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1.Introduction

Since 1922 when Banach in [2] presents his
contraction theorem of fixed point, hundreds of fixed
point theorems have been presented and proved in
many published papers, where some of them are
generalized by Banach’s work [2] and some of them
are not [3]. Banach and many others [1,2,4,5,6]
consider contraction mappings in complete metric
space.

In [2], Ahmed et.al. presented new results concerned
with F-contraction mapping in complete metric
spaces, while Aboddayeh et. al. in [7] study some
fixed point theorems related to the quasi-metric
spaces for some type of contraction mapping .

Many applications are presented and considered in
the literature which concerned with contraction
mapping, [5] for instance, while different types of
contraction mappings are presented and considered
[6]. The structure of this article begins with
preliminaries which may needed to prove theorems in
the main results section. The main results section
state two theorems, the first one is the generalization
of a theorem presented in [1] by Piri and Kumam —
the statement of this theorem is recalled at the end of
this section. The second theorem is concerned with
the uniqueness of fixed point, these two theorems are
proved in this article as mentioned above.

In the beginning, the definition of quasi-metric space
is recalled:
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In this paper, a fixed point theorem under F-contraction mapping was

considered and proved in complete quasi-metric space. This theorem was
considered by Piri and Kumam in [1].
Subject Classification : 30C45; 30C10; 47B38

preliminaries

Definition 1[7]

Let X be a non-empty set and d: X X X = [0, ) be a
given function which satisfies:

1. d(x,y) = 0andd(x,y) = 0if and only if x =
y. forallx,y €X

2. d(x,y) <d(x,z) +d(z,y) forallx,y,z €X
Then (X, d) is called quasi-metric space.

Clearly that every metric space is quasi-metric space
but the reverse is not true in general .

The next definition states the most important
deference between metric spaces and quasi ones,
which presented by Jlili and Samet[8].

Definition 2 [8]

Let (X,d) be a quasi-metric space, (x,) be a
sequence in X and x € X. Then the sequence
(x,,) converges to x if and only if

lim,,_,¢, d(xp,, x) =limy_e d(x,x,) =0

At this point we refer to the research paper [7] in
which the authors define left and right Cauchy
sequence as well as the left and right completeness of
quasi-metric spaces.

The contraction mapping introduced by Wardowski
[9] which called F-contraction mapping defined as
following:

Definition 3[9]
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Let (X, d) be a metric space. A mapping T:X — X is
called F- contraction mapping if there exists T > 0
and F: R* - R such that

vx,y € X, [d(T,,T)) >0 =1+ F(d(T,, Ty)) <
F(d(x,y))] (1)

And F satisfies the following conditions:

F1: F is strictly increasing, i. e., Vx,y € R, F(x) <
F(y)such that x < y.

F2: For any sequence (a,)pe1, ¥, > 0,Vn €
N,lim, o, a, =0ifflim, ., F(a,) = —o0

F3: 3 k € (0,1) such that lim,_4+ F(a) =0

The set of all functions that satisfies conditions F1 to
F3 is denoted by F. For examples of these functions
the reader referred to [9].

Note that from F1 and equation (1), every F-
contraction mapping is continuous function.

Since the set of all quasi-metric spaces contains all
metric spaces, so, what we say about the quasi-metric
space is applied on metric space, namely, in this
article two fixed point theorems concerned with F-
contraction mapping are proved for quasi-metric
space to generalize these theorems.

Piri and Kumam in [1] , consider some fixed point
theorems concerned with F-contraction mapping in
complete metric spaces, in this article, generalizing of
the next theorem in [1] into quasi-metric space.
Theorem (1) [2]

Let T be a self-mapping of a complete metric space X
into itself. Suppose F € F and there exist T > 0 such
that

vx,y €X, [d(T,,T)) >0 =1+ F(d(T,, T})) <
F(d(x,y))]

Then T has a unique fixed point x* € X and for every
Xo € X the sequence (T™xy) - converges to x*.

2. Main Results

To generalize Theorem (1) into the space of quasi-
metric space the following main theorem regard to
this article is reformed and proved.

Theorem (2)

Let T be a continuous self-mapping of a quasi-
complete metric space X into itself. Let F be an F-
contraction mapping and there exist T > 0 s. t. (1) is
hold Vx,y € X. Then there is x* € X s. t. X" = Ty« or
T has a fixed point x* € X .

Proof

Define a sequence (x,)q-, recurrently by choosing
some element x, € X, and the other elements defined
as follows:

X1 =Txy, X3 =Tx; =T%x¢, .., Xp41 =

Tx, =T 1x,, vn € N )

Note that for any n € N, if d(x,,, Tx,,) = 0, then the
proof is complete. To avoid this case, assume that
vn €N,

0 < d(xy, Txy) = d(Txp_1,Txy) (3)

For any n € N we have

T+ F(d(Txp_1,Txn)) < F(d(xn_1, %))

That is,

F(d(Txy_1, Txp)) < F(d(xp1,x)) — 7

By repeating this process, we get:

89

TJPS

F(d(Txn_1,Tx)) < F(d(xp_y, %)) — T
= F(d(Txn_z, Txp 1)) — T

< F(d(xp_gxp_1)) — 21

= F(d(Txp_3,Txn_3)) — 21

< F(d(xp_3,2%n_2)) — 37

< F(d(xo,x1)) — nt @
From (4) we get lim,,_,o, F(d(Txp,_1, Txy,)) = —00
Which gives lim,,_,o, d(Tx,_1,Tx,) = 01i. €.,
lim,_ d(x,,Tx,) =0 ®)
Claim that the sequence (x,)m; is Cauchy sequence
and assume that there exists € >0 and two
sequences, namely, (p(n));m=; and (q(n))y-, of
natural numbers such that Vn € N:
p(n) > q(n) > n, d(xp(n),xq(n)) >
€, d(Xpm)-1, Xpm) < € (6)
So, we have
€ < d(xpmy Xgm) < d(xpmy Xpy-1) +
d(xpm)-1 Xq(m))

< d(xp(n) Xpy-1) + €

= d(xpm) Tpm) + €
which leads together with (5) to
Lm0 & (Xp(my, Xq(my) = € o
On the other side , from (5) there exists N € N, such
that

d(xp(n)'Txp(n)) < i

vn=N (8)

Next, without any effect of quasi-metric space, we

claim the following

A(Txp(my TXqmy) = A(Xpmys1, Xgmys1) > 0

vn=N (9)

Seeking for contradiction , there exists m = N

that

d(xp(my+1, Xgemy+1) = 0 (10)

It follows from (6), (8) and (10) that

€ < d(xp(my Xgm) < d(Xpemy, Xpemy+1) +

d(xp(m)ﬂ'xq(m))

< d(Xp(my Xpemy+1) + d(Xpny+1 Xqemy+1) +

d(xq(m)+1’xq(m))

= d(xpmy Topemy) +

d(%g(my, Txg(m))

<THO+S=2

By the relation (9) and he assumption of the theorem,

it follows that:

T+ F(d(Txp(my TXq(m)) < F(A(2p(), Xgem)s

vn=N(l1)

So we have a contradiction, 1. €., (x,);m=; is Cauchy

sequence.

Consequently, by completeness

sequence (X,)m=; is converges in X.

The continuity of T yields that:

d(Tx,x) = limp_e d(Tx,, x,) = d(Txpyq, Xn) =

dx*,x*)=0

Which complete the proof. o

Theorem (3)

€
and  d(xgem), Txgem) < v

such

d(xp(m)+1'xq(m)+1) +

of (X,d) the
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Let T be a continuous self-mapping of a quasi-
complete metric space X into itself. Let F be an F-
contraction mapping and there exist T > 0 s. t. (1) is
hold Vx,y € X. Then if T has a fixed point x* € X
this fixed point is unique.

Proof

In theorem (2) above the existence of fixed for the
mapping T has been proved. In this theorem, we will
show that T has at most one fixed point.

Actually, if x,y € X are two different fixed points of
T. That is

Tx =x #y # Ty then

d(Tx,Ty) =d(x,y) >0
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