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Abstract:

This paper is devoted to construct the Orlik-Solomimelaa of a hypersolvabler -arrangement by
using the hypersolvable partition analogue. We used fpersolvable ordering which preserves the
hypersolvable structure to define the NBC-basis of thH&-Qolomon algebra and we embedded it in the
partition module as a free graded submodule. We usedoitiezing also to prove that a hypersolvable
arrangement is quadratic if, and only if, it's filbgpe. As a generalization of a result of Jambu and
Papadima, we gave the quadratic Orlik-Solomon algalstaucture isomorphic to a partition module and we
used this isomorphism to produce a comparison betweedrtiteSolomon algebra and the quadratic Orlik-
Solomon algebra as free modules with many applications.

Key words:Hyperplane arrangements, hypersolvable arrangementsextieeior algebra, the
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I ntroduction:
Let A={H,....H} be a complex hyperplanie  »° (-1)"“e, ...8, ...q, for all

-arrangement, with complemett(A) =C'/| J* H,. 1<i; <--<i,<n such that {H,,..., H } is

The cohomology ring for the complemef (A) dependent. They proved thAt"(A) which is named
with arbitrary constant coefficients was given byy Orlik-Solomon algebra isomorphic to the

Arnold [2], 1969 and Brieskorn [3], 1971. Orlik andcohomological fing of the complemei D(M (A)
Solomon [8], 1980 generalized Brieskorn's result %) L . .
y giving a presentation of the last one in terms of

construct a graded algebr&“(A) associated to a generators and relations.

complex I -arrangement A and their description For a given total ordext on A, if CO A is a
involves the intersection lattice inimal (with respect to inclusion) dependent set, we
L(A)={XDTC" X :ﬂHDBH andBUA of A C a circuit of A and C =C\{H} a broken
which is partially ordered by reverse inclusions angrcuit of C, where H is the smallest hyperplane in
ranked by rk(X)=codim(X)=r-dim(X). cCvia < and by NBC baseB ] A we meanB

For a commutative rind< and an arbitrary total order contains no broken circuit. The set of the NBC bases

< on A, they definedA”(A) to be the quotient of of A forms an explicit basis of the Orlik-Solomon

the exterior algebra [P°(O"Ke,) by algebra (see [4] and we refer the reader to [9] as a
i i general reference).

homogeneous ideall (A) generated by relations Our aim in this paper is to give a structure of the
Orlik-Solomon algebraA“(A) of the hypersolvable
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class of arrangements which was introduced by Janiiypersolvable structure and a result of Jambu and
and Papadima at 1998 [5] and 2002 [6], as Rapadima (3.8) to give the partition structure to the

generalization of a fiber-type (Stanley supersolvablg)agratic  Orlik-Solomon  algebra A”(A)of a

class ([13] and [9]). We used the hypersolvabify Lo :
partition, the hypersolvable ordering which is define persolvable arrangement [5] which is defined as the

. . >0
by Ali in [1], 2007 and their study of the NBC baseguotient of the exterior algebrd™ (iL,Ke, ) by
of a hypersolvable arrangement to constrﬂ&(A). a homogeneous ideal (A) generated by relations

To make our structure more agreement with ous e, +te, e, +e, e, for all
i2 i2 13 13 1

analogue we embedded it in section (2) as a gradfdl_ ] S=iH. H H
<i, <I,<i, < ={H. .H. H }i
free submodule of the partition compleﬁl’l )D iy <l <lg=n suchthab={H, ,H; .H, }is

(definition (2.7)). We study how they are connectédfPendent. o _
and the differences between them. Section (4) in this paper reflects Ali and Al-
Section (3) is devoted to prove that thd@'al studies of the hypersolvable NBC bases of a

quadratic property on the hypersolvable class tiypersolvable arrangement into the structure the
related to the fiber-type subclass only and that Grlik-Solomon algebra for the hypersolvable class of

caused by these subarrangements of non fiber-t gangements and we compare it with the structure of
arrangementA which are not NBC bases oA and the quadratic Orlik-Solomon algebra as applications

contain no broken circuit of rank two. Then we usedf the partition complex structure.
the hypersolvable ordering which preserves the

(1)THE HYPERSOLVABLE PARTITION OF A HYPERSOLVABLE
ARRANGEMENT

A hypersolvable class of arrangements was partition from the hypersolvable structure and the
introduced by Jambu and Papadima (1998 [5],goal of this section is to give an impression of the
2002[6]). Ali in ([1], 2007) derived a natural importance of this partition:

Definition (1.1):

Let A be an essential central compléx- HOM,U---Un i1 such that
arrangement (ie. (| H,=T(A)=T#¢ and  rk(H,,H, ,H)=2. Note that, from closedness
rk(A) =rk(T (A)) =codim(ﬂHDAH) =r =dim(C") properties of the blocksIl,,...,I1,, the
). A partition 1 =(IM,...,M,) of Aissaidtobe hyperplaneH is unique and we denoted it iy, ,

a hypersolvable partition of A with length

¢(A) =/ and denoted by HP, )ﬂl‘ =1, (i.e. M{ ) -solvability property of M) it Hy,Hy H O
the hyperplanes
Hy,,H;,H,; O, U---UN i, are equal or

rk(H,,,H 5, H,5)=2. Observe that, if
rk(H;, H,,H;) = 2then from closendess
properties of the blocks [l 2,...,I'I -1
Hp, =H;3=H,;.

The vector of integersd =(d,,...,d,) is
called theexponent vectoof I, if for j =1...,7,

is a singleton) and for fixe < j </, the block
M j satisfies the following properties:

(j-closedness  property  of M j) For each
Hy,H, O U---UM, there is no hyperplane
HDI'IjﬂU---UI'Igsuch that
rk(H,H,,H)=2.

(J-completeness  property of 1 j) For each
H,,H,OMN,;, there is a hyperplane
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d :‘I'I ‘ For 1< j</ therank of M, is Remark(1.2): _
: . ! If ¢>=3, any three different blocks
defined to be

M, o h thatl<i, <i, <i, </
rk(I'I,-):rk(I'IlU...UI'Ij):rk(ﬂ H) PRI PEL N suc a L <i, <iy

. We call the blockl1 P a singular blockof 1 if

HEm, U-Un, are independent fronh,-closedness property of the

bIockI_IiZ, i.e. for k=123, if Hik DI_Iik, then

rk(M;) =rk(M,,)and we call itnon-singular rk(Hill H,. Hi3) _3

block otherwise. Notice that, in general
rk(M ;) <rk(M ) +1.

Definition (1.3):

A hypersolvable arrangement is an essentidtaler_ A._is complete in A, , if for each distinct
complex I -arrangement with a composition series : :

AO---OAOA,0O---OA with length hyperplanes H,,H, A\ A, there exists a
unique  hyperplane H,,[A_ such  that

0(A)=¢ such that rk(A) =1, (e A is rk(qH ’ T_T 2_2 2HUAL

singleton) , A, = A, and (A;, A;_;) is solvable, bir2rT L2 '

_ 3- If H;,H,,H; OA \ A, the hyperplanes
for each2< j </, i.e. the pairf( A;, A;_;) satisfies
) . e H, HH,;OA, are equal or
the following properties: ' ' ' J

1- A,_; is closed in A;, if for each distinct rk(Hyp Hyg Hpg) = 2.
hyperplanes H,,H, L1 A;, there is no hyperplane
HOA A such thatrk(H,,H,,H) =2.

Proposition (1.4):

Let Abe an essential central complek - forms a HP of A (we refer the reader to [1] for
arrangement.A is hypersolvable if, and only ifA more details). Conversely, if1=(M,---,M,)
has a HP[1 =(I1,,---,11,). forms a HP of A, then the composition series

Proof: If A is a hypersolvablg -arrangement with Al ... Ai_1 ] A1 ... A€ which is

a composition series _ _ . _
AD-OA,OAD-OA, then the ©MedDA=U iy o H. Isi<? gies A

partition M = (I_Il,--',l_l K)which is defined by a structure of hypersolvable arrangement [5]

M, =Aand for i=2..,0, T, =A\A_

Definition (1.5):
Let A be a hypersolvablg -arrangement with 2- Let 1., =T1; \M in

HPM =(My,--,M,). For fixed 1< J</, the pefine thehypersolvable ordering ofA inducedby

properties of the hypersolvable partition give rise to ghe HP I and denoted by , as follows:
natural partition to the blockl ; as follows: 1- it HOM, and H'OM, such that

1~ LetNy ={H,....H, } ON;, suchthat ;i j<¢,putH<H'.
rk(H,,...,H; ) =2.

21
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2- For fixed 1< j </, give the hyperplanes of {H,,H, ,H. }={H;,H,,H;}. Observe that,
the subblock'l ., of I'1; an arbitrary total order with g, rk(H,, H,, H,) = 3then there is at least one

preserving the order ofll; in 1 for each H, ,H,,H;yisin .,
1 1 j*2-

1<i<j-1and preserving the order &1 ., asif Notice that the hypersolvable ordering of a
H,,H,,H,OM with rk(H,,H,,H;) =3, put hypersolvable arrangement respects the
1 1 J 1 1 ’

hypersolvable structure.
Hi <H, <H, if, and only i,

H . <H, , <H, . such that
2 113 2,3

11,1

Definition (1.6): [13]

Let A be a central complex -arrangement X+YOL(A) for all YOL(A). We call A
and L(A) be the intersection lattice oA which supersolvableif it has a maximal chain of
is partially ordered by the inclusions and modular elements
ranked by V=X,<X; <---<X,=T(A). Note that such
rk(X) =codim(X) =r —dim(X) .An element maximal chain of modular elements, if it exists,

XOL(A) is said to be modular if and only if needs not to be unique.

Proposition (1.7): [5]

An essential central complek -arrangement is a hypersolvable arrangement  with
Ais said to be supersolvable if, and only A r=rk(A) =/((A)=".
Note (1.8):
Let A be a supersolvablé -arrangement 1<j<t A :U H, which gives

HOM, U--Un;
and M=(M,---,M,) be a fixed

o A a structure of a hypersolvable arrangement,
hypersolvable partition of A. We call your where the maximal chain of the modular

attention that we ordered the hypgrplanesﬁof elements V=X, <X, <---<X, =T(A which is
by the hypersolvable ordering which preserves ‘

the supersolvable structure. Notice th#, has

a composition series associated with the Hp A a structure of supersolvable arrangement.
is A O---UA OA,UO---UA, where for

defined asXx; :ﬂHDA H, 1< j</ obtains on

(2) THE ORLIK-SOLOMON ALGEBRA, THE BROKEN CIRUIT COMPLEX
AND THE PARTITION COMPLEX OF A HYPERSOLVABLE
ARRANGEMENT

Orlik and Solomon [8], 1980 constructed an hypersolvable arrangement by using the
algebra A”(A) associated with a central hypersolvable partition analogue and we serve our
arrangementA, named by their names and they g.o?llvas fO"gWS: it of Ali t bed NBC basis of
proved that it is isomorphic to the cohomological € used a resuft of All to embe asis o

O . . .
fing of the complement H (M (A)). This A"(A) in a basis spanned by the sections of a

fixed hypersolvable partitiohl of A.
section is motivated to construéh”(A) for a P P
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- We constructed a graded free modtﬁ@)m module to produce a simplification of the

which has a basis spanned by the sectionBlof ~ Structure of A"(A)and the comparison between

We call (|-| )D a hypersolvable partition module. these structures leads us to the next section.

* We embedded the Orlik-Solomon algebra as a
free submodule in the hypersolvable partition

Construction (2.1): [9]
LetK be a commutative ring with unit and let chain complex withd ¢ is the unique derivation of
A={H,,...,H_} be a centralr -arrangement in E satisfiesde, =1.

r - — x *
C . By E=E(A)=[](ey,...,& ) We denote  pefine theOrlik-Solomon algebraA = A, (A) to

the exterioK -algebra generated by symbog, be the quotient o by the ideall =1 (A) which
in one to one correspondence with the hyperplaness generated by relations of the form

H [JA, which is graded by exterior degree, i.e. de, =06, ...6, Z (—1)k‘1eHi1...éHik 8
E = E, here = i
D 0= w E =K, E= DHDA for al 1<i;< ~-<lp<n such that
and E,, with standard monomiaK -basis; S={H,,...,H, } is dependent, ierk(S)<p.
1 P

B={e& =&, ["'[eHip [1<iy <--<ip=n}, The gradation ofE defines a gradation of the

i.e. it is spanned by all subarrangementsideal | as follows: Since each subarrangement of

S={H,,....H; }OA such that A contains one hyperplane or two hyperplanes is
p
1<i, < <i <n. Write U=ULV and note independent thenl ; =0 and |, =0. For each
2 p<r, let
that €, =0 and e,e, =-e,.e, for P
={e; |BO A B = p+1 andrk(B) < p+1},

I
H',H OA. Observe that the construction of the "

exterior algebra depends of an arbitrary total"e' |pIS the collection of those monomials that are

related to the dependent subarrangements with

ordering < defined on the hyperplanes @ and
cardinality p+1. Thenl p IS generated byl b

this ordering can give the monomi#l -basis B
the degree lexicographic (DeglLex) order. That is; By ¢:E -~ A=E/| we denote the canonical
if p<q,thenge, ..., <€, ..., andif projection and for each HUA, let
i Ip I Iq .
, , , =¢(e,)=e, +1 andg(E )=A_. Thatis
k, =min{K i, # j}, then ne P

€, <8, 8 if Hikong g

'p

e A= |:|rk(A)A be a graded anticommutative
H, <°-

[}

algebra, where A, =K, A;=E,. Since
dcl 01, then &K-linear map 0, 1A - A
defined by 0,¢ = @0 gives the paifA,d,)a
aeH.l &, = Z—l( DkleH eH <&y for all structure of acyclic chain complex, i.e. the

H,....H, OA. The pair (E,0¢) forms a following sequence is exact;

Define a K-linear map 0 =0:E - E by
g1=0, oOe, =1 and

23
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oofr-. A (A O#- A, _ (A Ofr-..O0M- A,A Of-o0.

Definition (2.2) [12]:
LetL(A)={X OC"|X =ﬂHDB HandBOA C =C\{H}, where H is the smallest

be the intersection lattice of a central comptex ~ hyperplane irC .

arrangement A which is partially ordered by 3- We call B [l A, aNBC-bassf it contains
reverse inclusions, i.eX <Y = Y O X and no broken circuit. Note that, such set must be

ranked byk(X) = codim(X) =r —dim(X) . independent and we denoté by i -NBC base if
Then: ‘B‘ =1i.

;- ' If CU Ais a minimal (with respect to 4. Let X OL(A) and A, O Abe the set of
inclusion) dependent subarrangement, then we Ca"all hyperplanesH [ A such thatH < X . We

C acircuit of A. That is,C forms a circuit of A _
: : . . say that the NBC-basB L1 A, is a NBC-base of
if, and only, if C\ { H} is linearly independent for

X if ﬂHDB H = X and we call the broken circuit

eachH O C . Observe thatk(C) = ‘C‘ -1 -
2- Put a total orded on A to distinguish it C O A

from the partial order < of L(A). A ﬂHuéH =X.
correspondingbroken circuit of a circuit C is

is a broken circuit of X if

Remark (2.3):
Rota [11] and Sagan [12], showed that the A k i
number of thek" NBC-bases ofA are independent 3 =8,0,8 =) (-1 rjuaiH,) »
e

of our choice of the total orderingd on the written as a linear combination of monomials
hyperplanes ofA. Thus a NBC base oA for a  derived by independent subarrangements with
given total order may be a broken circuit in anotherDegLeX order,a s ; <3 for eachis j <k.

total order onA. That is, for a fixed total ordex '

on A,if B ={Hil,..., Hik} [0 A is ak™broken
cireutt, theriihgri ili a hyperplarid D_A such the_lt < on A is defined to be the hypersolvable order
HaH;, 1s <k and {H}UB is a circuit iy we described in definition (1.5) and the

where {H} U B\ { Hi_} forms an independent ordering on the monomikl-basis B of the exterior
! algebra E is defined to be the DeglLex ordering

subarrangement for eadn< j <k (' may be NBC which is obtained from the hypersolvable ordering.
base or broken circuit). Thusg, g Ul and

afﬂa{H}UB =8 —a,0,8 =0, - Thatis;

We mention, if A is a hypersolvabler -
arrangement with HR1=(r1,,---,N,), the total order

Notation (2.4):
Let L(A) be the intersection lattice ofla 1- For eachX [JL(A), the set of all NBC bases of
central complext -arrangementA. Then: X is denoted byNBC”* (A) and the set of all

broken circuit of X is denoted byBC* (A).
2- If L (A)={XOL(A)|rk(X) =i} O L(A), let NBG(A) =[] XOL(A), NBC(A) = NBC (A)-

XOL; (A)
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Let  BG(A =Uxmi »BC (A and

|BC| (A)| = ZXDLi (A)‘ BCX (A)‘ ’
3- If XOL(A), the Mdbius function(X) = (-1)'

of A can be represented as;

PIAD = 3 u(X)(-0") = Y INBG(A) t'

XOL(A) i>0

We callb, =|NBG (A)

Definition (2.5): [9]
A broken circuit module NBC(A) is
defined as;NBC,(A) =K and NBC,(A) be

the freeK -module with NBC monomials basis
{egUE|BO NBCp(A)} Jet

NBC(A) =[] fpk:‘(’j) NBC,(A) .Then

o0t~ NBC (A) 0P - NBC_,(A) Oft -
is exact.

Remark (2.6): [9]

The restrictiony : NBC(A) - A(A) of the K -
linear map @ :E(A) - A(A) on NBC(A)

BC(A) =
NBC* (A)INBC*? (A) =gand BC*:(A)BC*?(A)=¢. Therefore,

NBC* (A)

Vol. 36, No.1, 15ebruary ((2010))

rk (A)

_, BC (A) . In fact, for

Xl’ xz O L| (A) )
NBG(A)| =Y, ,/NBC'(A)] and

, see [11]. Therefore, tHeoinca®e polynomial

, the i " Betti numbeof p(At) =Y pt'.

NBC(A)is a freK-submodule (not
subalgebra) of E(A). Let
0. :NBC(A) - NBC(A) be the restriction of
Oc :E - E. Then the paif NBC(A),0.)
has a structure of acyclic chain complex, i.e.;

081 - NBC,(A) O - 0,

forms an isomorphism as
commutative diagram:

the following

00 fi ~ NBC, (A) 08 - NBC,_,(A) OB — -0 - NBC,(A) O -0

l//r ! l//r—l {

Theset

C={e; +1 =a; JA(A)|BLONBC(A)}
forms a basis for the Orlik-Solomon algebra
A(A) as a graded fré&-module. The DeglLex

order on the monomialK -basis B of the
exterior algebraE induced a DeglLex order on

C as ag <aB2 if, and only if, €g, <eBz,
B,,B, ONBJA).

Definition (2.7): [9]

25

o !

oofh- A (A O A _ (A Ofi-...08_ A A OH-0

Define the Poincaié polynomial of A(A) by

PA(A), 1) =Y rk(A (A)t*, wheret is an
indeterminate. We

be =1k(A,(A) =|NBC(A), the i"
number ofP(A(A),t) =Y _ b, t*.

call
Betti
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Let M=(M,...,M,) be a partition of a Therefore, the gradel-module (ﬂ) is free withK
central r -arrangemenA={H,,...,H.} and let -basis{ps|SLS}. We switch your attention that
(I'Ii) denote the freeK-module with basisl and the construction of the partition modulél’l)

the elements of 1, and it is graded bydeg{) =0 depends on two orders. The first one is defined on
|

q _ _ o the blocks of the partitiod1 and the second one is
and deg() =1. Define the gradegpartition K- defined on the hyperplanes @ with the fact that
module (I_I) :(I_Il) 0---0 (ﬂ a)- We agree that each ordering of them preserves the other one. That

(I'I)ZK it A=, (the emptyr -arrangement). is for a given total orderings o\ and [1, define
the DeglLex order on thK -basis{ ps | SIS}, i.e.

Let S——{Hil,..., Hik} be a subarrangement
. < _
itk <Kk, theanil ...pHikl < Pa, "’pHsz and if

of A such thatl<i, <:--<i, <n.call S ak-
sectionof 1, if for each1< | <K, H, O, ko =min{mliy, # jm} then
B pHik < ijl pHJk it Hikoﬂijo'

Let S={H,,...,H, }0S, and for each

Py -
such thatlsm, <---<m, < /. We agree that the i

0-section isS={} . By S, we denote the set of all

1< <k, let S, denotes the

k -sections of 1 and S=U£_ S,. For each
k=0 subarrangement o8 with H; deleted and we call

SOS,, define =x, O---0Ox, 0(M) such

that: “ Ps =% ' ( ) it a boundary of S . Define a K-linear map
X _{Hi. if j=m,1<l<k; 0 (M) = (M) by 96(py) =0. 04(Pu) =1
| =

iy, 102K 1, 0,(p) =X, ("5, T

Observe thap;, =1 and pg is homogeneous 90 =0and (N )’a(n)) is a chain complex and we

of degree k. Denote by the homogeneous part o(fa" it thepartition complex

degreek of (1) by (M), , then(n)= Dizo(l'l)k.

Lemma (2.8): [9]

Suppose we have the conclusions of singleton, then the complex((l'l),a(n)) is

definition (2.7). If[1 contains a block which is a acyclic, ie. the sequence

oo ‘ﬂ?ﬂla(ﬂ)f 0t ~(m),, e ...0#H (M), 089 - 0 is exact.
Notation(2.9):
Let A be a hypersolvable I — denote the((1+d, +...+d,,) + j))"-hyperplane

arrangement with HP] = ([1,,[1,---,1,)
and exponent vector d=(d,,...,d,). For

lsk</and1<j<d,, by H O[], we

of A or it forms thejth-hyperplane of the block

[1, with respect to a hypersolvable orderiag

Proposition (2.10):
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Let A be a hypersolvablg -arrangement
with HP 1 =(,,---,M,) and exponent vector

/—k+1 dll
(n)k:DKpS l(D(
S, '1- =1
HoM,
(k1 k2
and rk((1),) = Z(Z( ( Zd.ld.z d)-))-

Proof: From the construction of the HR , the
first block 1, is a singleton. Hence the

complex (I ),a(n)) is acyclic and the number

of all k -sections is

Definition (2.11): [9]

Suppose we have the conclusions of
definition  (2.7). Defing : (M) - A(A)as
follows: For SOS, let K(Pg) =ag =€5 +1

Vol. 36, No.1, 15ebruary ((2010))

d=(d,,...d,). Then the complex(n),

acyclic for2<k</;
0

Om) 1S

i =Ty 1+1( |k:—| Kp HlllHlJi})))),
H'kDI‘I
/=k+1 (-k+2
ISd= 2 (2 ¢( Zd.ld.z -d,)--))
=1 ip=ig+l i =g+l

which forms the rank o{[1), for 2< k<.
O

and let K be the unique homogened(idinear
map of degreed which extends this assignment
as the following commutative diagram:

{P5|SES}(;/[H

v,

Definition (2.12): [9]
LetlT=(M,...
central I -arrangementA and let L(A) be the

intersection lattice ofA.
1- We say[l is independentf for every choice of

hyperplanesH; LJI1, for 1<i < 7, the resultingz.

l- hyperplanes are independent,

rk(ﬂleHi)=£, i.e. every -section of I is

independent. That is, fol<k </, every K-
section is independent

Theorem (2.13):
Let Abe a hypersolvabldé -arrangement with

,[1,)be a partition of a-

A(A)

For eachX L1L(A), the induced partitiohl y is a

partition of the arrangement
A ={HOA|X UOH} and its blocks are the

non-empty subsefd, [ A, .

1 is called nice if it is independent and if

L.e. X OL(A)\V, the induced partitior 1 contains
a block which is singleton.

Proof: Ali in [1] proved that & hypersolvable

I -arrangement is supersolvable if, and only if, the
HPITis nice’, where from [9], the homogeneolfs

HPM =(M,,---,T,). Then, A is fiber-type
arrangement if, and only if, the homogenedfis

linear mapk : (1) — A(A) is an isomorphism.

27

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



A Al-Ta'ai, Ali & Majeed:ON THE ORLIK-SOLOMON ALGEBRA OF A HYPERSOLVABLE ...

linear mapx : (M) - A(A)is an isomorphism ff,

Lemma (2.14):
Let Abe a hypersolvabler -arrangement
with HP 1 =(M,---,M,). Then forl<k<r,
NBC (A0S, and NBQ(A) O S.
Proof: This is a direct result of Ali's result in [1]
which states that, ii a hypersolvable r-

Theorem (2.15):
Let A be a hypersolvableg -arrangement
with HP, 1 =(T,,---,11,) such that?>r.

Then the homogeneous K-linear map
k:(M) > A(A) is an epimorphism, i.e.
A(A) =(N)/kerk) and

ker) I — (M) [ - A(A) forms a finiteK -
modules presentation of the fi€emodule
A(A).

Definition (2.16):

Let A be a hypersolvableg -arrangement
with HP n=y---mn,. Define
r:AA - (I'I) as follows. ForBL1NBC(A)

, let T(eg+1)=1(ag)=pg and from the

and only if, the partitior 1 is nice. o

arrangement with HP1 =(M,,---,M,), if the
subarrangemer [ A forms ak-NBC base ofA

then B must containsk-hyperplanes fromk-
different blocks o

Proof: From lemma (2.14), NBC(A) U S.

Therefore;
{as|SUNBQA)} U{«(ps) =as | SUS .
Thus, & (M) -

by applying the first isomorphism theorem I&f
linear maps we have

A(A) =Im(x) =(N)/ker) .

O

A(A) is an epimorphism and

universal property of the fre&-module A(A),

let 7 be the unique homogeneolfslinear map
of degree0 which extends this assignment as the
following commutative diagram:

i
{ag|Be NBC(A)} — A(A)

N

Theorem (2.17):
Let A be a hypersolvablg -arrangement
with HP 1 =(,,---,1,). Then A is fiber-

type arrangement if, and only i =k where

Ak(A):(rI)k =[] Kps=

SIS,

- k+1 di

H'1Dﬂ
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Proof: SupposeA is a fiber-typer -arrangement. NBC base ofA". That is everyk -section forms a
Ali showed that & hypersolvable I' -arrangement kK _NBC base of A, ie. fol<k<r,

is fiber type if, and only if, for each< k<, NBC (A) =S, . Thus;
every subarrangemenBA that contains K -
hyperplanes fromk -different blocks forms & -

{7(a5) |ISUNBG (A)} ={ps [ SUS}, {«(ps)|SUS,} ={as| SUNBG (A)}

and by applying the universal properties of the following two commutative diagrams
freeK-modules A(A) and (ﬂ) we have the respectively:

{ag |8 e NBC (A} — A(A)

\ g
{ps |5 €S ——(IT) 1311d 5

K

K

A(A

PP TY | pa—

N .

{ag |5 € NBC (A} —— A4 I,

\ :

(1)

Therefore,k o7 =1d y(») and7 ok =1d ) . i.e.T =k

Conversely, assume that =k . That is KoT = ldan and 7ok =1d(H) . Thus the

homogeneouK-linear mapK:(ﬂ) - A(A) is an isomorphism and by applying theorem (2.13),
Ais a fiber-type arrangement. |

Theorem (2.18):

Let Abe a hypersolvabler -arrangement submodule of (I‘I) with basis
with HP M =(M,,---,M,) andr < /. Then the {ps |SONBOA).

restriction of the homogeneou¥-linear map  progf: By applying the first isomorphism theorem
r:A(A) - (ﬂ) on Im() of (ﬂ) of K-linear maps we have
T':A(A) - Im(7)is an isomorphism of the Im(7) =A(A)/ker(r). Since
freeK-modules, where Im(7) is the fre&- {ag | SONBC(A)} form a K-basis of A(A),

29
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freeK-modules.
[}

hence{7(as) = ps | S NBC(A)} forms aK

-basis of the K-submodule Im(r) of (),
which inherits a structure of frell-module. So,
r':A(A) - Im(7) is an isomorphism of the

Corollary (2.19):

Suppose we have the conclusions of  since we haveSj [l NBCk_l(A) [l Sk_l where

theorem (2.20). Ther(IM(7),0,ny)) s acyclic S. is the subarrangement & with Hij deleted.
chain complex, whered,,,,, : Im(7) - Im(7)

Thus L (IM(7,)) O Im(7,,) anddF @7 =0

is the restriction of the boundary operator

9 (I'I) N (I'I) inherit a structure of a chain complex to
") (IM(7),0,y)  which is acyclic  since

Proof: In light of remark (2.3), ifl<k<r and _ _

SONBG(A), then ((I'I ), 0m))is acyclic. u]

07 (a) =97 ps =3 (- pg =2 (-1 u(3) O,y

Lemma (2.20):
Let A be a hypersolvablg -arrangement
with Hp M =(M,,...,M,) such thatr </. If

SUS, such thatS isk -broken circuit, then there

On the other hand, iﬂ-l',Hi1 0n; , then from

completeness property of the bloBk, # 1, there

is S OS,,; such thatS be the broken circuit of
the circuit S'.
Proof: Suppose S={H,,...,H; } IS, and

rk(S) =K. Since S is k-broken circuit, then
there exists a hyperplandHd' 0 A such that

H'ngij for 1< j <k and{H'}US forms ak -
circuit. If H'OM, with

1<i, <i; <---<i </, then our claim is true.

exists a unique hyperplarid" O, U...UM, ,
thatk{H",H",H, } O, .That is
H'ﬁHi1 :H"ﬂHil.Thus;

H'OH, N...NH, =H"NH, N...NH, .

So put S ={H",H,....H; }OS,,; which

forms ak -circuit and it is broken circuit is
S. O

such

(3) THE QUADRATIC ORLIK-SOLOMON ALGEBRA AND THE PARTITION
COMPLEX OF A HYPERSOLVABLE ARRANGEMENT

Ali in [1], classified the hypersolvable class  subclasses by using a quadratic property in order
of arrangements into two sub classes which are the to explain how it reflects into amazing difference
fiber type class and the non fiber type class by between the structures of the Orlik-Solomon
using the hypersolvable partition. This section is algebras in each one of them.
devoted to study the differences between these

Definition (3.1):
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Let A be a central complex -
arrangement. Order the hyperplanes Afvia a

total order <. Recall the setBC(A) of all
broken circuits of A. We sayA is quadratic with

Lemma (3.2):

Let Abe a hypersolvable -arrangement
with Hpl =(M1,...,1,) . For eachk > 3, if
S={H,,....,H; }US,. Then:

1- There is noB={H; ,H; ,H; } S such

thatrk(B) = 2andls m<n< p<Kk,ie. S
contains no collinear relations among any three
hyperplanes of it.

2- There is no hyperplane H A with
rk{H,H, ,H,}=2, 1<m<n<k and

|

Remark (3.3):

It is known that every supersolvable
arrangementA is quadratic [10]. Ali [1] shows
that 'a hypersolvable r -arrangemenf is
supersolvable if and only INBC(A) =S via the

hypersolvable ordér we can visualize this fact.
Definitely if SOBC(A), then SOSand

SNMN, =¢. Therefore, there areH,H' S
withH,H'0OM for some 1< j</and from

the completeness property of the bIoEijwe

Definition (3.4):
Let K be a commutative ring with unit and
A={H,,....,H }be a r-

let central

arrangement i" and let

E=E(A)= D< (€,,---,€y ) be the exterior
K -algebra generated by symb@|sin one to one

correspondence with the hyperplandd L1 A,
recall definition (2.1). Define theQuadratic

Vol. 36, No.1, 15ebruary ((2010))

respect tod, if for eachS[IBC(A) there exists
TOBC(A) with T O S and|T| = 2.

H< Hij , ] =m,n, i.e. S contains no broken

circuit of rank two.
Proof:
For (1): The existence of a subarrangement

B :{Him, Hin,Hip} [ S such thatrk(B) = 2,
contradicts remark (1.2).

For (2): The existence of a hyperplard [1 A
such thatrk{H,Him,Hin} =2, contradicts the

closedness property of the blockl_lim.

have T ={H,H} 0 S andl OBC,(A). Thus

A is quadratic via the hypersolvable order which
preserves the supersolvable structure.

Since the hypersolvable class forms a
generalization of the supersolvable class, there is
an accepted question "Is each hypersolvable
arrangements quadratic?" Our aim is to answer
this question. So we start with the following
definition:

Orlik-Solomon algebraA = A, (A) to be the

quotient of E by the homogenous
J =J(A) which is generated by the following
family of quadratic

oe; =08, €, 6, =6, 6, +6,6 *+6 6,
, for 1<i, <i, <iz<n that
S={H; ,H; ,H,}is

ideal

relations of the form

all such

dependent, ie.

31

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



A Al-Ta'ai, Ali & Majeed:ON THE ORLIK-SOLOMON ALGEBRA OF A HYPERSOLVABLE ...

rk(S)=2. The gradation of E defines a
gradation of the ideall as follows; since each
subarrangement oA contains one hyperplane or
two hyperplanes are independent thdg =0

J, =0, where
J,={0e,|BO A|B =3 andrk(B) =2} =1,.
Therefore A, (A=K, A, (A)=E,
A =ALA.

and

and

By 9:E - A=E/J we denote the
canonical projection and for eachl LJA, let
a, =¢(e,)=€,+J and P(E))=A, for
p=0. Thatis A(A) =0 _,,A (A) be a graded
anticommutative algebra. Siné:-J 1 J then a
K -linear mapd, :A — A which is defined by
0;0 =@0, gives the pair (A,0;) a

structure of an acyclic chain complex, as the
following exact sequence;

0. A OfL A LA DOfM-.0f- A Of-o.

In fact if CDKp_l(A)) is a cycle, ie.

Oﬁ_l(c) = Oﬂp_2 , then there isUE _,(A)

such that@ _,(u) =c. Therefore, forH Ll A
such thate, U # O, we havee, u [J Ep(A) and;

057, (64U) = 9,05 (6,U) =P, (U—6,05,(U) =c-a,0%4(c) =c.

Thatisker(@%_) 0 Im(8%).

Theorem (3.5):

Let A be a hypersolvablé -arrangement
with Hp M =(M,...,MM,)and exponent vector
d=(d,,...,d,) such thatrk(A)=r </, (i.e.
A is not fiber-type arrangement). Let

P(A) =supf |b;(A) =b;(A), O] <i},
where forO< j<r, b;(A) andt_)j (A) are the
] " Betti numbers of the Poincaré polynomial of
A"(A) and A”(A) respectively. Then there
are SOBC, 5., (A) such that there is no
TOBGC,(A) with T [ S, i.e. a hypersolvable

I -arrangementA which is not fiber-type is not
guadratic.
Proof: Ali proved that for such arrangement

"every | -section of A forms aj -NBC base of

Corollary (3.6):
A hypersolvabler -arrangement is quadratic fif,
and only if, it is fiber-type I -arrangement.

A, for2<j<p(A"
2<j<p(A) the

ie. for every

blocks I'Ill,...,l'll, are
]

independent for each<l, <---<I; </ and she

proved thatif q= p(A) +1, thenL,(A) forms

the first level of the intersection lattick(A)
contains a dependent relations among g
-different blocks of I1". Thus there is
S :{Hil""’ Hiq+1} DSq+l such thatl‘k(S') =q,

i.e.s:{|—|i2,,,,,|-|iqﬂ}Dsq forms g -broken

circuit of Aand as an application of lemma (3.2)
our claim was proved.
O

Proof: This is a direct result of remark (3.3) and
theorem (3.5). |
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Remark (3.7):
For a hypersolvable arrangemen#

which is not fiber-type arrangement (i.e. it is not

quadratic), the collectiorBC , »).,(A) can be

partitioned into two parts, wheregp(A) is
defined as in theorem (3.5) argi= p(A) +1.
The first one is BC;(A) =S, NBC,(A),
which forms the collection of allq-broken

circuits with no sub broken circuit of rank two.
The second part is

Theorem (3.8): [9]
Given any arrangement péi& B), i.e.
B O A, then B is solvable inA if, and only fif,

there exists an isomorphism of gradéemodules

Theorem (3.9):

Let A be a hypersolvabler -arrangement
with Hp M =(M,...,M,)and exponent vector

d=(d,...,d,). Then there exists an

isomorphism of graded K-modules
—% 14 * dk

A (A=[,H(C4LSK).

Proof: Since A be a hypersolvabler -
arrangement with Hg1 =(M,,...,M,), hence

A has a composition series

AO---OA,0AO--0OA defined
by A=, gun Ho 1si<f. Thus for

each2< | </, the pair (A,A_;) is solvable

Construction (3.10):

Forl<k</, H*([?jlsl, K) can be identified
with the graded freeK-module F,” having
basis withl in degree 0 andl, elementsa,, ,

2 — 1 .
BC, (A) =BC,(A)\BC,(A), which forms
the collection of allq -broken circuits with sub

broken circuit of rank two.

In  the hypersolvable class of
arrangements the quadratic property can be
reflected on the construction of "quadratic
Orlik-Solomon algebra”. So we need to study
this notion more precisely for a hypersolvable
arrangement. Let us start with the following
result of Jambu and Papadima:

A (A=A (B)OH ([,,;sS"K)., where
B=A\B.

and by applying theorem (3.8), we have
A'(A)=A (A OH (T, SHK).

We will inductively prove our result. Ifj =2,
A(A)=A(A)OH ([, S). But A
contains just one hyperplane and the complement
M(A)=C"\ A is of the same homotopy type
of C\{pt} =S That is

H' (M(A),K)=H(S,K). Thus
A'(A)=A(A)=H (M(A) K)=H(S',K)
and AN(A) =[] H (S K).

Consequently by applying the induction rules our
claim was shown. o

unigue (up to isomorphism) and by our
notation in (2.7) (M, )"=H ([ S"'K)=F"
and,

H 0TI, in degree 1. Since such structure is

33

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



A Al-Ta'ai, Ali & Majeed:ON THE ORLIK-SOLOMON ALGEBRA OF A HYPERSOLVABLE ...

¢ ¢ dy ¢ .
n)y=0N)=0H(Is.K) =0OFR=AYA).
k=1 k=1 1 k=1
Assume that th&-linear isomorphism

k:(n,)0--0M,)=N)">F'0--0F”ZA%A)=AYA),
= a,

lr-1

which uniquely extends the assignmePf, — @y ..., Py and p, > a, . This

i-1

dialogue leads us to the following result

Corollary (3.11):

Let Abe a hypersolvable r - 4 — K
arrangement with Hpl =(1,,...,11,) Eo(n)k =A(A) andfori<ks/, the
and exponent vectod = (d,,...,d,). Then "_Betti number of the Poincaré polynomial
of A“(A)is;
_ 4 (—k+1 (-k+2 4
b (A =rk(A(A)= >d ..d => (X2 (~(2dd,..d))-
i > >ip =l =l ip=igtl i T tl

Proof: The homogeneouK-isomorphism of degree 0 : (I'I) N K(A) is given in (3.10) inherits
to KD(A) a structure of a graded fréemodule as the following commutative diagram:
oot~ (n), ofi~ (N), o -..0f . (N),0k -0

K, K, ! Kyl

o0t_A,AOH-A,_ (ADT- .08 AL OH- 0

ﬂ' N
Then [ ] (ﬂ )k = AD(A) and by applying corollary (2.9) our claim is held. O
k=0
Remark (3.12):
By applying corollary (3.11), the set important to our construction. So, For each
{k(ps) =a5|SUS forms a K-basis to k=2, let

J, ={e,|BOAB =k+1,[(B OBLB|=3andk(B) =2}
be the set of monomials which is spanned by

A"(A). This leads us to the following
essential question "What is the property that

- = the collection of all dependent
our driving ietS has to makd 8 | SUS a subarrangements with cardinality+1 which
K-basis toA”(A) ?". The answer is given in contains collinear relations among (at least)
lemma (3.2). This property is that for each three hyperplanes of it. This set plays a role to
SOS, S contains no broken circuit of rank construct the ideal, as follows:

two, where if SO S, deduces that there exists
TO BCZ(A) with T O S.

The above analogue leads us to the property
that the broken circuits of rank two have to be

Iif B={H, ,H;} T A be a broken circuit

of rank two, then there is a hyperplane
H; OAsuch that H, <H; ,H, <H; and
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rk(H;,H,,H;)=2. In fact fif
B'={H, ,H, ,H,} then g [J,. Since

rk(B") = 2, hence there are only two possible

distributions of the hyperplanes dB' among
the blocks ofl1 as;

- H, =H,, ON, and H_,H_0OM,
where2<m<n</;

i- H; ,H; ,H;, U forsome2<m</.
We have
0763 =€y € 6y &y *6& 68y 0J,
and the following quadratic relation
éHizéHis —éHiléHis + éHiléHiz = Oﬂz is
held in A"(A) . Thus:

For (): we have
0% a,

ip,i

aHi2 aHi3 = aHiz,i3 aHi3 _aHiz,i3 aHi2 =&y i2 Ay

, that is our broken circuit can be written as a
linear combination of NBC bases of rank two

Vol. 36, No.1, 15ebruary ((2010))

a, éHiSandéH a, . Observe that,

i2,i3 i1,i2

gB' :aHilaHizaHis ngizhaHizvisag aHizaHis :0K3
and for everyH L1 A with H OB' we have
te ey UJ,, i.e.

0;(xe,ey) =tey — (6,05 (ey)) and

0% (+3,3,) =43, =0, .

For  (ii): H; . H; . H;, UM are
collinear, hence there is a unique hyperplane

since

say HOMU---UMNy with
rk(H,H,,H, ,H;,)=2. Thus for each
1<k<j<3 we have

- = = = — — = AA = =

3, 8, =a,8, -a,a, =a,0,3,3a, .
Thus we write our broken circuit as a linear
combination of NBC bases of rank two

= a,a, anda,a, .Andwe have;

033,38, 8,3, =33, 8, ~3,008, 3, 3, =8,3, 8, =8,3,0,38,38, =0,

This conversation classifies the collection of
all subarrangements of a hypersolvable
arrangementA into two disjoint classes. The
first one is Sand the second one is the
complement of S. That is for a fixed
3<k</, the K™ monomial basis
B, ={&,, .--&, [1sij<--<i,<n} of

the K™-exterior algebr&, in definition (2.1)

Forey UJ,

which is spanned by the collection of all
subarrangement @ with cardinalityk , is

{es|SOS,} and

where

partitioned into
B\ {e&s|SUS},
J. OB\ {es|SOS,}. Let
ey OB\ {e5|SUS}.

ey U yore, U, .

Thus either

aE (&)= i(agel')eB’\T te (aE—seB’\T) = i(asEer)eB'\T = allf (&) te (aE—3eB’\T) 0J,.

whereT be any 2-circuit ofB". That is;

+(058) 8y =07 (8p) + & (0f-s8ayr) =0 (B5) =0, i.e. 95 (&) Oker@,).

For €& [1J,: That is B' contains a broken

circuit of rank two sa{H; ,H; } O B" and

35

H,,H, UM for some 2<ms</ with
H; ;, L) Abe the unique hyperplane such that
rk(H lHillHiz)ZZ.ThUS;

|1,i2
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E — E E .
ak+1(i eHllylz eB’) - i((a3 qul,lerlerlz})eB\{H|1rH|2} - qHu,.Z,H|1,H,2}ak—2eB\{HI1,H|2}) , 1.€.

0.(te, e)*e, ’Hllyle}af_leB\{Hllyle}) = i((azE%H.l,.z,H.l,H.z})em{H.l,H.z} 00J, . Therefore,

ig,in ig,in
akﬂ(i &, aB) * a{Hil,iz'HilvHiz}ak—ZaB'\{HilvHiz}) - i((63 a{Hil,iz vHilvHiz})aB'\{HilvHiz} - Oxk

and  9°,(+a, 3,)= Oz, ,afﬂ(ieHllylzeB,) Oker@). On  the  other  hand

i1,ip

aB’ = afﬂ(ial-hl,izaB’) £ aH ; 6555 = aHil,izaéaB' = a"'il,izaé (ia"'ua"'izaB'\{Hiniz}) ) That iS,

ifip

ag =*a, 6§(§H_ A, )3\, n ;- By continuing this procedure we can writg, as a linear
ip ip ip M lip

ipip
combination of monomials spanned by Our aim now is to explain how this
subarrangements that contain no two broken  classification constructs the quadratic Orlik-

circuits. Solomon algebra as follows:

Definition (3.13):

Let Abe a hypersolvabler -arrangement In fact for each SDSk, the boundaries
as follows, NC,(A) =K, for 1<k</ let ANC(A) TNC(A) and (NC,d,.) form a
NC,(A) be the fre&-submodule of E(A) chain complex which is acyclic. Indeed if
with basis {e5|SOS} and CONC(A) is a cycle, i.e.0c =0. We have
NC(A) = DizONCk(A). It is clear that &, CLINC(A) and

NC(A) forms a free submodule & (A) (not d(e,Cc)=Cc-g,0c=C. Thus Cis a

algebra sinceNC(A) not closed under the boundary. B
multiplication). Let @' :NC(A) - A(A) be the restriction
of the canonical projection

@ :E(A) - A(A), (definition (3.7)).

Theorem (3.14):
Suppose we have the conclusions ofgndfor2<k </, P :NC, (A) - Kk(A) is an

de,finition (3.13_). Then the. K-Iinear' map isomorphism since{ﬁ (es) =3, | SDSK} forms
@' :NC(A) — A(A) forms an isomorphism.
Proof: It is clear thatf' forms an isomorphism,
indeed NC,(A)=A,(A), NC,(A)=A, (A
0O NC,(A) O - NC,_ (A O .- Ot - NC,(A) O - 0
9, L Pyt Po b B
ontr_ A, 0 A (A Ofr-..0f_ A,n) OF_o0

a basis of A (A)as the following commutative

diagram:
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Definition (3.15):

Let A be a hypersolvablé -arrangement structures of the Orlik-Solomon algebra and the
with HPM =(M,,---,M,). The following quadratic  Orlik-Solomon  algebra for the
hypersolvable class of arrangements by using

diagram of acyclic chain complexes gives a N
the partition complex:

definition of a connection between the
oofr. A (ADH A _ (AD-...08 - A,A)DOH-0

I, | T, ! I, !
ot~ (n), offi- (n), of-..0f - (n),0f -0
K | K.l Ry |
oL A (A DA LA (A DT- .. 0f L A,A) 0 -0
Tl I, T, |
~ofe- (n), 0~ (n), o -..0f- (N),o0f-0
K, K, Ko L
o0fr- A (ADH A, _(ADT-...08 - A,ADH -0
Define the K-linear maps of graded- Observe thatr' is mono. andk’ is epi. in
modules 7' =Kor:A(A) - A"(A general.
and K'=KkoT:A(A) -~ AY(A).
Theorem (3.16):

Let Abe a hypersolvable T - only if, the K-linear map
arrangement with HPl =(M,---,M,). k' A"(A) - A”(A) is an isomorphism.
Then, A is fiber-type arrangement if, and Proof: This is a direct result of construction

(3.10).
O

(4) APPLICATIONS OF THE HYPERSOLVABLE PARITION COMPLEX

Ali in [1] studied the properties of the Orlik-Solomon algebra for the hypersolvable class
hypersolvable NBC bases of a hypersolvable of arrangements and we compare it with the
arrangement. Our aim in this section is to structure of the quadratic Orlik-Solomon algebra
reproduce these properties into the structure the by using the partition complex analogue:

Theorem (4.1):
Let A be a hypersolvabler - and exponent vectord =(d,,...,d,).
arrangement with HA1 =(1,,---,1,) ThenA,(A) =K, A,(A) = E, and;
/-1 d|1 14
A (M=), = [0 Kps=0O(O( D,H(D )R
SHNBC 2 (A) |14|'lmjr|1 2H1' 20,
37
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Proof: from the definition of the Orlik-Solomon
algebraA ,(A) =K , A, (A) = E,and by applying
a result of Ali and Al-Ta'ai states thabf"a

hypersolvable r -arrangement  with HP

n :(ﬂl’...’ﬂg),

A,(A) = (n )2 = [

SONBC, (A)

Corollary (4.2):
Let Abe a hypersolvabler -arrangement

with HP n=y,---mn,. Then

Corollary (4.3):
Let Abe a hypersolvablg -arrangement

with HplM =(I1,,...,M,)and exponent vector
d=(d,...,d,) such thatk(A)=r=2.
Then, b, =rk(A,(A) =1,

b, =rk(A,(A) :W and
b, =rk(A,(A) = Zi;llzii:ilﬂdildiz :

Corollary (4.4):

Let Abe an essential centi
arrangement. Then;
A(A) =K OEO(N),=A(A) and

P(A(A),t) =1+|At +(|A-Dt>.

Proof: Deduce that, each essential cerral
arrangemenrA={H,,...,H } is a
hypersolvable arrangement with Hp

Theorem (4.5):
Let Abe a hypersolvable3-arrangement

with Hp M = (...,
d=(d,,...,d,)such that’ > 3, (i.e. A is not

fiber-type arrangement).

PDF Created with deskPDF PDF Writer - Trial ::

every sub arrangement

IM,) and exponent vector

Then,

contains two hyperplanes from two different
blocks @ -section ofl1) form a 2 -NBC base of

A", we deduce thaNBC, (A) =S, . Thus;

-1ty oy
Kps = D—1(11D‘1(|2DI1+1(JD1Kp{Hijll'Hiig})))) .
HiOM,

HI ar;,

Ao(A) =Ag(A),  A(A=A(A) and
A

A (A)=A,(A).
Proof: By applying theorem (4.1), our aim is
held. m

Proof: It is clear thatb, =landb ZW Since

b, Z‘NBQ(A)‘z the number of all 2-

NBC base oA and from theorem (2.1) such
number is equal to the number of all 2-
section of M. Therefore,

Z|1—1Z|2—| +1 0 '2 ’

M=(M,,M,;)={H}{H,,....H,}) and
exponent vectall = (d;,d,) = (L|A~1). Then
by applying theorem (4.1) we
A(A=KOEDO(N), Thus,

P(A(A),t) =1+|At + (A -Dt>.

O

have

T

AA)=KOED(MN),0(1)s where (N)s
is the fre&-submodule of (1), with basis
{ps|SOS;andSNN, # ¢} .
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Proof: by applying theorem (4.1), we need only other hand, if S:{HiliHiZ’Hig}DS:% and
every 3-section S={H, ,H, ,H; }0S; of sice H,<H, , 1<k<3 and{H}US is a
1 forms a 3-NBC base of A if and only if 3 _circuit of A In particular
H;, = H,, where the hyperplard, LIT1,is the NBC,(A) ={SO A|SOS, and SN, # ¢}
minimal hyperplane ofA via the hypersolvable

ordering. Now recall definition (2.16) and theorem
In light of remark (1.2), every3-section (2.18), the restriction of the homogeneols
S={H, H, ,Hof T is independent. linear mapr : A’(A) - (N)" of graded freeK
Therefore it is either 8-NBC base of A or a 3- -module K O E, O (I'I )2 [ (I'I )'3 splits into a
broken circuit of A. If S={H;H, ,H}, chain isomorphism of chain complexes as the

deduce thatSis a 3-NBC base of A. On the following commutative diagram:
A(A) OB - A,(A)DOPF - A (AT - A, (ADH - 0
Ty ! T, | r, ! T, !

n)soff~ (), off- (), o~ (n), off - o

Where T3 = Tyn)s :A5(A) S (M)s is the restriction off, : A4(A) — (M), on (n )’3 which is an

U

isomorphism. ThusA(A) = D;Aj (A=KUOEO (I'I )2 O (n)3- o

Corollary (4.6):
Assume we have the conclusion of theorem (4.5). Then;
' -1 diy ¢ d

i2
As(A=(M)s= O Kps=O(O (O (DKP,, i e));
SONBC(A) =2 ji=1 ip=ip+l jp=1 E TR P
H'LOM, H'20m;
J1 1 12 2
where the hyperplartd, [1T1 is the minimal hyperplane ofA with the hypersolvable ordering.

Proof: In a straight line of the theorem (4.5). o

Definition (4.7): [6]
Anr -arrangement A with ‘ N =/>ris then all the subarrangement8 [J A with

called a /¢ -generic if for every subarrangement ‘B‘ < T are linearly independent.
B O A with ‘B‘ =r are linearly independent.

Observe that, ifAis a ¢ -genericr -arrangement,

Remark (4.8):

Deduce that if A is a /-generid - (.e.d=(L....))), where the converse need not
arrangement, theA is a hypersolvable (g be true in general. Ra'ad in [7] explained that
arrangement with exponenﬂs =1, 1<i<v/ by an example. He used the quantity

39
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m(A) =min{B|| B 0 Aand|B > rk(B)}to
classified suchr -arrangements into two classes
as "A is a / -generid’ -arrangement if, and only

if, m(A)=r +1"
that, M(A) is
cardinality of subarrangemer8 [1 A such that

Notice the minimal

Theorem (4.9):

Let Abe a / -generid -arrangement andll = (1,...

Bis linearly dependent. Thus,m(A) = 3in

general and i#M(A)>3, then there are no
collinear relations among any three hyperplanes
of Aand such arrangement is hypersolvable with

exponent vectad = (L,...,1) which cannot bef -
generic ifM(A) <.

I g) be the Hp of A with exponent vector

=(@...1). TherA(A) =K OE 02 (M), O (I'I)'r , where for2< k<r —1;

(—k+1  0-k+2
(I'I)k: [0 Kps= O (0O (- _D KP{H H, Hp) ) and
SONBG(A) =l ip=i L i Sig_g L k
Hi, Oy, Hi, O, H;, O,
! (-r+2  (-r+3 /
(rl)r = D Kpsz ] ( _D (( _D Kp{H,H- }) ))
=2  iy=ijHl i _y=ip o+l v Hip o Hi
SONBG, (A) 1~ 271 r-1%1r-2
Hi Oy Hi, 0N, Hi, O,
is a free K-submodule of (I'I )r with basis fromk -different blocks form a  k-NBC base

{ps |SOS, andSNM, ={H,}} , where the

hyperpland, [1T1, is the minimal hyperplane of

Awith the hypersolvable ordering.
Proof: Ali and Al-Ta'ai in [1] proved that for/ -
generid -arrangementA, if 2<k<r -1 every

subarrangement which containk -hyperplanes

NBG (A) ={SO A|SOS,

of Aand every sub arrangement which contains
I -hyperplanes from I -different blocks form

a r -NBC base ofA if, and only if, it contains the
minimal hyperplane ofAwith the hypersolvable
ordering H, LIT1, . That is NBG (A) =S, for

2<k<r-1and;

ands\M, ={H}} .o

Recall the definition of Betti numbers of the Poincaré polynomial of
p(A) =supf |b.(A) =b (A), Ok<i}, A"(A)and A”(A) respectively. Then we state
where for O<k<r bk( A) and the following result:

B(A=>" _ _d..d =[Slare the j™

Theorem (4.10):

LetAbe a hypersolvabler -arrangement  d =(d,,...,d,)such that r </. Then for
with HP 1 =(IM,---,M,) and exponent vector 2<k< p(A):
- k+l dll d _
AdA) =) = 0 Kps= O (0 (- 0 (d KB iy = Ac(A)
SOS, =1 ;=1 i =ikl jg=1 1T e k
H '11|jr| H! 'k on;,
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and for p(A) +1<k<r;
' (—k+1 iy o
AA=M)k= [0 Kps= O (O(( D (d KBy iy D)) # A(A):
SONBC, (A) =l j=l i =i+l =1 -Hy
HIOM, H'k|jr|
{Hijll,...,Hi.k}I]NBCk(A)
__ /—-k+1 dil d
where A, (A)= (M), = [] Kps = 0 (D(( O (O KBy iy )7+
s =l jp=1 kit =l Tk
“ HOM, H'kIZII'I
Proof: For2<k< p(A): We have that the number of allk-NBC bases of A cannot
b (A =hb (A). That is exceed the number of &llsections of A.

k(A (A) =|NBG(A) =rk(A () =[S =rk((T),)

, i.e. everyk -section of Aforms ak -NBC base of
A. Thus A (A) = (r| )k = A, (A)as graded
freeK -modules.

p(A)+1<k<r: We have

b (A) = ‘NBCk(A)‘ b (A) = ‘Sk‘ and since

For

Therefore,

rk(A () =[NBG(A) <rk(A (M) =[S =rk((),)
. Thus the Orlik-Solomon Algebra can be
embedded as a fredK -submodule of the
guadratic  Orlik-Solomon  Algebra by the
hypersolvable partition module as an application
of section two and three as;

' - k+1 dy ¢ di
Ak(A):(I"I)k = [ Kps= (D( (O (D Kp Hi.k}))...)),

SONBC, (A) i =1 i =ikt =l Tk

H'1IZII'I H'kIZII'I

{Hijll,...,Hijkk}DNBck(A)

where () « is the freK-submodule of ;
- k+l I1 d L
(M)c= 0 Kps= 0 (O 0 (0 Kb iy D) = AK(A),
SOS, ip = ikZiea+l =l it
H'1IZII'I H'kIZII'I

with basisNBGC, (A) U S, .

Corollary (4.11):
Let Abe a hypersolvabler -arrangement
with HP T =(M,,--

vectord =(d,...,

+M,) and exponent
d,) such thatr < 7. Then:
i- P(A) = 2in general.

ii- If A is a /-generid -arrangement, then
p(A) =r -1

Proof: (i), (i) and (iii) form direct results for
Theorem (4.1), Theorem (4.5) and Theorem (4.9)

respectively.
ii- If A is a3-arrangement, thep(A) = 2. O
Example (4.12):
Let A be a central complex4-
arrangement defined by
41
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Q(A) = xydx+ y+ z)w, with this ordering A={H,H,,H;,H,,H.} where;
of the hyperplanes of A, write
H, ={(x,y,z,w)OC*|x=0}, H, ={(x,y,zw)OC*|y=0},
H,={(x,y,z,w)OC*|z=0}, H, ={(x,¥,zw)OC*|x+y+z=0}and
H. ={(x,y,z,w)OC"*|w=0}.

In fact there are no collinear (rank two) forms a unigue linearly dependent relation
relations among any three hyperplanes Af among four different blocks ofl1 which
Therefore A has a hypersolvable partition implies A is not fiber type sincél is not nice
N={H3}{H,} {H}{H,}, {H}} with and A is not generic sincem(A) =4#5.
exponent vector isd = (L1111). Note that ~ From theorem (4.1A,(A) = A (A) =K ;
the subarrangemerfH,,H,,H;,H,} of A

. 5
AW =A (A= E = D Kp,, and

Az(A):(n)z =[] Kps = a (5 Kp{Hil,Hiz})):KZ(A)'

SOS, ii=1 ir=ig+1
Hi, 0Ny, H, O,
Deduce that the  subarrangement {H2’ H., H4} is a 3-broken circuit of A.

{H,,H;,H,} is a 3-section where it is not That is

a 3-NBC base indeed there is a hyperplane b,(A) :QZ‘NBC‘G(A)‘ <53(A) :10:‘53‘

Hy LA with for each2< J <4, H <H, and p(A) = 2. By applying theorem (4.10);
and rk(H,,H,,H;,H,)=3.  Thus

I 3 4 5
AA)=(N)s= [] Kps= O (O (O Kpy p py)) Where,
SOSM{Hy,Hg,Hy} i1=1 ip=ig+l  ig=ip+l My Hig

Hi1DHi1 HiZDI'Iiz Hi3DHi3
{Hi Hiy Hig}#{Hy Hz, Hy}

o 3 4 5
AB(A)z(rI)BZ DKpS: O (D ( 0] Kp{HilvHiszig,})).

SIS, =1 ir=ip+l  ig=ip+l
Hi,OMy, Hi, O, H Oy,
Observe  that  NBG,(A) =S\ {{H,,H,,H,,H,},{H,,H,,H, ,H.}},  indeed

{H,,H,,H;,H,} is a circuit and{H,,H;,H,,H} is a 4-broken circuit of A. Thus
b,(A)=3= ‘NBC4(A)‘ <b,(A)=5= ‘84‘ and by applying the theorem (4.10) we have;

A A=(N)s= [0 Kps= KB, H e Hg) E K P, kg H KB H H g

SONBC, (A)

where A, (A) = (ﬂ )4 =[] Kpg = iD:1 (- 0O ) Kp{Hil,HizyHisvHu})).

SS, i4=lg+

H;, 0Ny, H;, Oy,

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Journal of Basrah Researches ((Sciences)) Vol. 36, No.1, 13-ebruary ((2010))

References:

[1] H. M. Ali, A Topological Interpretation [7] R. S. Mahdi,Product of Hypersolvable
for Vanishing of Higher Homotopy Arrangements A Ph.D. Thesis, College
Groups of a Hypersolvable Arrangement of Science - University of Basrah,
A Ph.D. Thesis, College of Science - (2006).

University of Basrah, (2007). [8] P. Orlik, L. SolomonCombinatorics and

[2] V. I. Arnold, The Cohomology Ring of Topology of complements of
The Colored Braid GroupMat. Zametki, hyperplanes Invent. Math. 56, 167,
5, 227, (1969). (1980).

[8] E. Brieskorn, Sur les Groupes de [9] P. Orlik, H. Terao, Arrangements of
Tresses Séminaire Bourbaki 1971/72. Hyperplanes Grundlhern Math. Wiss.,
Lecture Notes in Math. 317, Springer, vol. 300, Springer-Verlag Berlin, (1992).
21, (1973). [10] Kelly J. Pearson,Cohomology of OS

[4] M. Falk, H Terao, /NBC-Bases for Algebras for Quadratic Arrangements
Cohomology of Local Systems on lecturas Matematicas, vol. 22, 103,
Hyperplane Complementsavailable at (2001).
arxiv:alg-geom / 9412009 v3, (24-May- [11] G. C. Rota,On the Foundations of
1995). Combinatorial Theory I. Theory of the

[5] M. Jambu, S. Papadima A Mobius Functions Z.
Generalization of Fiber type Wahrsheinlichkeitstheorie 2, 340, (1964).
Arrangements and a new Deformation [12] B. E. SaganA Generalization of Rota's
Method. Topology, 3, 1135, (1998). NBC Theorem  AMS subject

[6] M. Jambu, S. PapadimBeformation of classification, (1991).

Hypersolvable ArrangementsTopology [13] R. P. Stanley,Supersolvable Lattices
and it is Applications, 103, (2002). Algebra Universalis 2, 197, (1972).

5 "8 Jall ALIEN 8 3am) A oasiulf U8 8 Jall AL i ) O saslsur el ol Caaddl 138 e gl

5 05estsmm N 5l NBCU) aels L e 'L g6 Jall AL &) e Lailay 30 "L Jall QWG cag i) Sasily
Al 0S8 Jall ALG At 5 o) il Ll il 138 Leadid 5L a s adseS Dal Jsadse b oolijed
O sm (S5 Ay LD () sasl gV g uad Liskae) Laadlils 5 saals daitl aenti€ 5 "LIS Jall AL S 1Y) L 5 13
R g LA PP PV Y EEENPICPIP PR N BY EEENUIRCH PRH [ WS LI t  ENNE MEP LR

il (e all ga 5 a Y 53 568 "L 58 Jall

43

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



