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ABSTRACT

In this paper, the notion of SS -n- regular fuzzy ideals of semi groups

as a generalization of regular fuzzy ideal has been introduced and some
of their important related properties have been investigated.
Characterizations of fuzzy interior ideal , anti fuzzy ideal , anti fuzzy bi-
ideal and anti fuzzy generalized —bi -ideal in terms of SS - z- regular
fuzzy ideal have also been obtained .
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1. Introduction

The fundamental concept of a fuzzy for short (F) set
was first presented by [1], The concept F sets in the
structure of groups, was first studied [2]. The concept
of fuzzy ideals for short (FI) in semi group was
developed by [3] On the other hand, the concept of
anti fuzzy subgroups of groups introduced by [4]. The
concept of anti fuzzy ideals in semi groups and
characterized different classes of semi groups by the
properties of their anti fuzzy ideals" explained by [5]
and [6], gave some properties of anti fuzzy ideals for
short (AN-F-1) in terms of regular and left (right)
quasi regular semi group), where A F sub-set p of a
semi group Q is called anti F sub-semi group of Q if
p(ap) < p(a) Vp(B)Va,BEQ".

"A F sub-set p of a semi group Q is called anti fuzzy
left (right) for short(AN-F-L(R)-1 ) of Q if p(ap)
< p(B), (p(@B) < p(A))V a,BEQ"

"A F sub-set p of a semi group Q is called a anti F
ideal of Q if it is both (AN-F- L-I) and (AN-F- R-
n".

"A F sub-set p of a semi group Q is called anti fuzzy
interior ideal for short (AN-F-IN-1) of Q if p(aypB)
<p(y);Vay,BEQ"

"A F sub-set p of a semi group Q is called anti fuzzy
generalized bi-ideal of Q for short (AN-F-G-BI-I) if
paBy)<p(@Vvpy);Va,pB,y €Q",

"A F sub - semi group p is called anti Fuzzy bi-ideal
of Qif p(afy) <p(Vvply) Ya,B,y €Q"
The concept of" Intra-regular left almost semi group
characterized by their AN-F-1 " was studies by(Khan,
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Asif and Faisal,2010) where "A F sub-set p of a LA-
semi group Q is called a F LA- sub-semi group if
p(ap) = p(a) Vp(B);Va,BeQ"

"A F sub-set p of LA- semi group Q is called a F left
(right) ideal of Q if p(ap) = p(B), (p(ap)
> pl@)vVa,BeQ".

"A F LA- sub semi group p of a LA- semi group Q is
called a F bi-ideal if

p((@aBy) Zp@ Ap(y)Va,B,yeQ".

"A F LA- sub semi group p of a LA- semi group Q is
AN-F-IN-1 if

p((@B)y) zp(B) V ,B,YyEQ"

Now, we shall give the concepts of fuzzy sub-set
and basic definitions with some related properties
which will be used in this paper .

Let Q be a semi group , By a sub-semi group of Q
we mean a nonempty C of Q s.t C?2 =EC , and by a left
(right) ideal of Q we mean a nonempty sub-set C of
Q s.t QCcC (CQEC) . by two sided ideal or simply
ideal , we mean a non-empty sub-set of Q which is a
both "a left and right ideal of" Q, a sub-semi group C
of a semi group Q is called bi- ideal of Q if CQCcC
, by a F set p in anon empty Q . “we mean a function
p: Q —[0, 1] and the complement of p denoted by
p' , is the fuzzy set in Q given by p'(a) = 1— p(a) V
a €Q.”, The concept of "fuzzy interior ideals in semi
groups” was studied by (Hong and Jun , 1995) where
a fuzzy sub-set p in a semi group Q is called a fuzzy
sub-semi group of Q- if p(a B) = min{p(a) , p(B)};
Va,f Q.
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A fuzzy sub-set pof a semi group Q is called a
fuzzy interior ideal for short (F- IN - I) of Q if :
p(aBy)= p(B):Va, By €Q.7

The goal of this article is to characterize an SS-n-
regular Semi group by the properties of their (AN-F-
IN-1) , (AN-F-L(R)-I), anti fuzzy two sided ideal for
short (AN-F-T-S-1), (AN-F-G-BI-I) . We also give
some properties a SS -n- regular LA-semi group and
their fuzzy (left (right), two sided) ideals.

2. The main results

In this section, we study the concept of SS -n-
regular semi groups, and we give basic properties of
this concept.

Now, we give the following definitions

Definition 2.1

A semi group Q is called SS —=n- regular if for every
a€Q,3b,ceq,sta=a"ba®"c, forsomene Z¥,
equivalently a® € a™Qa?" Q , for every a€e Q , for
somen € Z*.

Example2.2:
Let Q={1, 2,3, 4, 5, 6} be a semi group with then
1 (2|3]|]4|5]|6
1 1(2]|3|4]|5]6
214115263
3|1 5|3|1(6|4]|2
412 1|14|(6|1|3]|5
513|6|2|5|1|4
6| 6 |5(4(3[2]|1

Then it is clear that , Q is a SS- & - regular because if
n=2

12=1231%5, 22=2242%2, 32=3263%6 ,4°=
426 4* 6,

52=5215%1, 62=623 65

Definition 2.3:

Let p and ¢ be any F sub-set of a semi group Q,
then the product p o ¢ is defined by

(p ° <P) (a™)
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a"= a"xa?"y= a"xa"ay =a"x(a"xa*"y)ay =
(a™x) a™(xa?") ya'y
@ o p)(an) =
Van= (anxyan(xazryyany {p((@"x)a™ (xa’™)) Ap(ya™y)}
> {p((a"x) a"(xa’") ) Ap(ya"y)}

> p@)A p(@) = p(m™) This
impliesthat p S p o p,
Hence pep=1p.
Example2.6:
Let Q ={r™, s™, t™ ,v"} be a set with operation as
follows :

St s™t e | v
r | rt |t
sttt |t |t
tt |t ™| s™ |t
v rt | r™ | s™ | s™

Then we can easily see that (Q, .) is not SS -m-

regular semi group

Define the F sub-set p of Q as :

p(r™) =0.3,p(s™) =0.9,p(t™) =0.5,p(v™)
=0.7

Then it is clear that, p is AN-F-IN-I of Q but not an

AN-F-T-S-1 of Q, because {r™, t™} is not a 'two

sided ideal of Q .

Theorem 2. 7:

A F sub-set p of SS -n- regular semi group Q is an

AN-F-T-S-I of Q ifand only if is any AN-F-IN-1 of

Q.

Proof :

suppose that p be an AN-F-T-S-1 of Q , obviously

, » is AN-F-IN-I of Q.

Conversely :

suppose that p is any AN-F-IN-1 of Q, leta,b € Q,

since Q is SS -x- regular semi groupso A X,y ,w, Z

€EQSt a®*=a"xa®*"y,b*=b"wb?" z we have

p(a"b™) = p((@* xa** y )b") = p((a"x)a"(a"

yb™M)=p((s" a"t") < p(a")

where s®"=a" xandt® =a" y b"

W) b"(b™ 2)) =p((d" a"u™) < p(a™)

{Van pnen{p(B™) A@(c™); if3b,c € Qs.ta™ = b™c" forAlsme(€'5*F p((@"b™ wb?) z) = p((a"b"

0 ; otherewise.
Definition 2.4:
Let p and ¢ be any F sub-set of a semi group Q.
Then the anti product p * ¢ is defined by

(p = <P)(a”) =

where d™=a™ b™w and u™ = b"z . Hence, p isan
AN-F-T-S-1of Q .

Proposition 2.8 :

Suppose that Q is SS -n- regular semi group, then :

1- Every AN-F-R-1 is Idempotent.

{/\a" pren{p(b™) V @(c™); if3b,c € Qs.ta™ = bn n32- Every AN-F-IN-1 is Idempotent .

1; otherewise .
for somen € Z+.

Now we characterize SS- « - regular semi group by
the properties of their FI
Theorem 2.5 :
In SS -mn- regular semi group Q, every F-IN-I is
idempotent .
Proof :

Suppose that p is a F-IN- I of a semi group Q , then
itisclearthat p o pCSp
Leta€e Q, since Q is a SS -n- regular semi group,
then 3 x,y € Qs.ta®™=a"xa*y for some ne Z*¥,
we have
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Proof :
1- Let p is any AN-F-R-I of semi group Q , then it
is clear that p € p * p . since Q is a SS —x- regular so
; V aeQ,3 x,yeQ,sta =a a*y , for
some ne Z*, so we have
(p* p)(a”):/\a”:a”x a2ny.{P(anX) \ P(ananY)}
= Aan = anx a2ny {p(a™x) V p(a™z)} wherez=a"y
< p(@*x) v p(a"z) < p(a™) v p(a™) = p(a™) this
implies that p * p € p and
hence p* p=p .
2- Suppose that p is any AN-F-IN-I of semi group Q,
then it is obvious that
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pSp=* p.since QisaSS -n- regular so, Va€eQ, 3
X,Y€Q,st a™=a"x a*y, forsomen€ Z*, so we
have:
a® = a"x a®"y = a'xa"aty

= (a"x)a" (xa*")(ya™y)

= Aan = anx azny.{p((anx)an (van)) v P(Ya"}’)}

< p((a™x)a™(xa*") Vv p(ya"y)
<p(a")vp(a")=p(a"),
this implies that p * p € p. hence p * p = p.
Proposition 2. 9 : [8]

Let p is any AN-F-R-1 and ¢ AN-F- L-I of a semi
group Q,thenp* @ 2 pU @

It is clear that from Proposition 2.9 p* ¢ 2 pU @
, but the converse needs not at all be true . Consider
the following example
Example 2.10 :
Consider the semi group Q={r", s™, t™ , v™} with the
operation as follows :

n

S
S

ot sttt v
b I e I A I i I
Sﬂ. rn rn rn rTL
,,]Tl ,rTl rTI. STI. Sn

The ideals of Q are {r"}, {r", s"},
and {r™, s™, t", v}

Let us define two F sub set p and ¢ of Q as follows
p(r") =05, p(s™) =06 ,p(t") =

0.7 ,p(v™) =08,

p(r") =06, o(s™) =07 ,9t") =

0.8 ,p(v™) =09.

= pand ¢ are an anti F ideal of Q , and we note
that:

@ * @)ism = Asn =y yn{P(CTOT" (x12M) V
p(yr"y)}

=N{0.8,08,09}=08 = (pUg)sn =0.7

To consider the converse of proposition 2.9 , we need
to streng then the condition of semi group Q.
Theorem 2.11 :

If p, ¢ are an AN-F-T-S-1 of SS -n- regular semi
group Q, Thenp* ¢ = pU .

proof :suppose that p and ¢ be an AN-F-T-S-I of Q,
= obviously p* ¢ 2 pU ¢ . since Q is a SS —=-
regular so for each elementa€e Q,3x,y€Q,sta™
=a"xa?"y, forsomen € Z*,

so we have (p * @)(m) = Aan = anx a”any.{p(anx) v

p(a™a"y)}

< p(@"x) v ¢(a*a"y) < p(a®) vV ¢(a") = (p U
@)(@") = (p*p)Sp U o.

Hence, p* p=p U ¢ .

Example 2.12 :

Let Q= {r*, s t"
following table :

{r", s, t"}

}be a semi group with the

N R
rt | or™® | s |t
st os™ | st |th
t" t" t" | t"
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Definea F p sub - set of Q by p(+™) = 0.6, p(s™) =
0.5, p(t") = 0.4 .
By routine calculation , we can check that p is an
AN-F-I , AN- F-IN-I and anti F bi- ideal , because Q
is SS -n- S regular semi group .

Now , we give other F characterizations of SS - -
regular semi group .
Proposition (2 . 13) :
For a F sub-set p of an SS -n- regular semi group Q
, the following conditions are equivalent :
1- pisanti F bi- ideal of Q .
2- pisan AN-F-G-BI-1 of Q.
Proof :
1—2 suppose that p is any anti F bi-ideal of Q the
obviously p is an AN-F-G-BI-I of Q.
2—1 suppose p be any AN-F-G-BI-I of Q, and x, y
€Q, Then since Q is an SS -n- regular of a semi
group, So; VX €S,3a,beQ st x"=x"ax?Db.
thus we have :
p(x"y™) =p((x™ ax*"b)y") = p(x"(ax*"b)y") =
p((x"w"y"™)

<p(™) Vv p(y™) where w"=ax?*"b.

Therefore, p is an anti F sub-semi group of Q . Hence
, pisan anti F bi- ideals of Q.
Theorem 2. 14 :
In SS -n- regular semi group Q, p * ¢ < p Vv ¢, for
anti fuzzy bi-ideal p and AN-F-R-1 ¢ .
Proof :
Let p and ¢ be any AN-F-BI-1 and AN-F-R-1 of Q ,
respectively and let a € Q . Then since Q is an SS -rn-
regular of a semi group, 3 X,y €S s.t
a™ = a™ x a®™y then we have :
(p* (p)(a") =Aagn=pnnfp(d™) V @(c™)}
p(a"xa™) Vv g(a™y)
<p(@)Vve@)= (p Vv ¢)(a")
Andsowehave p* ¢ <pU ¢.
Theorem 2.15 :
Let pand ¢ be any AN-F-IN-I of SS- =- regular of
asemigroup Q,then (p* @)V (p*xp) <pV ¢
Proof :
suppose that p, ¢ be any AN-F-IN-1 of Q, and a €
Q, = since Q is SS -n- regular,
Ix,y€EQ st a® =a" x a®y = ((a"x)a"
(xa?™))(ya™y) . Hence
(p = <p)(a") =Agn=pncnfp(d™) V @(c™)}
p((a"x)a" (xa®™) v p(ya™y)
sp@)Vve(@)=({@ Vv ¢)a")
And so we have p* ¢ <p V ¢ .similarly, we have
(¢ *p)<p Vo
Therefore (p * @) V(p *p)<p V ¢.
Theorem 2. 16 :
Let Q be an SS -n- regular semi group. Then ¢ * a
*p € ¢ UaUp. for every AN-F-L-I a , every AN-
F-G-Bl-1 ¢ and every AN-F-IN-1 pof Q.
Proof :
Let ¢ and p be any AN-F-L-I, AN-F-G-BI-I, and
AN-F-IN-1 p of Q, respectively and Let a € Q,
since Q isan SS -xn- regular,
Ix,y€Qsta™=a"xa®"y=(a"xa" xa*ya"y),

<
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Then we have (@ *a *p)gn
= Aan = anxan xaznyany.{q)(anxan) V(ax
p)(xa®"ya"y)}

< p(a™) V{Aa2nyany{a(xa®™) v p(ya™y)}
<g@(@")Vva(a")vpla)=(p Uaup)(a)
Andsowehave o xa *xpS @ UaUp.

Now , we characterized SS —x- regular LA- semi
groups by the properties of their F left (right , two
sided) ideals ".

Let Q be a groupoid . Then

1- Qis called left almost semi group if (rs)t=(ts)r , v
rsteq@

2- Medial law of a left almost semi group means (r s)
tv)y=(@t)y(sv);vrstveQ

3- In additional if Q has a left identity (necessarly
unique) the paramedical law mean (rs) (tv) = (vs) (t
N;vrstveQ

4- An left almost semi group with" right identity"
becomes a commutative semi group with identity . if
an LA- semi group contains" left identity" , the
following law holds r(st)=s(rt) ;vr,s,teQ.
Definition 2.17 :

Any element a of LA-semi group Q is called SS —x-
regularif 3 x,yeQ,

st a®=(a"x a®™) y, forsomene Z+,

and Q is called SS -n- regular if every elements of Q
is SS —x- regular .

Example 2.18 :

Let Q ={1, 2, 3, 4, 5} be an LA - semi group with the
"left identity (5)" with Then

|1]2]3[4]5
1|5]1]2]3]|4
2 |4]5]1]2]3
3 3|4(|5]1]2
4 1213]4|5]1
511]12|3]4]5

Then it is clear that, Q is a SS —n- regular because if n
=2

12=1231%2, 22=2242*1,
4%2 4*3, 52=5%15%4,
Proposition 2.19 :

A F sub - set p of an SS -rn- regular semi group Q is
a Frightideal iff it isa F leftideal .

32= 325345 42=
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