ∑ ∈
=

)(
)()(

ALX

X
i

i
ANBCANBC  and

 ∑ ∈
=

)(
)()(

ALX

X
i

i

ABCABC .  

3- If )(ALX i∈ , the Möbius function )()1()( ANBCX Xi−=µ , see [11]. Therefore, the Poincaré polynomial 

of A can be represented as;  
.)())((),(

)(

)( i

oi
i

ALX

Xrk tANBCtXtAp ∑∑
≥∈

=−= µ  

We call )(ANBCb ii = , the  i th Betti number of ∑ ≥
=

0
),(

i

i
i tbtAP .  

 
Definition (2.5): [9] 
    A broken circuit module )(NBC A  is 

defined as; Κ=)(NBC0 A  and )(NBC Ap  be 

the free Κ -module with NBC monomials basis 
)}(|{ ANBCBEe pB ∈∈ ,let 

)(NBC)(NBC
)(

0
AA p

Ark

p⊕ == .Then 

)(NBC A is a freeΚ-submodule (not 

subalgebra) of )(AE . Let 

)(NBC)(NBC: AAC →∂  be the restriction of 

EEE →∂ : . Then the pair )),(NBC( CA ∂  

has a structure of acyclic chain complex, i.e.; 

 

 0)(NBC)(NBC)(NBC0 0111
01 →→→→→ ∂∂∂

−
∂∂ −+

CCC
r

C
r

C
r AAA rr L , 

 is exact. 
 

Remark (2.6): [9] 
      
The restriction )()(NBC: AA Α→ψ  of the Κ -

linear map )()(: AAE Α→ϕ  on )(NBC A  

forms an isomorphism as the following 
commutative diagram: 

 

0)()()(0

0)(NBC)(NBC)(NBC0

0111

0111

01

01

01

→Α→ →Α→Α →

↓↓↓

→→ →→ →

ΑΑΑ
−

ΑΑ
+

−+

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

AAA

AAA

rrr

CCC
r

C
r

C
r

rr

rr

rr

L

L

ψψψ  

The set     

)}(|)({ ANBCBAaIe BB ∈Α∈=+=C  

forms a basis for the Orlik-Solomon algebra 

)(AΑ  as a graded freeΚ-module. The DegLex 

order on the monomial Κ -basis B  of the 
exterior algebra E induced a DegLex order on 

C  as 
21 BB aa < if, and only if, 

21 BB ee < , 

)(, 21 ANBCBB ∈ . 

 Define the Poincaré polynomial of )(AΑ  by 

∑ =
Α=Α r

k

k
k tArktAp

0
)).(()),(( , where t  is an 

indeterminate. We call 

)())(( ANBCArkb kkk =Α= , the i
th Betti 

number of ∑ ≥
=Α

0
.)),((

k

k
k tbtAP .  

 
Definition (2.7): [9] 
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Let ),,( 1 lK ΠΠ=Π  be a partition of a 

central r -arrangement },,{ 1 nHHA K=  and let 

( )iΠ  denote the free Κ-module with basis 1 and 

the elements of iΠ and it is graded by 0)1deg( =  

and 1)deg( =H . Define the graded partition Κ-

module ( ) ( ) ( )lL Π⊗⊗Π=Π 1 . We agree that 

( ) Κ=Π  if rA Φ= (the empty r -arrangement). 

Let },,{
1 kii HHS K=  be a subarrangement 

of A such that nii k ≤<<≤ L11 . Call S  a k -

section of Π , if for each kj ≤≤1 , 
jj miH Π∈  

such that lL ≤<<≤ kmm11 . We agree that the 

0 -section is {}=S . By kS  we denote the set of all 

k -sections of Π  and U
l

0=
=

k kSS . For each 

kS S∈ , define ( )Π∈⊗⊗= lL xxpS 1  such 

that;  





∉
≤≤=

=
}.,,{1

;1,

1 k

li
j mmjif

klmjifH
x l

K
 

Observe that 1}{ =p  and Sp  is homogeneous 

of degree k . Denote by the homogeneous part of 

degree k  of ( )Π  by ( )kΠ , then( ) ( )kk
Π=Π ⊕ =

l

0
. 

Therefore, the graded Κ-module ( )Π  is free with Κ
-basis }|{ S∈SpS . We switch your attention that 

the construction of the partition module ( )Π  

depends on two orders. The first one is defined on 
the blocks of the partition Π  and the second one is 
defined on the hyperplanes of A with the fact that 
each ordering of them preserves the other one. That 
is for a given total orderings on A and Π , define 

the DegLex order on the Κ -basis }|{ S∈SpS , i.e. 

if 21 kk < , then
2111 kjjkii HHHH pppp KK < and if 

}|min{0 mm jimk ≠= , then 

kjjkii HHHH pppp KK
11

< if  
00 kk ji HH < . 

Let kii k
HHS S∈= },,{

1
K  and for each 

kj ≤≤1 , let jS  denotes the                     

subarrangement of S  with 
jiH  deleted and we call 

it a boundary of S  . Define a  Κ-linear map 

( ) ( ) 1: −Π→Π∂ kkk  by 0)( }{0 =∂ p , 1)(1 =∂ Hp

and for l≤≤ k2 , ∑ =
−−=∂ k

j S
j

Sk j
pp

1

1)1()( . Then 

0=∂∂ and ( ) ( )),( Π∂Π is a chain complex and we 

call it the partition complex. 

 
Lemma (2.8): [9] 

Suppose we have the conclusions of 
definition (2.7). If Π  contains a block which is a 

singleton, then the complex ( ) ( )),( Π∂Π  is 

acyclic, i.e. the sequence 

( ) ( ) ( ) 00 0111
01 →Π→→Π→Π→

ΠΠΠ
−

ΠΠ
+ ∂∂∂

−
∂∂

Llll

ll  is exact. 

Notation(2.9):  

Let A be a hypersolvable −r
arrangement with HP ),,,( 21 l

K ∏∏∏=∏  

and exponent vector ),,( 1 lKddd = . For 

l≤≤ k1 and kdj ≤≤1 , by k
k
jH ∏∈ we 

denote the th
k jdd )))1(( 12 ++++ −K -hyperplane 

of A or it forms the 
thj -hyperplane of the block 

k∏  with respect to a hypersolvable ordering < . 

 
Proposition (2.10): 
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Let A be a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π  and exponent vector 
),,( 1 lKddd= . Then the complex ( ) ( )),( Π∂Π  is 

acyclic, for l≤≤ k2 ; 

( ) ))))((((
},,{111

1

1
1
11

1
1
1

1

11

LL
K

ll

ki

kj
i
j

ki
ki

kj

ki

kkk

i
i
j

i

k
HH

H

d

jii

H

d

j

k

i
S

S
k pp Κ⊕⊕⊕⊕≈Κ=Π

Π∈
=+=

Π∈
=

+−

=∈ −
⊕

S

, 

and ( ) )))((()(
1

1

2

1 11 12 1

21
LKL

l l l

∑ ∑ ∑
+−

=

+−

+= += −

=Π
k

i

k

ii ii
iiik

kk

k
dddrk . 

Proof: From the construction of the HP Π , the 
first block 1Π  is a singleton. Hence the 

complex ( ) ( )),( Π∂Π  is acyclic and the number 

of all k -sections is 

)))(((
1

1

2

1 11 12 1

21
LKL

l l l

∑ ∑ ∑
+−

=

+−

+= += −

=
k

i

k

ii ii
iiik

kk

k
dddS  

which forms the rank of ( )kΠ  for l≤≤ k2 .      

□ 
 
Definition (2.11): [9] 

Suppose we have the conclusions of 
definition (2.7). Define ( ) )(: AΑ→Πκ as 

follows: For S∈S , let Ieap SSS +==)(κ  

and let κ   be the unique homogeneousΚ-linear 
map of degree 0  which extends this assignment 
as the following commutative diagram: 

 

 
Definition (2.12): [9] 

Let ),,( 1 lK ΠΠ=Π be a partition of a 

central r -arrangement A and let )(AL  be the 

intersection lattice of A.  
1- We say Π  is independent if for every choice of 

hyperplanes iiH Π∈  for l≤≤ i1 , the resulting 

l - hyperplanes are independent, i.e.

lI
l =
=

)(rk
1i iH , i.e. everyl -section of Π  is 

independent. That is, for l≤≤ k1 , every k -
section is independent 

2- For each )(ALX ∈ , the induced partition XΠ is a 

partition of the arrangement 

}|{ HXAHAX ⊆∈=  and its blocks are the 

non-empty subsets Xi AIΠ . 

3- Π  is called nice if it is independent and if 
VALX \)(∈ , the induced partition XΠ contains 

a block which is singleton.  

 
Theorem (2.13): 

Let Abe a hypersolvable r -arrangement with 

HP ),,( 1 lL ΠΠ=Π . Then, A is fiber-type 

arrangement if, and only if, the homogeneous Κ-

linear map ( ) )(: AΑ→Πκ  is an isomorphism. 

Proof: Ali in [1] proved that "a hypersolvable 
r -arrangement is supersolvable if, and only if, the 

HPΠ is nice",  where from [9], the homogeneous Κ
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-linear map ( ) )(: AΑ→Πκ is an isomorphism if, and only if, the partition Π  is nice.                      □ 

                                                        
Lemma (2.14): 

Let Abe a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π . Then for rk ≤≤1 , 

kk ANBC S⊆)(  and S⊆)(ANBC .  

Proof: This is a direct result of Ali's result in [1] 
which states that, "in a hypersolvable    r -

arrangement with HP ),,( 1 lL ΠΠ=Π , if the 

subarrangement AB ⊆  forms a k-NBC base of A 

then B  must contains k-hyperplanes from k-
different blocks".                       □   

 
Theorem (2.15): 

Let A be a hypersolvable r -arrangement 

with HP, ),,( 1 lL ΠΠ=Π  such that r>l . 

Then the homogeneous Κ-linear map 

( ) )(: AΑ→Πκ  is an epimorphism, i.e. 

( ) )ker(/)( κΠ≈Α A  and 

( ) )()ker( Ai Α→Π→ κκ  forms a finite Κ -

modules presentation of the freeΚ -module 

)(AΑ .  

Proof: From lemma (2.14), S⊆)(ANBC . 

Therefore;  

}|)({)}(|{ S∈=⊆∈ SapANBCSa SSS κ . 

 Thus, ( ) )(: AΑ→Πκ  is an epimorphism and 

by applying the first isomorphism theorem of Κ-
linear maps we have 

( ) )ker(/)Im()( κκ Π≈=Α A .                                       

□   
 

Definition (2.16): 
Let A be a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π . Define 

( )Π→Α )(: Aτ  as follows. For )(ANBCB∈
, let BBB paIe ==+ )()( ττ  and from the 

universal property of the free Κ-module )(AΑ , 

let τ  be the unique homogeneous Κ-linear map 
of degree 0  which extends this assignment as the 
following commutative diagram:  

 
 

Theorem (2.17): 
Let A be a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π . Then A is fiber-

type arrangement if, and only if, 1−= κτ  where 

κ  is theΚ-linear map defined in (2.11) and for 

l≤≤ k2 ; 

( ) ))))(((()(
},,{111

1

1
1
11

1
1
1

1

11

LL
K

ll

ki
kj

i
j

ki
ki
kj

ki

kkk

i
i
j

i

k
HH

H

d

jii

H

d

j

k

i
S

S
kk ppA Κ⊕⊕⊕⊕≈Κ=Π≈Α

Π∈
=+=

Π∈
=

+−

=∈ −
⊕

S
. 
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Proof: Suppose A is a fiber-type r -arrangement. 
Ali showed that "a hypersolvable   r -arrangement 

is fiber type if, and only if, for each rk ≤≤1 , 

every subarrangement AB⊆  that contains k -

hyperplanes from k -different blocks forms a k -

NBC base of A". That is every k -section forms a 

k -NBC base of A, i.e. for rk ≤≤1 , 

kk ANBC S=)( . Thus;  

}|{)}(|)({ kSkS SpANBCSa S∈=∈τ , )}(|{}|)({ ANBCSaSp kSkS ∈=∈Sκ  

and by applying the universal properties of the 

freeΚ-modules )(AΑ  and ( )Π , we have the 

following two commutative diagrams 
respectively:  

 

 
Therefore, )(Id AΑ=τκ o  and ( )Π= Idκτ o  . i.e. 1−= κτ . 

Conversely, assume that 1−= κτ . That is )(Id AΑ=τκ o  and ( )Π= Idκτ o  . Thus the 

homogeneous Κ-linear map ( ) )(: AΑ→Πκ  is an isomorphism and by applying theorem (2.13), 

Ais a fiber-type arrangement.                                                                   □  
 

Theorem (2.18): 
Let Abe a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π  and l<r . Then the 

restriction of the homogeneous Κ-linear map 
( )Π→Α )(: Aτ  on )Im(τ  of ( )Π , 

)Im()(: ττ →Α′ A is an isomorphism of the 

freeΚ-modules, where )Im(τ  is the freeΚ-

submodule of ( )Π  with basis 

)}(|{ ANBCSpS ∈ . 

Proof: By applying the first isomorphism theorem 
of Κ-linear maps we have 

)ker(/)()Im( ττ AΑ≈ . Since 

)}(|{ ANBCSaS ∈  form a Κ-basis of )(AΑ , 
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hence )}(|)({ ANBCSpa SS ∈=τ  forms a Κ
-basis of the Κ-submodule )Im(τ  of ( )Π , 

which inherits a structure of free Κ-module. So, 
)Im(~)(: ττ →Α′ A  is an isomorphism of the 

freeΚ-modules.                                                                                                       
□  

 

 

Corollary (2.19): 
 Suppose we have the conclusions of 

theorem (2.20). Then )),(Im( )Im(ττ ∂  is acyclic 

chain complex, where )Im()Im(:)Im( τττ →∂  

is the restriction of the boundary operator 

( ) ( ) ( )Π→Π∂ Π : . 

Proof: In light of remark (2.3), if rk ≤≤1  and 

)(ANBCS k∈ , then 

( ) 11 1
1

1

1 )()1()1()( −= −
−

=
−ΠΠ Π∈−=−=∂=∂ ∑∑ k

k

j jk
jk

j S
j

SkSkk appa
j

ττ

, since we have 11 )( −− ⊆∈ kkj ANBCS S  where 

jS  is the subarrangement of S  with 
jiH deleted. 

Thus )Im())(Im( 1−
Π ⊆∂ kkk ττ  and 01 =∂∂ ΠΠ

− kk  

inherit a structure of a chain complex to

)),(Im( )Im(ττ ∂  which is acyclic since

( ) ( )),( Π∂Π is  acyclic.                          □                                  

 
Lemma (2.20): 

 Let A be a hypersolvable r -arrangement 
with Hp ),,( 1 lK ΠΠ=Π  such that l<r . If 

kS S∈ such that S  isk -broken circuit, then there 

is 1+∈′ kS S  such that S  be the broken circuit of 

the circuit S′ . 

Proof: Suppose kii k
HHS S∈= },,{

1
K  and 

kSrk =)( . Since S  is k -broken circuit, then 

there exists a hyperplane AH ∈′  such that 

ji
HH <′  for kj ≤≤1  and SH U}{ ′  forms a k -

circuit. If 
0i

H Π∈′  with  

lL ≤<<<≤ kiii 101 , then our claim is true. 

On the other hand, if 
11

, iiHH Π∈′ , then from 

completeness property of the block 11
Π≠Π i  there 

exists a unique hyperplane 11 1−ΠΠ∈′′ iH UKU

such  that
11

},,{ iiHHHrk Π∈′′′ .That  is 

11 ii HHHH II ′′=′ . Thus; 

kk iiii HHHHHH IKIIIKII
11

′′=′ . 

So put 1},,,{
1 +∈′′=′ kii k

HHHS SK  which 

forms a k -circuit and it is broken circuit is 
S .                                                            □ 

                                                                                                                              

 

 (3) THE QUADRATIC ORLIK-SOLOMON ALGEBRA AND THE PARTITION 
COMPLEX OF A HYPERSOLVABLE ARRANGEMENT 

Ali in [1], classified the hypersolvable class 
of arrangements into two sub classes which are the 
fiber type class and the non fiber type class by 
using the hypersolvable partition. This section is 
devoted to study the differences between these 

subclasses by using a quadratic property in order 
to explain how it reflects into amazing difference 
between the structures of the Orlik-Solomon 
algebras in each one of them.    

 
Definition (3.1): 
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Let A be a central complex r -
arrangement. Order the hyperplanes of A via a 

total order < . Recall the set )(ABC  of all 

broken circuits of A. We say A is quadratic with 

respect to < , if for each )(ABCS∈  there exists 

)(ABCT ∈  with ST ⊆  and 2=T .  

 
Lemma (3.2):  

Let Abe a hypersolvable r -arrangement 

with Hp ),,( 1 lK ΠΠ=Π . For each 3≥k , if 

kii k
HHS S∈= },,{

1
K . Then: 

1- There is no SHHHB
pnm iii ⊆= },,{  such 

that 2)(rk =B and kpnm ≤<<≤1 , i.e. S

contains no collinear relations among any three 
hyperplanes of it. 

2- There is no hyperplane AH ∈  with 

2},,{rk =
nm ii HHH , knm ≤<≤1  and 

jiHH< , nmj ,= , i.e. S contains no broken 

circuit of rank two.  
Proof:  
For (1): The existence of a subarrangement 

SHHHB
pnm iii ⊆= },,{  such that 2)(rk =B , 

contradicts remark (1.2). 
For (2): The existence of a hyperplane AH ∈  

such that 2},,{ =
nm ii HHHrk ,  contradicts the 

closedness property of the block 
mi

Π .                                             

□ 
 

Remark (3.3): 
It is known that every supersolvable 

arrangement A is quadratic [10]. Ali [1] shows 
that "a hypersolvable r -arrangementA is 
supersolvable if and only if S=)(ANBC  via the 

hypersolvable order", we can visualize this fact. 

Definitely if )(ABCS∈ , then S∉S and 

φ=Π1IS . Therefore, there are SHH ∈′,  

with jHH Π∈′,  for some l≤≤ j1 and from 

the completeness property of the block jΠ we 

have SHHT ⊆′= },{  and )(2 ABCT ∈ . Thus 

A is quadratic via the hypersolvable order which 
preserves the supersolvable structure. 

Since the hypersolvable class forms a 
generalization of the supersolvable class, there is 
an accepted question "Is each hypersolvable r -
arrangements quadratic?" Our aim is to answer 
this question. So we start with the following 
definition: 

 
Definition (3.4):  

Let Κ be a commutative ring with unit and 

let },,{ 1 nHHA K= be a central  r -

arrangement  in rC and  let

),,()(
1

*

nHH eeAEE K∧Κ==  be the exterior

Κ -algebra generated by symbolsHe in one to one 

correspondence with the hyperplanes AH ∈ , 
recall definition (2.1). Define the Quadratic 

Orlik-Solomon algebra )(* AΚΑ=Α  to be the 

quotient of E  by the homogenous ideal 
)(AJJ =  which is generated by the following 

family of quadratic relations of the form 

321321321 iiiiiiiii HHHHHHHHHS eeeeeeeeee ++=∂=∂

, for all niii ≤<<≤ 3211  such that

},,{
321 iii HHHS = is dependent, i.e. 
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2)(rk =S . The gradation of E  defines a 

gradation of the ideal J  as follows; since each 

subarrangement of A contains one hyperplane or 

two hyperplanes are independent then 00 =J  

and 01 =J , where 

22 }2)(and3,|{ IBrkBABeJ B ===⊆∂= . 

Therefore Κ=Α )(0 A , 11 )( EA =Α  and 

)()( 22 AA Α=Α .   

By JEE /: =Α→ϕ  we denote the 

canonical projection and for each AH ∈ , let 

Jeea HHH +== )(ϕ  and ppE Α=)(ϕ  for 

0≥p . That is )()( 0 AA pp Α⊕=Α ≥  be a graded 

anticommutative algebra. Since JJE ⊆∂  then a   

Κ -linear map Α→Α∂Α :  which is defined by 

E∂=∂ Α ϕϕ  gives the pair ),( Α∂Α  a 

structure of an acyclic chain complex, as the 
following exact sequence; 

0)()()( 0111

01 →Α→ →Α→Α →
ΑΑΑ

−
ΑΑ

+ ∂∂∂
−

∂∂
AAA ppp

pp LL . 

In fact if ))(1 Ac p−Α∈  is a cycle, i.e. 

2
0)(1 −Α

Α
− =∂

p
cp , then there is )(1 AEu p−∈  

such that cup =− )(1ϕ . Therefore, for AH ∈  

such that 0≠ueH , we have )(AEue pH ∈ and; 

ccacueuueue pH
E
pHpH

E
ppHpp =∂−=∂−=∂=∂ Α

−−−−
Α )())(()()( 1111 ϕϕϕ . 

 That is )Im()ker( 1
ΑΑ

− ∂⊆∂ pp . 

 
Theorem (3.5): 

Let A be a hypersolvable r -arrangement 

with Hp ),,( 1 lK ΠΠ=Π and exponent vector 

),,( 1 lK ddd =  such that l<= rArk )( , (i.e. 

A is not fiber-type arrangement). Let 
 

}),()(|sup{)( ijAbAbiAp jj ≤∀== , 

where for rj ≤≤0 , )(Ab j  and )(Abj  are the 

j th Betti numbers of the Poincaré polynomial of  

)(A∗Α  and )(A∗Α  respectively. Then there 

are )(1)( ABCS Ap +∈  such that there is no 

)(2 ABCT ∈  with ST ⊆ , i.e. a hypersolvable 

r -arrangement A which is not fiber-type is not 
quadratic. 
Proof: Ali proved that for such arrangement 

"every j -section of A forms aj -NBC base of 

A, for )(2 Apj ≤≤ ", i.e. for every 

)(2 Apj ≤≤  the blocks 
jll ΠΠ ,,

1
K are 

independent for each lL ≤<<≤ jll11  and she 

proved that "if 1)( += Apq , then )(ALq  forms 

the first level of the intersection lattice )(AL  

contains a dependent relations among             q
-different blocks of Π ". Thus there is 

1},,{
11 +∈=′

+ qii q
HHS SK  such that qSrk =′)( , 

i.e.
qii q

HHS S∈=
+
},,{

12
K  forms q -broken 

circuit of Aand as an application of lemma (3.2) 
our claim was proved.                                                                                                         
□                                                                                                                            

 
Corollary (3.6): 
A hypersolvable r -arrangement is quadratic if, 

and only if, it is fiber-type   r -arrangement. 
Proof: This is a direct result of remark (3.3) and 

theorem (3.5).                                        □ 
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Remark (3.7): 
For a hypersolvable arrangement A 

which is not fiber-type arrangement (i.e. it is not 

quadratic), the collection )(1)( ABC Ap +  can be 

partitioned into two parts, where )(Ap  is 

defined as in theorem (3.5) and 1)( += Apq . 

The first one is )()(1 ABCABC qqq IS= , 

which forms the collection of all q -broken 

circuits with no sub broken circuit of rank two. 
The second part is 

)(\)()( 1
2

2 ABCABCABC qq = , which forms 

the collection of all q -broken circuits with sub 

broken circuit of rank two.  
In the hypersolvable class of 

arrangements the quadratic property can be 
reflected on the construction of "quadratic 
Orlik-Solomon algebra". So we need to study 
this notion more precisely for a hypersolvable 
arrangement. Let us start with the following 
result of Jambu and Papadima: 

 
Theorem (3.8): [5] 

Given any arrangement pair ),( BA , i.e. 

AB ⊆ , then B  is solvable in A  if, and only if, 

there exists an isomorphism of graded Κ-modules 

),(H)()( 1*** Κ⊗Α≈Α ∨ ∈ SBA
BH

, where 

BAB \= . 

 
Theorem (3.9): 

    
    Let A be a hypersolvable r -arrangement 

with Hp ),,( 1 lK ΠΠ=Π and exponent vector 

),,( 1 lK ddd = . Then there exists an 

isomorphism of graded Κ-modules 

),(H)( 1

1

*

1

* Κ≈Α ∨⊗ == SA kd

ik

l
. 

Proof: Since A be a hypersolvable r -

arrangement with Hp ),,( 1 lK ΠΠ=Π , hence 

A has a composition series 

lLL AAAA ii ⊂⊂⊂⊂⊂ −11  defined 

by U ULU iHi HA
ΠΠ∈

=
1

, l≤≤ i1 . Thus for 

each l≤≤ j2 , the pair ),( 1−ii AA  is solvable 

and by applying theorem (3.8), we have 

),(H)()( 1*
1

** Κ⊗Α≈Α ∨ Π∈− SAA
iHii . 

We will inductively prove our result. If 2=j , 

)(H)()(
2

*
1

*
2

* SAA
H∨ Π∈⊗Α≈Α . But 1A  

contains just one hyperplane and the complement 

11 \)( ACAM r=  is of the same homotopy type 

of 1}{\ SptC ≈ . That is 

),(H)),((H 1*
1

* Κ≈Κ SAM . Thus  

),(H)),((H)()( 1*
1

*
1

*
1

* Κ≈Κ≈Α≈Α SAMAA

 and ),(H)( 1
1

*2

12
* Κ≈Α ∨⊗ == SA kd

ik
. 

Consequently by applying the induction rules our 
claim was shown.                                □                                                                                          

 
Construction (3.10):    [

For l≤≤ k1 , ),(H 1
1

* Κ∨ = Skd

i
 can be identified 

with the graded free Κ-module ∗
kF  having 

basis with 1 in degree 0 and kd elements Ha , 

kH Π∈  in degree 1. Since such structure is 

unique (up to isomorphism) and by our 

notation in (2.7) ( ) ∗
=

∗ =Κ≈Π ∨ k

d

ik FSk ),(H 1

1

*  

and; 
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( ) ( ) )(),(H
1

1

1

*

11

AFS k
k

d

i
k

k
k

k
∗∗

===

∗

=

∗ Α≈=Κ∨≈Π=Π ⊗⊗⊗
lll

. 

Assume that the Κ-linear isomorphism  

( ) ( ) ( ) )()(~~: 11 AAFF ∗∗∗∗∗∗∗ Α=Α→⊗⊗→Π=Π⊗⊗Π lll LLκ , 

 which uniquely extends the assignment 
11 HH ap a ,…, 

11 −− ll

a
ii HH ap and 

ll

a
ii HH ap . This 

dialogue leads us to the following result: 
 
Corollary (3.11): 

Let Abe a hypersolvable r -

arrangement with Hp ),,( 1 lK ΠΠ=Π  

and exponent vector ),,( 1 lK ddd = . Then 

( ) )(
0

Ak
k

∗

=
Α≈Π⊕

l

 and for l≤≤ k1 , the k

th-Betti number of the Poincaré polynomial 

of )(A∗Α is; 

)))((())(()(
1

1

2

1 11 1 12 1

21

1

1
LKLK

l l ll

L

∑ ∑ ∑∑
+−

=

+−

+= +==>> −

==Α=
k

i

k

ii ii
iii

ii
iikk

kk

k

k

k
dddddArkAb . 

Proof: The homogeneous Κ-isomorphism of degree 0, ( ) )(~: AΑ→Πκ  is given in (3.10) inherits 

to )(A∗Α  a structure of a graded free Κ-module as the following commutative diagram: 

( ) ( ) ( )

.0)()()(0

00

0111

0111

01

01

01

→Α→→Α→Α→

↓↓↓

→Π→→Π→Π→

ΑΑΑ
−

ΑΑ
+

ΠΠΠ
−

ΠΠ
+

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

AAA L

L

lll

lll

ll

ll

ll

κκκ  

Then ( ) )(
0

Ak
k

∗

=
Α≈Π⊕

l

 and by applying corollary (2.9) our claim is held.                      □ 

 
Remark (3.12): 
   By applying corollary (3.11), the set 

}|)({ S∈= Sap SSκ  forms a Κ-basis to 

)(A∗Α . This leads us to the following 

essential question "What is the property that 

our driving set Shas to make }|{ S∈SaS  a 

Κ-basis to )(A∗Α ?". The answer is given in 

lemma (3.2). This property is that for each 
S∈S , S  contains no broken circuit of rank 

two, where if S∉S , deduces that there exists 

)(2 ABCT ∈  with ST ⊆ . 

The above analogue leads us to the property 
that the broken circuits of rank two have to be 

important to our construction. So, For each 
2≥k , let 

}2)(and3,1,|{J =′=′∋⊆′∃+=⊆= BrkBBBkBABeBk

 be the set of monomials which is spanned by 
the collection of all dependent 
subarrangements with cardinality 1+k  which 
contains collinear relations among (at least) 
three hyperplanes of it. This set plays a role to 

construct the ideal kI as follows:    

 If AHHB ii ⊆= },{
32

 be a broken circuit 

of rank two, then there is a hyperplane 

AH i ∈
1

such that 
3121

, iiii HHHH <<  and
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2),,(
321

=iii HHHrk . In fact if 

},,{
321 iii HHHB =′  then 2J∈′Be . Since 

2)(rk =′B , hence there are only two possible 

distributions of the hyperplanes of B′ among 
the blocks of Π  as;  

i- miii HH Π∈=
321 , and nii HH Π∈

32
, , 

where l≤<≤ nm2 ; 

ii- miii HHH Π∈
321

,, for some l≤≤ m2 . 

We have 

22
213132

Jeeeeeee
iiiiii HHHHHHB

E ∈+−=∂ ′  

and the following quadratic relation  

2213132
0Α=+−

iiiiii HHHHHH aaaaaa  is 

held in )(A∗Α . Thus: 

For (i):  we have 

323,223,233,232
2 iiiiiiiiiiii HHHHHHHHH aaaaaaaaa Α∂=−=

, that is our broken circuit can be written as a 
linear combination of NBC bases of rank two 

22,133,2
and

iiiiii HHHH aaaa . Observe that,  

3323,23,2321
02 Α

Α
′ =∂==

iiiiiiiii HHHHHHHB aaaaaaaa

and for every AH ∈  with BH ′∉  we have 

4J∈± ′BH ee , i.e. 

))(()( 34 B
E

HBBH
E eeeee ′′′ ∂±−±=±∂  and 

3
0)(4 Α′′

Α =±=±∂ BBH aaa . 

For (ii):  since miii HHH Π∈
321

,, are 

collinear, hence there is a unique hyperplane 

say 11 −ΠΠ∈ mH ULU  with 

2),,,(rk
321

=iii HHHH . Thus for each 

31 ≤<≤ jk  we  have 

jikikijijiki
HHHHHHHHH aaaaaaaaa Α∂=−= 2 . 

Thus we write our broken circuit as a linear 
combination of NBC bases of rank two 

23
and

ii HHHH aaaa . And we  have; 

33211321321321321
0234 Α

ΑΑΑ =∂==∂−=∂
iiiiiiiiiiiiiiii HHHHHHHHHHHHHHHHHH aaaaaaaaaaaaaaaaaa . 

   This conversation classifies the collection of 
all subarrangements of a hypersolvable 
arrangement A into two disjoint classes. The 
first one is Sand the second one is the 
complement of S . That is for a fixed 

l≤≤ k3 , the k th monomial basis 

}1|{ 11
niiee kHHk

kii
≤<<≤= LKB  of 

the k th-exterior algebra kE in definition (2.1) 

which is spanned by the collection of all 

subarrangement ofAwith cardinalityk , is 

partitioned into }|{ kS Se S∈ and 

}|{\ kSk Se SB ∈ ,  where 

}|{\J kSkk Se SB ∈⊆ .  Let 

}|{\ kSkB See SB ∈∈′ . Thus either 

1J −′ ∈ kBe or 1J −′ ∉ kBe . 

 

For 1J −′ ∈ kBe :  

1\3\3\3\3 )()()()()()( −′−′′′−′′ ∈∂±∂=∂±⇒∂±∂±=∂ kTB
E
kTB

E
kTBT

E
TB

E
kTTBT

E
B

E
k Jeeeeeeeeee , 

where T  be any 2-circuit of B′ .  That is; 

1-kA
A

\
A

3
A

\
A
3 0)()()()( =∂=∂±∂=∂± ′′−′′ BkTBkTBkTBT aaaaaa , i.e. )ker()( kB

E
k e ϕ∈∂ ′ . 

For 1J −′ ∉ kBe : That is B′ contains a broken 

circuit of rank two say BHH ii ′⊆},{
21

 and 

mii HH Π∈
21

, for some l≤≤ m2  with 

AH ii ∈
21, be the unique hyperplane such that 

2),,(rk
2121, =iiii HHH . Thus; 
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))(()( },{\2},,{},{\},,{31
21212,121212,12,1 iiiiiiiiiiiiii HHB

E
kHHHHHBHHH

E
BH

E
k eeeeee ′−′′+ ∂−∂±=±∂ , i.e. 

kHHBHHH
E

HHB
E
kHHHBH

E
k Jeeeeee

iiiiiiiiiiiiii
∈∂±=∂±±∂ ′′−′+ },{\},,{3},{\1},,{1

21212,121212,12,1
)(())( . Therefore,

kiiiiiiiiiiiiii HHBHHHHHBkHHHBHk aaaaaa Α′
Α

′
Α

−′
Α

+ =∂±=∂±±∂ 0)(())( },{\},,{3},{\2},,{1
21212,121212,12,1

 

and 
kii BHk aa Α′

Α
+ =±∂ 0)(

2,1
1  , )ker()(

2,1
1 kBH

E
k ee

ii
ϕ∈±∂ ′+ . On the other hand 

)()( },{\1
21212,12,12,12,1 iiiiiiiiiiii HHBHHkHBkHBkHBHkB aaaaaaaaaaa ′

Α
′

Α
′

Α
′

Α
+′ ±∂=∂=∂±±∂= . That is, 

},{\2
21212,1

)(
iiiiii HHBHHHB aaaaa ′

Α
′ ∂±= . By continuing this procedure we can write Ba ′  as a linear 

combination of monomials spanned by 
subarrangements that contain no two broken 
circuits.      

Our aim now is to explain how this 
classification constructs the quadratic Orlik-
Solomon algebra as follows: 

 
Definition (3.13): 
  
    Let Abe a hypersolvable r -arrangement 

with Hp ),,( 1 lK ΠΠ=Π . Define )(NC A  

as follows, Κ=)(NC0 A , for l≤≤ k1  let 

)(NC Ak  be the freeΚ-submodule of )(AE  

with basis }|{ kS Se S∈  and 

)(NC)(NC k0
AA

k⊕ == l
. It is clear that 

)(NC A  forms a free submodule of )(AE  (not 

algebra since )(NC A  not closed under the 

multiplication). 

 In fact for each kS S∈ , the boundaries 

1−∈ kjS S , kj ≤≤1 . Therefore 

NC(A)NC(A) ⊆∂  and ),(NC NC∂  form a 

chain complex which is acyclic. Indeed if 

)(NC Ac∈  is a cycle, i.e. 0=∂c . We have 

)(NC
1

AceH ∈  and 

ccecce HH =∂−=∂
11

)( . Thus c is a 

boundary. 

 Let )()(NC: AA Α→′ϕ  be the restriction 

of the canonical projection 

)()(: AAE Α→ϕ , (definition (3.7)). 

 
Theorem (3.14): 

Suppose we have the conclusions of 
definition (3.13). Then the Κ-linear map 

)()(NC: AA Α→′ϕ  forms an isomorphism. 

Proof: It is clear that ϕ ′  forms an isomorphism, 

indeed )()(NC 00 AA Α≈ , )()(NC 11 AA Α≈

and for l≤≤ k2 , )()(NC: k AA kk Α→′ϕ  is an 

isomorphism since }|)({ kSSk Sae S∈=′ϕ  forms 

a basis of )(AΑ as the following commutative 

diagram: 

0)()()(0

0)(N)(NC)(N0

0111

NC
0

NC
1

NC
1

NCNC
1

01

01

01

→Α→→Α→Α→

↓′↓′↓′
→→→→→

ΑΑΑ
−

ΑΑ
+

−+

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

AAA

ACAAC

L

L

lll

lll

ll

ll

ll

ϕϕϕ       □ 
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Definition (3.15): 
Let A be a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π . The following 

diagram of acyclic chain complexes gives a 
definition of a connection between the 

structures of the Orlik-Solomon algebra and the 
quadratic Orlik-Solomon algebra for the 
hypersolvable class of arrangements by using 
the partition complex:  

( ) ( ) ( )

( ) ( ) ( )

0)()()(0

0

0)()()(

0

0)()()(0

0111

0111

0111

0111

0111

01

0

01

01

01

01

01

01

01

→Α→→Α→Α→

↓↓↓

→Π→→Π→Π→

↓↓↓

→Α→→Α→Α→

↓↓↓

→Π→→Π→Π→

↓↓↓

→Α→→Α→Α→

ΑΑΑ
−

ΑΑ
+

ΠΠΠ
−

ΠΠ
+

ΑΑΑ
−

ΑΑ
+

ΠΠΠ
−

ΠΠ
+

ΑΑΑ
−

ΑΑ
+

∂∂∂
−

∂∂

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

−

∂∂∂
−

∂∂

AAA

AAA

AAA

rrr

rrr

rrr

rrr

rrr

rr

rr

rr

rr

rr

rr

rr

rr

rr

L

LL

LL

LL

L

κκκ

τττ

κκκ

τττ

 

Define the Κ-linear maps of graded Κ-

modules  )()(: AA ∗∗ Α→Α=′ τκτ o  

and )()(: AA ∗∗ Α→Α=′ τκκ o . 

Observe that τ ′ is mono. and κ ′ is epi. in 
general.        

 
Theorem (3.16): 

Let Abe a hypersolvable r -

arrangement with HP ),,( 1 lL ΠΠ=Π . 

Then, A is fiber-type arrangement if, and 

only if, the Κ-linear map 

)()(: AA ∗∗ Α→Α′κ  is an isomorphism.  

Proof: This is a direct result of construction 
(3.10).                                                           
□ 

 

 (4) APPLICATIONS OF THE HYPERSOLVABLE PARITION COMPLEX 
Ali in [1] studied the properties of the 

hypersolvable NBC bases of a hypersolvable 
arrangement. Our aim in this section is to 
reproduce these properties into the structure the 

Orlik-Solomon algebra for the hypersolvable class 
of arrangements  and we compare it with the 
structure of the quadratic Orlik-Solomon algebra 
by using the partition complex analogue:  

 
Theorem (4.1): 

  Let A be a hypersolvable r -

arrangement with HP ),,( 1 lL ΠΠ=Π  

and exponent vector ),,( 1 lK ddd = . 

Then Κ≈Α )(0 A , 11 )( EA ≈Α  and; 

( ) ))))((()(
},{111

1

1
)(

22 2
2

1
1

2
2
2

2

212

1
1
1

1

11
2

i
j

i
j

i
i
j

i

i
i
j

i

HH

H

d

jii
H

d

ji
S

ANBCS

ppA Κ⊕⊕⊕⊕≈Κ=Π≈Α
Π∈

=+=
Π∈

=

−

=∈
⊕

ll

. 
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Proof: from the definition of the Orlik-Solomon 

algebra Κ≈Α )(0 A , 11 )( EA ≈Α and by applying 

a result of Ali and Al-Ta'ai states that "of a 
hypersolvable r -arrangement with HP

),,( 1 lL ΠΠ=Π , every sub arrangement 

contains two hyperplanes from two different 

blocks (2 -section of Π ) form a 2 -NBC base of 

A", we deduce that 22 )( S=ANBC . Thus; 

( ) ))))((()(
},{111

1

1)(
22 2

2
1
1

2
2
2

2

212

1
1
1

1

11
2

i
j

i
j

i
i
j

i

i
i
j

i

HH

H

d

jii
H

d

ji
S

ANBCS

ppA Κ⊕⊕⊕⊕≈Κ=Π≈Α
Π∈

=+=
Π∈

=

−

=∈
⊕

ll

.   □ 

 
Corollary (4.2): 

  Let Abe a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π . Then 
)()( 00 AA Α≈Α , )()( 11 AA Α≈Α  and 

)()( 22 AA Α≈Α . 

Proof: By applying theorem (4.1), our aim is 
held.                                                          □  

 

Corollary (4.3): 
Let Abe a hypersolvable r -arrangement 

with Hp ),,( 1 lK ΠΠ=Π and exponent vector 

),,( 1 lK ddd =  such that 2)( ≥= rArk . 

Then, 1))(( 00 =Α= Arkb , 

AArkb =Α= ))(( 11 and

∑ ∑
−

= +=
=Α= 1

1 122
1 12 21

))((
l l

i ii ii ddArkb . 

Proof: It is clear that 10 =b and Ab =1 . Since

)(22 ANBCb = = the number of all         2-

NBC base ofA and from theorem (2.1) such 
number is equal to the number of all       2-
section of Π . Therefore, 

∑ ∑
−

= +=
= 1

1 12
1 12 21

l l

i ii ii ddb .                                                        

□ 
 
Corollary (4.4): 

Let Abe an essential central2-
arrangement. Then; 

( ) )()( 21 AEA Α≈Π⊕⊕Κ≈Α  and 

2)1(1)),(( tAtAtAp −++=Α . 

Proof: Deduce that, each essential central2-

arrangement },,{ 1 nHHA K=  is a 

hypersolvable arrangement with Hp 

}),,{},({),( 2121 lK HHH=ΠΠ=Π and 

exponent vector )1,1(),( 21 −== Addd . Then 

by applying theorem (4.1) we have 

( )21)( Π⊕⊕Κ≈Α EA .  Thus, 

2)1(1)),(( tAtAtAp −++=Α .                                   

□ 

 
Theorem (4.5): 

Let Abe a hypersolvable 3 -arrangement 

with Hp 
),,( 1 lK ΠΠ=Π  and exponent vector

),,( 1 lK ddd = such that 3>l , (i.e. A is not 

fiber-type arrangement).  Then, 

( ) ( ) 321)( ′Π⊕Π⊕⊕Κ≈Α EA , where ( ) 3
′Π  

is the freeΚ-submodule of ( )3Π  with basis 
}|{ 13 φ≠Π∈ ISandSpS S . 
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Proof: by applying theorem (4.1), we need only 

to show that ( ) 33 )( ′Π≈Α A , i.e. we want to prove 

every 3 -section 3S∈= },,{
321 iii HHHS  of 

Π  forms a 3 -NBC base of A if and only if 

11
HH i = , where the hyperplane 11 Π∈H is the 

minimal hyperplane of A via the hypersolvable 
ordering.  

In light of remark (1.2), every 3 -section 

},,{
321 iii HHHS = of Π  is independent. 

Therefore it is either a 3 -NBC base of A or a 3 -

broken circuit of A. If },,{
321 ii HHHS= , 

deduce that S is a 3 -NBC base of A. On the 

other hand, if 3S∈= },,{
321 iii HHHS  and 

11
HH i ≠ , then S  is a 3 -broken circuit of A, 

since 
ki

HH <1 , 31 ≤≤ k  and SH U}{ 1  is a 

3 -circuit of A. In particular, 

}|{)( 133 ϕ≠Π∈⊆= ISandSASANBC S
. 

Now recall definition (2.16) and theorem 
(2.18), the restriction of the homogeneous Κ-

linear map ( )∗∗ Π→Α )(: Aτ  of graded free Κ

-module ( ) ( ) 321
′Π⊕Π⊕⊕Κ E  splits into a 

chain isomorphism of chain complexes as the 
following commutative diagram: 

( ) ( ) ( ) ( ) 0

0)()()()(

0123

0123

0123

0123

0123

 →Π →Π →Π →′Π

↓↓↓↓′
→Α →Α →Α →Α

ΠΠΠΠ

ΑΑΑΑ

∂∂∂∂

∂∂∂∂

ττττ
AAAA

 

Where ( ) ( ) 33/33
~)(:

3

′Π→Α=′ ′Π
Aττ  is the restriction of ( )333 )(: Π→Α Aτ  on ( ) 3

′Π   which is an 

isomorphism. Thus, ( ) ( ) 321

3

1
)()( ′Π⊕Π⊕⊕Κ≈Α=Α ⊕ =

EAA jj
.                 □ 

 
Corollary (4.6): 

Assume we have the conclusion of theorem (4.5). Then; 

( ) ))))((()(
},,{111

1

2)(
33 2

2
1
11

2
2
2

2

212

1
1
1

1

11
3

i
j

i
j

i
i
j

i

i
i
j

i

HHH

H

d

jii

H

d

ji
S

ANBCS

ppA Κ⊕⊕⊕⊕≈Κ=′Π≈Α
Π∈

=+=
Π∈

=

−

=∈
⊕

ll

; 

where the hyperplane 11 Π∈H is the minimal hyperplane of A with the hypersolvable ordering.                                                                                             

Proof: In a straight line of the theorem (4.5).                                                                     □ 
 
Definition (4.7): [6] 

An r -arrangement A with rA >= l is 

called a l -generic if for every subarrangement 

AB ⊆  with rB = are linearly independent. 

Observe that, if Ais a l -generic r -arrangement, 

then all the subarrangements AB ⊆  with
 

rB ≤  are linearly independent. 

 
Remark (4.8):  

Deduce that if A is a l -genericr -

arrangement, thenA is a hypersolvable 

arrangement with exponents 1=id , l≤≤ i1  

(i.e. )1,,1( K=d ), where the converse need not 

to be true in general. Ra'ad in [7] explained that 
by an example. He used the quantity 
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)}(and|min{)( BrkBABBAm >⊆= to 

classified such r -arrangements into two classes 
as "A is a l -genericr -arrangement if, and only 

if, 1)( += rAm ".  

Notice that, )(Am  is the minimal 

cardinality of subarrangement AB ⊆  such that 

B is linearly dependent. Thus, 3)( ≥Am in 

general and if 3)( >Am , then there are no 

collinear relations among any three hyperplanes 
of Aand such arrangement is  hypersolvable with 

exponent vector )1,,1( K=d which cannot be l -

generic if rAm ≤)( . 

 
Theorem (4.9): 

Let Abe a l -genericr -arrangement and ),,( 1 lK ΠΠ=Π be the Hp of A with exponent vector

)1,,1( K=d . Then ( ) ( ) rk
r
kEA ′Π⊕Π⊕⊕Κ=Α −

=
1
21)( , where for 12 −≤≤ rk ; 

( ) )))((( },,,{
1

2

1

1

1)(
211

22

12

11

1

LL K

lll

kiii

kiki

kk

iiii
k

HHH

H
ii

H

k

ii
H

k

i
S

ANBCS
k pp Κ⊕⊕⊕≈Κ=Π

Π∈
+=

Π∈

+−

+=
Π∈

+−

=∈ −
⊕ and 

( ) )))((( },,,{
1

3

1

2

2)(
111

11

21

22

12

11

1

LL K

lll

−

−−

−−

Κ⊕⊕⊕≈Κ=′Π
Π∈

+=
Π∈

+−

+=
Π∈

+−

=∈
⊕

rii

riri

rr

iiii
r

HHH

H
ii

H

r

ii
H

r

i
S

ANBCS

r pp , 

is a free Κ-submodule of ( )rΠ  with basis

}}{and|{ 11 HSSp rS =Π∈ IS , where the 

hyperplane 11 Π∈H is the minimal hyperplane of 

Awith the hypersolvable ordering. 
Proof: Ali and Al-Ta'ai in [1] proved that for l -

genericr -arrangement A, if 12 −≤≤ rk  every 

subarrangement which contains k -hyperplanes 

fromk -different blocks form a     k -NBC base 

of Aand every sub arrangement which contains 
r -hyperplanes from         r -different blocks form 
a r -NBC base of A if, and only if, it contains the 
minimal hyperplane of Awith the hypersolvable 

ordering 11 Π∈H . That is kk ANBC S=)(  for 

12 −≤≤ rk  and; 

}}{ and|{)( 11 HSSASANBC rr =Π∈⊆= IS . □ 

Recall the definition of 

}),()(|sup{)( ikAbAbiAp kk ≤∀== , 

where for rk ≤≤0  )(Abk and 

kii iik
k k

ddAb S==∑ =>>

l

L
K

11 1
)( are the j th-

Betti numbers of the Poincaré polynomial of  

)(A∗Α and )(A∗Α  respectively. Then we state 

the following result: 
 

 
Theorem (4.10): 

Let Abe a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π  and exponent vector 
),,( 1 lK ddd = such that l<r . Then for 

)(2 Apk ≤≤ ; 
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 and for rkAp ≤≤+1)( ; 
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Proof: For )(2 Apk ≤≤ : We have that 

)()( AbAb kk = . That is 

( ) )())(()())(( kkkkk rkArkANBCArk Π==Α==Α S
, i.e. every k -section of Aforms ak -NBC base of 

A. Thus ( ) )()( AA kkk Α≈Π≈Α as graded 

freeΚ  -modules. 

For rkAp ≤≤+1)( : We have 

kkkk AbANBCAb S=≠= )()()(  and since 

the number of all k -NBC bases of A cannot 

exceed the number of allk -sections of A. 
Therefore, 

( ) )())(()())(( kkkkk rkArkANBCArk Π==Α<=Α S
. Thus the Orlik-Solomon Algebra can be 
embedded as a free Κ  -submodule of the 
quadratic Orlik-Solomon Algebra by the 
hypersolvable partition module as an application 
of section two and three as; 
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 with basis kk ANBC S⊆)( .                                                                                               □ 

 
Corollary (4.11): 

Let Abe a hypersolvable r -arrangement 

with HP ),,( 1 lL ΠΠ=Π  and exponent 

vector ),,( 1 lK ddd = such that l<r . Then: 

i- 2)( ≥Ap in general. 

ii- If A is a 3 -arrangement, then 2)( =Ap . 

iii- If A is a l -genericr -arrangement, then 

1)( −= rAp . 

Proof: (i), (ii) and (iii) form direct results for 
Theorem (4.1), Theorem (4.5) and Theorem (4.9) 
respectively.                                                                                                
□ 

 
Example (4.12): 

Let A be a central complex 4 -
arrangement defined by 
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wzyxxyzAQ )()( ++= , with this ordering 

of the hyperplanes of A, write 

},,,,{ 54321 HHHHHA =  where; 

}0|),,,{( 4
1 =∈= xCwzyxH , }0|),,,{( 4

2 =∈= yCwzyxH , 

}0|),,,{( 4
3 =∈= zCwzyxH , }0|),,,{( 4

4 =++∈= zyxCwzyxH and 

}0|),,,{( 4
5 =∈= wCwzyxH . 

In fact there are no collinear (rank two) 
relations among any three hyperplanes of A. 
Therefore A has a hypersolvable partition 

}}{},{},{},{},({ 54321 HHHHH=Π  with 

exponent vector is )1,1,1,1,1(=d . Note that 

the subarrangement },,,{ 4321 HHHH  of A 

forms a unique linearly dependent relation 
among four different blocks of Π  which 
implies A is not fiber type since Π  is not nice 

and A is not generic since 54)( ≠=Am . 

From theorem (4.1) Κ=Α=Α )()( 00 AA ; 

kH
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Deduce that  the subarrangement 

},,{ 432 HHH  is a 3 -section where it is not 

a 3 -NBC base indeed there is a hyperplane 

AH ∈1  with for each 42 ≤≤ j , jHH <1  

and 3),,,( 4321 =HHHHrk . Thus 

},,{ 432 HHH  is a 3 -broken circuit of A. 

That is 

3333 10)()(9)( S==<== AbANBCAb

 and 2)( =Ap . By applying theorem (4.10); 

( ) ))(()( },,{

},,{},,{

5

1

4

1

3

1},,{\
33

321

432321

33

23

22

12

11

1
4323

iii

iii

iiiiii

HHH

HHHHHH

H
ii

H
ii

H
i

S
HHHS

ppA Κ⊕⊕⊕≈Κ=′Π≈Α

≠
Π∈
+=

Π∈
+=

Π∈
=∈

⊕
S

, where; 

( ) ))(()( },,{

5

1

4

1

3

1
33

321

33

23

22

12

11

1
3

iii

iiiiii

HHH

H
ii

H
ii

H
i

S
S

ppA Κ⊕⊕⊕≈Κ=Π≈Α
Π∈
+=

Π∈
+=

Π∈
=∈

⊕
S

. 

Observe that }},,,{},,,,{{\)( 5432432144 HHHHHHHHANBC S= , indeed 

},,,{ 4321 HHHH  is a circuit and },,,{ 5432 HHHH  is a 4-broken circuit of A. Thus 

4444 5)()(3)( S==<== AbANBCAb and by applying the theorem (4.10) we have;  
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  : المستخلص

و " باستخدام بنية التجزئة القابلة للحل فوقيا"قابلة للحل فوقيا- rسولومون لترتيبة-الهدف من هذا البحث بناء جبر أورلاك

ثم , سولومون-لجبر أورلاك NBCعرفنا قاعدة ال, "الذي يحافظ على البنية القابلة للحل فوقيا" باستخدام الترتيب القابل للحل فوقيا

تكون ثنائية "أثبات ان ترتيبة قابلة للحل فوقيا في"و استخدمنا هذا الترتيب ايضا. غمرناه في موديول التجزئة كموديول جزئي حر

سولومون الثنائي بنية تكافئ موديول -و كتعميم لنتيجة جامبو و باباديما اعطينا لجبر أورلاك". اذا و فقط اذا كانت قابلة للحل كليا

سولومون الثنائي لترتيبة قابلة -سولومون و جبر أورلاك-وباستخدام هذا التكافؤ قمنا بدراسة الفروقات بين جبر أورلاك, التجزئة

  . كموديولات حرة مع العديد من التطبيقات" للحل فوقيا
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