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Abstract:

The aim of this paper to introduce the concept of og-kernel also we introduced the concept
of the weakly ultra og-separation of two sets in a topological space using og-open sets. The oy-
closure is defined in terms of this weakly ultra og-separation. We also investigate some
properties of weak separation axioms like og-R;-spaces, i = 0,1 and og-T;-spaces, i =0,1,2.
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1. Introduction:

In 1970, Levine [2],[3], introduced the concept of generalized closed sets as a generalization of
closed sets in topological spaces. This concept was found to be useful and many results in general
topology were improved. In 2014, V. Senthilkumaran, R. Krishnakumar and Y. Palaniappan [5],
introduced og-closed set. In this paper, we introduced some properties of og-separation axioms by
using some definition of new concept via og-open sets. Throughout this paper, the closure and the
interior of A are denoted by cl(A) and int(A), respectively.

2. Preliminaries:
Before entering to our work, we recall the following definitions, which are useful in the sequel.

Definition 2.1:[4] A subset A of a topological space X is called a a-open set if Acint(cl(int(A)))
and a a-closed set if cl(int(cl(A)))SA.

Definition 2.2:[2] A subset A of a topological space X is called a generalized closed set (briefly g-
closed set) if cl(A)<U whenever ACU and U is open in X.
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Definition 2.3:[1] A subset A of a topological space X is called a generalized closed set (briefly ag-
closed set) if cl(A)<U whenever ACU and U is open in X.

Definition 2.4:[5] A subset A of a topological space X is called of generalized closed set (briefly dg-
closed set) if int(cl(int(A)))<U whenever ACU and U is open in X. The complement of og-closed
set in X is dg-open in X.

Definition 2.5:[6] The intersection of all og-closed sets in X containing A is called of generalized
closure of A and is denoted by dag-cl(A).

3. 0y-Kernel and of-R;-Spaces, i =0, 1:
Definition 3.1: The intersection of all og-open subset of X containing A is called the og-kernel of A
(briefly og-ker(A)), this means og-ker(A)=N{Ge og-O(X):A=G}, where O(X) is an open sets in X

Example 3.2: Let X={a,b,c}, t={¢,{a},{a,b},{a,c,d} X}

ayg-open sets ={,{a},{c},{d}, {a,b},{c,d}, {a,d},{a,c},{ab,d},{a,c,d}, X}
og-ker{a}={a}N{a,b}N{a,d}N{a,c}n{ab,d}N{acd}={a}
ag-ker{b}={a,b}N{a,b,d}={a,b}.

Definition 3.3: In a space (X,t), a set A is said to be weakly ultra og-separated from B if there
exists an og-open set G such that GNB=@ or ANdy-cl{B}=0.

By the definition 3.2, we have the following for x, yeX of a topological space,
(i) og- cl{x} = {y :{y}is not weakly ultra og-separated from{x}}
(i1) oig-ker{x} = {y :{x}is not weakly ultra og-separated from{y}}.

Example 3.4: Let X ={a,b,c} , 1={o,{a},{a,b},{a,c,d} X}

dg-open sets ={¢,{a},{c},{d},{a,b},{c.d}.{a,d}.{ac}.{ab,d}{ac,d} X}
{a}is weakly ultra og-separated from{b}, but {b}is not weakly ultra og-separated from{a}.

Theorem 3.5: Let (X,1) be a topological space then xeog-cl{y} iff yeoy-ker{x}for each x #y € X.

Proof: Let (X,t) be a topological space. And let xedg-cl{y}, then for each U is an ¢g-open set such
that xeU implies yeU this means yeog-ker{x}. Let yedg-ker{x}, then for each U is an og-open set
such that xeU implies yeU this means UN{y}#@. Hence X€day-cl{y}.

Definition 3.6: A topological space (X,t) is called an dg-Ro-space if for each x €X and U og-open
set containing X, then og-cl{x}<U.

Example 3.7: Let X ={a,b,c} , T={o,{a},{b,c},X}
dg-open sets ={o,{a},{b},{c},{a,b} {a,c}.{b,c} X}

Definition 3.8: A topological space (X,) is called an og-R;-space if for each two distinct point x , y
of X with og-cl{x} # og-cl{y}, there exist disjoint og-open sets U,V such that dg-cl{x} < U and

ag-cl{y}c V.
Example 3.9: Let X ={a,b,c}, t={0,{a}, X}
ag-open sets ={p,{a},{b},{c},{a,b},{a,c} X}.

Theorem 3.10: Let (X,t) be a topological space. Then (X,1) is og-Ro-space if and only if, og-cl{x}
= ojg-ker{x}, for each xeX.

Proof:Let (X,t) be an 0g-Ro-space, and let y be another point such that y&adag-cl{x}, implies ye(dy-
cl{x})¢ is an og-open set. By assumption (X,t) be an olg-Re-space, then og-cl{y}<(og-cl{x})° [By
Definition 3.6], there for x&og-cl{y} and yé&dg-ker{x} [By Theorem 3.5]. So we get dg-
ker{x}<ay-cl{x}.Also since (X,t) be an dag-Ro-space, then og-cl{x}cU for each U og-open set
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containing x [By Definition 3.6], implies ag-cl{x}<N{U:xeU}. So we get og-cl{x}<dy-ker{x}[By
Definition 3.1]. Thus og-cl{x} = ag-ker{x}.

Conversely, let dg-cl{x} = dag-ker{x}, for each og-open set U and x €U, then dg-ker{x}= oQ-
cl{x}<U [By Definition 3.1]. Hence by Definition 3.6,(X,t) is an dg-Ro-space.

Theorem 3.11: A topological space (X,t) is an ag-Ro-space if and only if for each F og-closed set
and x€F then og-ker{x}<F.

Proof: Let for each F day-closed set and xeF then day-ker{x}<F and let U be an og-open set, xeU
then for each ygU implies yeU°® is an og-closed set implies og-ker{y}cU°® [By assumption ].
Therefore xeog-ker{y} implies y&dag-cl{x}[By corollary 3.5]. So dg-cl{x} € U. Thus (X,t) is an
og-Ro-space.

Conversely, let a topological space (X,t) be a ag-Ro-space and F be og-closed set and xeF. Then for
each ygF implies yeF° is og-open set, then dg-cl{y}<F° [ since (X,1) is og-Re-space ], so oyg-
ker{x}= og-cl{x}. Thus dy-ker{x}<F.

Corollary 3.12: A topological space (X,1) is an dg-Ro-space if and only if for each U dg-open set
and xeU then ag-cl(ag-ker{x})<cU.

Proof: Clearly.

Theorem 3.13: Every og-R;i-space is an ag-Ro-space.

Proof: Let (X,1) be an og-R;-space and let U be an dg-open set, xeU, then for each ygU implies
yeU° is an dg-closed set and og-cl{y}cU° implies og-cl{x} # oy-cl{y}. Hence by definition 3.8,
ag-cl{x}< U. Thus(X,t) is an og-Re-space.

Theorem 3.14: A topological space (X,t) is an ag-Ri-space if and only if for each x # y € X with
ag-ker{x} # dg-ker{y} then there exist dg-closed sets F;, F, such that og-ker{x}<Fi,0Q-
ker{x}NF, =@ and oy-ker{y}< F», dg-ker{y}NF; =@ and FLUF, = X.

Proof: Let a topological space (X,t) be an og-Ri-space. Then for each x # yeX with dg-
ker{x}#dg-ker{y}. Since every og-R;-space is an og-Ro-space [by theorem 3.13], and by theorem
3.10,0g-cl{x} # dg-cl{y}, then there exist dg-open sets Gi,G; such that og-cl{x} € G; and oy-
cl{y} € G, and GiNG, =0 [Since (X,7) is og-R;-space], then Gy and G5 are dg-closed sets such
that G U G5 = X. Put F;=G{ and F, = G5. Thus, X € G1 € F, and y € G, € F; so that og-ker{x} <
G1 € F, and og-ker{y} € G, CF;.

Conversely, let for eachx # y € X with dg-ker{x}# dg-ker{y}, there exist og-closed sets Fi,F,
such that og-ker{x}< F1,d9-ker{x}NF, = @ and dy-ker{y}< F», dg-ker{y}NF; =0 and F1UF, =
X, then Ff and F5 are og-open sets such that Ff N F; = @. Put F{Y =G, and F; = Gi. Thus og-
ker{x} € G;and dg-ker{y} € G, and G:NG, = @, so that x € G; and y € G, implies x €oy-cl{y}
and y ¢dg-cl{x}, then ag-cl{x} €G; and og-cl{y} < G,. Thus,(X,t) is an og-R;-space.

Corollary 3.15: A topological space (X,1) is an og-R;-space if and only if for each x #y € X with
ag-cl{x}# og-cl{y} there exist disjoint dg-open sets U,V such that og-cl(og-ker{x}) €U and oQg-
cl(og-ker{y}) cV.

Proof: Let (X,7) be an og-R;-space and let x # yeX with og-cl{x}# og-cl{y}, then there exist
disjoint og-open sets U, V such that og-cl{x}< U and dg-cl{y}< V. Also (X,7) is dg-Ro-spece [by
Theorem 3.13] implies for each xeX, then dag-cl{x}= dyg-ker{x} [By Theorem 3.10], but og-cl{x}=
ag-cl(ag-cl{x}) = oy-cl(og-ker{x}). Thus og-cl(cg-ker{x}) € U and oy-cl(cg-ker{y}) € V.
Conversely, let for each x # yeX with dg-cl{x}# og-cl{y} there exist disjoint dyg-open sets U,V
such that og-cl(og-ker{x})<U and og-cl(cg-ker{y})<V. Since {x}< day-ker{x} then dg-cl{x}< oy-
cl(olg-ker{x}) for each xeX. So we get og-cl{x}<U and og-cl{y}<V. Thus, (X,1) be an dg-R1-
space.
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4. oy-T;-Spaces, i1 =0, 1, 2:
Definition 4.1: Let (X,t) be a topological space. Then X is called day-To-space iff for each pair of
distinct points in X, there exists a og-open set in X containing one and not the other.

Example 4.2: Let X={a,b,c}, t={o,{a},{a,b},{a,c},X}
ay-open sets ={o,{a},{a,b}{a,c},X}.

Definition 4.3: Let (X,t) be a topological space. Then X is called day-T;-space iff for each pair of
distinct points x and y of X, there exists og-open sets G,H containing x and y respectively such that
y¢G and x¢H.

Example 4.4: Let X={a,b,c}, t={o,{a},{a,b},X}
ag-open sets ={o,{b},{a,b}.{a,c} X}.

Definition 4.5: Let (X,t) be a topological space. Then X is called ay-T,-space iff for each pair of
distinct points x and y of X, there exist disjoint og-open sets G,H in X such that xeG and yeH.

Example 4.6: Let X={a,b,c}, t={o,{a},{b,c}, X}
ayg-open sets ={,{a},{b},{c}{a,b}.{a,c}{b,c} X}

Theorem 4.7: A topological space (X,t) is an og-To-space if and only if either y&og-ker{x} or
X&dyg-ker{y}, for each x # ye X.

Proof: Let (X,t) be an og-To-space then for each x #y € X, there exists an dg-open set G such that
eitherx e G,y ¢ Gorx & G,y € G. Thus either x € G,y € G implies y & dg-ker{x} or x € G, yeG
implies x ¢og-ker{y}.

Conversely, let either y ¢og-ker{x} or x €ag-ker{y}, for each x # y€ X. Then there exists an og-
open set G such that either xe G,y € G or x € G, y € G. Thus (X,t) is a ag-To-space.

Theorem 4.8: A topological space (X,1) is an dg-To-space if and only if either og-ker{x} is weakly
ultra oig-separated from {y} or og-ker{y} is weakly ultra ag-separated from {x} for each x£yeX.

Proof: Let (X,t) be an dg-To-space then for each x#y€X, there exists an og-open set G such that
X€EG, y&G or x¢G, yeG. Now if xeG, y¢G implies og-ker{x} is weakly ultra og-separated from
{y}. Or if x¢G, yeG implies dy-ker{y} is weakly ultra og-separated from {x}.

Conversely, let either dg-ker{x} be weakly ultra og-separated from {y} or dag-ker{y}be weakly
ultra og-separated from {x}. Then there exists an og-open set G such that og-ker{x}<G and y¢G or
dg-ker{y}<G, x¢G implies XeG, y¢G or x¢G, yeG. Thus, (X,7) is a dg-Te-Space.

Theorem 4.9: A topological space (X,1) is an og-Ti-space if and only if for each x£y€X, og-ker{x}
is weakly ultra og-separated from {y} and og-ker{y} is weakly ultra og-separated from {x}.

Proof: Let (X,t) be an og-T;-space then for each x#y€eX, there exists an dg-open sets U,V such that
x€eU, ygU and x&V, yeV. Implies og-ker{x} is weakly ultra og-separated from {y} and og-ker{y}
is weakly ultra og-separated from {x}.

Conversely, let og-ker{x} be weakly ultra og-separated from {y} and dg-ker{y} be weakly ultra og-
separated from {x}. Then there exists an dg-open sets U,V such that og-ker{x}<U, y¢U and oy-
ker{y}<V, x¢&V implies xeU, ygU and x¢V, yeV. Thus, (X,1) is a og-T1-space.
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Theorem 4.10: A topological space (X,t) is an og-Ti-space if and only if for each xeX, dy-
ker{x}={x}.

Proof: Let (X,t) be an og-Ti-space and let dg-ker{x}#{x}. Then og-ker{x} contains another point
distinct from x say y. So yeoy-ker{x} implies dayg-ker{x} is not weakly ultra og-separated from {y}.
Hence by Theorem 4.9, (X,1) is not an og-Ti-space this is a contradiction. Thus day-ker{x}={x}.
Conversely, let og-ker{x}={x}, for each xeX and let (X,t) be not an og-T1-space. Then by theorem
4.9, dy-ker{x} is not weakly ultra og-separated from {y}, this means that for every og-open set G
contains dg-ker{x} then yeG implies yeN{Geay-O(X): xeG} implies yedg-ker{x}, this is a
contradiction. Thus,(X,t) is a dg-T1-space.

Theorem 4.11: A topological space (X,t) is an dg-T;-space if and only if for each x # yEX, y € dy-
ker{x} and x €og-ker{y}.

Proof: Let (X,t) be a og-Ti-space then for each x # y€ X, there exists an ag-open sets U,V such
that xeU, y¢ U or yeV, x ¢ V. Implies y&dg-ker{x} and x¢og-ker{y}.

Conversely, let y&dag-ker{x} and x¢dg-ker{y}, for each x # yeX. Then there exists an cg-open sets
U,V such that xeU,yg Uandy € V, x ¢ V. Thus (X,7) is a og-T1-space.

Theorem 4.12: A topological space (X,t) is an og-T;-space if and only if for each x # y€ X implies
og-ker{x}N og-ker{y}= 0.

Proof: Let a topological space (X,t) be ag-T;-space. Then dg-ker{x} = {x} and og- ker{y} = {y}
[By Theorem 4.10]. Thus og-ker{x}N dg-ker{y} = 0.

Conversely, let for each x # yeX implies dg-ker{x}N dy-ker{y} = @ and let (X,t) be not og-T1-
space then for each x # yeX implies yedg-ker{x} or xeog-ker{y}[by theorem 4.10], then oQg-
ker{x}N dg-ker{y} # @, this is a contradiction. Thus, (X,t) is a dg-T;-space.

Corollary 4.13: Every og-T,-space is ag-T;-space and every og-Ti-space is an og-To-Space.
Proof: Clearly.

Theorem 4.14: A topological space (X,t) is an og-Ti-space if and only if (X,7) is og-To-space and
og-Ro-space.

Proof: Let (X,t) be dyg-Ti-space and let xeU be and dg-open set, then for each x # yeX, dyg-
ker{x}N dg-ker{y} = @ [by theorem 4.12] implies x&day-ker{y} and y&dg-cl{x} this means dg-
cl{x}={x}, hence dag-cl{x}<U. Thus, (X,7) is a og-Ro-space.

Conversely, let (X,t) be og-To-space and dag-Ro-space, then for each x # yeX there exists an og-
open set U such that x €U, y €U or x ¢U, y €U. Say x €U, y €U since (X,7) is a dg-Ro-space, then
ag-cl{x}<U, this means there exists an dg-open set V such that yeV, xgV. Thus, (X,7) is a og-T-
space.

Theorem 4.15: A topological space (X,t) is an og-T,-space if and only if
(1) (X,7) is an og-To-space and og-R;-space.
(2) (X,7) is an og-T1-space and og-R;-space.

Proof (1): Let (X,t) be an og-T,-space then it is an og-To-space. Now since (X,t) be an oy-T,-space
then for each x # yeX, there exist disjoint dg-open sets U,V such that xeU and yeV implies x¢ oQ-
cl{y} and yédg-cl{x}, therefore dg-cl{x}={x}<U and dg-cl{y}={y}<SV. Thus, (X,7) is a dg-R1-
space.

Conversely, let (X,t) be an dag-To-space and dg-R;-space, then for each x # yeX, there exists oQ-
open set U such that xeU, ygU or yeU, x¢U, implies og-cl{x} # og-cl{y}, since (X,7) is an dy-R;-
space [By assumption], then there exist disjoint og-open sets G,H such that xeG and yeH [Def.
3.8]. Thus, (X,1) is a og-T,-Space.
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Proof (2): By the same way of part (1) an og-T-space is an og-Ti-space and og-Ri-space.
Conversely, let (X,t) be og-T;-space and dg-Ri-space, then for each x # yeX, there exists dg-open
sets U,V such that xeU, ygU and yeV, x¢V, implies og-cl{x} # dg-cl{y}, since (X,7) is an dg-R;-
space, then there exist disjoint ag-open sets G,H such that XxeG and yeH. Thus, (X,t) is a og-T,-
space.

Corollary 4.16: A topological og-To-space is an dg-Tz-space if and only if for each x # yeX with
ag-ker{x} # oy-ker{y} then there exist ay-closed sets Fi, F, such that og-ker{x}< Fi, og-ker{x}
NF, =@ and og-ker{y}< F,, adg-ker{y}NF1 =@ and F,UF, = X.

Proof: By Theorem 3.14 and Theorem 4.15.

Corollary 4.17: A topological og-T;-space is an og-To-space if and only if one of the following
conditions holds:

(1) For each x # yeX with dg-cl{x}# dg-cl{y} then there exist an og-open sets U,V such that og-
cl(og-ker{x}) € U and og-cl(ay-ker{y}) € V.

(2) For each x # yeX with og-ker{x} # og-ker{y} then there exist og-closed sets F1,F, such that og-
ker{x}< Fi, og-ker{x}NF, = @ and og-ker{y}< F,, og-ker{y}NF1 =@ and F,UF, = X.

Proof (1): By Corollary 3.15 and Theorem 4.15.
Proof (2): By Theorem 3.14 and Theorem 4.13.

Theorem 4.18: A topological dg-R;-space is an og-Te-space if and only if one of the following
conditions holds:

(1) For each xeX, ag-ker{x} = {x}.

(2) For each x # yeX, og-ker{x} # dg-ker{y} implies og-ker{x}N og-ker{y} = .

(3) For each x # yeX, either xgog-ker{y} or y&dag-ker{x}.

(4) For each x # yeX then x¢dg-ker{y} and y&dg-ker{x}.

Proof (1): Let (X,t) be an dag-T,-space. Then (X,1) is a og-Ti-space and og-R;-space [By theorem
4.15]. Hence by Theorem 4.10, og-ker{x} ={x} for each xeX.

Conversely, let for each xeX, og-ker{x} ={x}, then by Theorem 4.10,(X,7) is a og-T1-space. Also
(X,1) is an dag-R1-space by assumption. Hence by Theorem 4.15,(X,t) is an dg-T,- space.

Proof (2): Let (X,t) be an og-T,-space. Then (X,1) is an og-T;-space [By theorem 4.3]. Hence by
theorem 4.12, og-ker{x}N dg-ker{y}= @ for each x # yeX.

Conversely, assume that for each x # yeX, dg-ker{x} # og-ker{y} implies og-ker{x}N og-ker{y} =
@, so by Theorem 4.12, (X,7) is an og-T1-space, also (X,t) is an ag-Ri-space by assumption. Hence
by Theorem 4.15, (X,1) is an ag-T,-space.

Proof (3): Let (X,t) be an dg-T,-space. Then (X,t) is an dy-To-space [By Theorem 4.13]. Hence by
theorem 4.3, either x&dag-ker{y} or ygog-ker{x} for each x # yeX.

Conversely, assume that for each x # yeX, either x¢og-ker{y} or y&dg-ker{x} for each x # yeX,
so by theorem 4.3,(X,7) is an og-To-space also (X,t) is an og-R;-space by assumption. Thus, (X,t) is
an og-T,-space [By Theorem 4.15].

Proof (4): Let (X,1) be an dyg-T,-space. Then (X,7) is an og-T;-space and an dyg-R;-space [By
theorem 4.15]. Hence by Theorem 4.11, x €dg-ker{y} and y €day-ker{x}.

Conversely, let for each x # yeX then x ¢dg-ker{y} and y &dyg-ker{x}. Then by Theorem 4.11,
(X,1) is an dg-T;-space. Also (X,t) is an og-R;-space by assumption. Hence by Theorem 4.15,(X,1)
IS an d-T,-space.
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