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Abstract.

In the present paper we classified the critical points of functions of codimensions eight and
fifteen by finding the geometric description of caustic, investigate the propagation of the critical
points and determine the level curves of these functions in the space of parameters.
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1. Introduction

It is known that many of the nonlinear problems that appear in Mathematics and Physics can be
written in the form of operator equation,

F(x,4,)=b, xeOc X, beY, A1eR". (1.1)
where X, Y are real Banach spaces and O is open subset of X. For these problems, the method of
reduction to finite dimensional equation,
O, )=, £eM, peN. (1.2)

can be used, where M and N are smooth finite dimensional manifolds. The method used for these
studies is the Lyapunov-Shmidt method [9,11].

Definition 1.1 [9] Suppose that E and F are Banach spaces and A: E — F be a linear continuous
operator. The operator A is called Fredholm operator, if
1- The kernel of A, Ker(A), is finite dimensional,
2- The rang of A, Im(A), is closed in F,
3- The Cokernel of A, Coker(A), is finite dimensional.
The number
dim(Ker A )- dim(Coker A)

is called Fredholm index of the operator A.

Suppose that f :Q — F is a nonlinear Fredholm map of index zero. A smooth map
f :QQ — F has variational property, if there exist a functional V :Q2— R such that f =grad,V

or equivalently,

g—v(x,i)h:< f(x,A),h),, VxeQ, heE.
X

where ( {-,-),, s the scalar product in Hilbert space H ). In this case the solutions of equation

f (x,4) =0 are the critical points of functional V (X, 1) . Suppose that f :E — F is a smooth
Fredholm map of index zero, E, F are Banach spaces and
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N x, A)h=(F(x A)h),, heE.
oX

where V is a smooth functional on E. Also we assume that E < F < H , H is a Hilbert space,
then by using method of finite dimensional reduction ( Local scheme of Lyapunov-Schmidt ) the
problem,

V(x,A) >extr, xeE, 1eR".
can be reduced into equivalent problem,
W(E A) —»extr, £eR™
the function W (&, A) is called key function.

If N =span{e,,...,e,} is a subspace of E, where ey,..., e, are orthonormal basis, then the key

function W (&, 1) can be defined in the form,
W)= inf V(XA E=(Gndy)

The function W has all the topological and analytical properties of the functional V
(multiplicity, bifurcation diagram, etc) [9]. The study of bifurcation solutions of functional V is
equivalent to the study of bifurcation solutions of key function W. The theory of singularities of
smooth functions play an important role in many fields of applications such as planetary systems
with satellites, integrable Hamiltonian systems with 2 degrees of freedom, certain BVPs, etc. There
are many studies about singularities of smooth functions by different authors. The classification of
singularities of smooth functions have been studied by Arnold [2,3,4] and other authors. The study
of singularities of smooth functions and their applications to BVPs by using Lyapunov-Schmidt
reduction have been studied by Sapronov and Darinskii [5]. They studied the bifurcation of the
critical points of the following function

W y)=n+m; +anin; + Ani +An;,  y=(h4)eR" L3
which is appear in the study of a certain variational boundary value problem of fourth-order

equation. Also, Abdul Hussain [1] has been studied the bifurcation of the critical points of function
(1.3) with four parameters

W, y) =1 + i + 82 + At + A+ + 01, 7= (A, 4,6,0,) € RY,

In [10] Shanan has been found a new geometric description of caustic and investigated the
propagation of the critical points of the following function (for more details see [10])

_ 1
W (. 7)=n + n; +n5 +4(nin, +nins +n3n05 +nmm, —=n'n,)

3
241 , 8r 32r , 8r 5 8 3 321
+ -—— +— + + +
35 LY 45 13 45 Py 27 m 81 13 63 Uy
+ kl 7712 + kz 7722 + k3 773? - q1771 - q3 773 ’ V= (kl, k21 k3! ql, q3) € R5

Kadem in [7] has been studied the classifications of the critical points of the following two
functions that appears in the study of bifurcation solutions of Duffing equation (for more details see

7 3
. x
W(x,y,21,A5,A3) = £l +xy? + A (x? —y3) + ,x + A3y

5 3
-~ X X
W (xq,%x5,A1,45) = ?1 + x.x7 + x3x3 + ?1 + x1%2 + A x2 + Ayx3
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In his study he used the boundary singularities of smooth functions to invistegate
the propagation of the critical points of the second function. The behavior of smooth
functions near the singular points is useful in the study of bifurcation solutions of
certain nonlinear differential equations, so the main problem in this work is to give a
geometric description of caustic, investigate the propagation of the critical points and
determine the level curves of the certain functions. Two examples we introduced in
this paper, the first about the classification of the critical points of the function of
codimsension eight and the other was the classification of the critical points of
function of codimsension fifteen. All these functions referred to the key functions
obtain as the reduced functions of the certain functionals (for more details see

[7].[8].[9].[10].[11]).

Definition 1.2 [7] Two maps f, g: R™ - R* are said to be germ-equivalent at pe R" if p is in
the domain of both and there is a neighborhood U of p such that the restrictions coincide:
f| s =90, A map-germ or function-germ at a point p is an equivalence class of germ-equivalent

maps.

Denote by €,the set of all germs at the origin of smooth functions on R". The ring
€, has an important ideal m, consisting of all smooth function germs vanishing at the
origin: my={f€e,: f(0)=0}. In factthis is a maximal ideal , and indeed the only maximal
ideal in €, which makes €, into a local ring as by definition a local ring is one with a unique
maximal ideal .

Definition 1.3 [7] (Local algebra). The local algebra Qs of the singularity of f at the origin is the
quotient of the algebra of function-germs by the gradient ideal of f :
of of of
Qr= e”/(a_xl’a_xz’ . a)
The multiplicity x(f) of the critical point is the dimension of its local algebra:
w(f) = dimQ;
A critical point is said to be isolated if wu(f) < co.

Theorem 1.1 [6] The multiplicity of an isolated critical point is equal to the number of Morse
(Nondegenerate) critical points into which it decomposes under a generic deformation of the
function .

In section (2) we will explain theorem (1.1). To avoid the singularities of the function we must
find a geometric description of the Caustic of this function, so we gave the following definition.
Definition 1.4 [7] The Caustic of the real valued function W (x,1), x € R, 1 € R¥ is defined to
be the set of all A for which the function I (x, 1) has degenerate critical points.

2. Classification of the Critical Points for Functions of Codimension Eight.

In this section we shall investigate the propagation of the critical points for functions of
codimension eight and then determine the type of these points with the level curves of the functions
in the space of parameters.

4 4
Let Wy(x,y) == +2-, then the ideal generated by the partial derivatives of W is given

by
oW, oW,
W0= (

%0 Yo\ _ .3 .3
ax'ay> e
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hence, the function Wy has multiplicity equal to nine and Codimension equal to eight so by theorem
(1) the number of Morse critical points of this function in nine. The basis for mZ/IW can be taken
0

to be {x%y?, x%y, xy?,xy, x?,y?, x, y} and then the versal unfolding of W;(x,y) is given by
4 4

x Y 2.2 2 2 2
Wo(x,y, 1) = Z+T+ a1x°yc + ax°y + azxy* + a,xy + asx* +
agy? + a;x + agy .....(2.1)

in particular, we shall study function (2.1) in two cases the first when a, = a; = 0, a; = 1 and the
second when a, = 0 because these two functions are appear as a reduced functions for some
nonlinear differential equations (for more details see [7])

Case I:
When a, = a; = 0 the function (2.1) take the following form
4 4
W(x,y,A) = x: + y: +x2y2 + kyxy + qx? + gy —kox —k3y ... (2.2)
Where A, = kl! s = (1,06 = (2,07 = _kz and ag = _k3

Our goal is to find the geometric description of the Caustic of the function (2.2) and then classify
the critical points of this function by determine the type of the critical points and the level curves.
The critical points of the function (2.2) are the solutions of the following system of nonlinear
algebraic equations,
x3+2xy? + kyy+2q,x—k, =0
y3 +2x%y + kix + 2q,y — k3 = 0.
all the critical points of function (2.2) are degenerate on the surface given by the equation,
6x* + 6y* — 3x%y? + (69, + 4q,)x?* + (6q, + 4q,)y* — 8k,xy — k? + 4q,q, = 0 (2.3)
To gate the caustic of the function (2.2) we make the following parameterization,
ky, = x3 4+ 2xy? + kyy + 2q1x
ks =y3 +2x%y + kix + 2q,y,
By changing the values of k,q; and g, we have the following geometric descriptions of the
caustic of function (2.2) in the k,k; —plane, all figures have been drown by using Maplel3.

\.9\5‘ Q«._ # Qi - Q:.
\,.“f‘nif), 0151 =0
e ."ﬁ%.- ":.:"’;_Q:.l \ /Qu ,";“/" AQT\\.\_ Q-

Fig.1 describe Caustic when g; = —4.5,q9, = —12 and k; = —0.2
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Q;

Qs

0,

Fig.2 describe Caustic whenq; = =5,q, = —2.5 and k; =0

N

Q. SV

Q:

Fig.3 describe Caustic when g; = -1, g, = —1 and k; =0
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Fig.4 describe Caustic when q; = 1.2, g, = —9.5 and k; =0

The bifurcation propagation of the critical points of the function (2.2) is given as follows:

In fig.1 the Caustic decomposed the space of parameters into (15) regions, every region
contains a fixed number of critical points. In regions Q,, Q,, Q3 and Q, there is one critical point
(minimum), in regions Qc, Q¢, Q;, Qg, Q3 and Q,, there is 3 critical points (2 min. and 1
saddle), in regions Qg and £, there is 5 critical points (3 min. and 2 saddle), in region Q5 there is
5 critical points (2 min., 2 saddle and 1 max.). In the following table we summarize the rustles given
above as well as we give the level curves of function (2.2) correspond to each region.

Table (2.1)
No . No of . .
the region critical point Type of critical point Level curve
1 Q, 0, Qs Q, 1 min. @
2 Qs, Q6, Q7, Qg, Qq3, Qqy 3 2 min. and 1 saddle DED

3 Qq, Qo 5 3 min. and 2 saddle XD

2 min., 2 saddle and

& Qs 5 1 max. (0)
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In fig.2 the Caustic decomposed the space of parameters into (18) regions, every region contains
a fixed number of critical points. In regions Q;, Q,, Q; and Q, there is one critical point
(minimum), in regions Qg, Q¢, Q7, Qg, Qq3, Qq14, Q15 and Q4 there is 3 critical points (2 min. and
1 saddle), in regions Q4 and Q,; there is 5 critical points (2 symmetric min., 2 symmetric saddle
and 1 min.), in regions ,,and Q;, there is 7 critical points (2 symmetric min., 2 symmetric
saddle ,1 min.,1 saddle and 1 max.), in regions £, and Qg there is 5 critical points (2 min., 2
symmetric saddle and 1 max.). In the following table we summarize the rustles given above as well
as we give the level curves of function (2.2) correspond to each region.

Table (2.2)

No No of

the region critical point Type of critical point Level curve

1 Qq, Q,y, Qg, Qy 1 min.

2 | Qg, Q6, Q7, Qg, Qq3, V14, Qq5, Q) 3 2 min. and 1 saddle

2 symmetric min., 2

2 symmetric min., 2

symmetric saddle ,1

min.,1 saddle and 1
max.

D)
3 Qg, Q1 5 symmetric saddle @@
and 1 min.
(N
3
GO

2 min., 2 symmetric

5 D17, Q48 5 saddle and 1 max.

In fig.3 the Caustic decomposed the space of parameters into (29) regions, every region contains
a fixed number of critical points. In regions Q;, Q,, Q3 and Q, there is one critical point
(minimum), in regions Qq, Q49, Q11, Q42, Q19 and Q,, there is 5 critical points (2 min., 2 saddle
and 1 max.), in regions Q;3, Q44, Q;5,and Q¢ there is 3 critical points (1 min.,1 saddle and 1
max.), in regions €, and Qg there is 5 critical points (2 min., 2 symmetric saddle and 1 max.), in
regions
Qa1, Qoo, oz, Qou, Qos, Qos, Qye and Q,g there is 7 critical points (3 min., 3 saddle and 1
max.), In regions Q.4 there is 9 critical points (4 min., 4 saddle and 1 max.). In the following table
we summarize the rustles given above as well as we give the level curves of function (2.2)
correspond to each region.
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Table (2.3)
No . No of critical Type of critical
the region it St Level curve
1 Qq, Qy, Q3, Q4 1 min. @
2min. and 1
2 s 0, 17, Qg 3 saddle OO
2 min., 2 saddle
3 Qg, Q10, L11, L12, Qq9, Q9 5 and 1 max.
1 min.,1 saddle
4 Q13, D14, Qq5, Qq6 3 and 1 max. @
2 min., 2 A
5 Q17, Q48 5 symmetric saddle a
and 1 max. .
3 min., 3 saddle
6 Q21: -Q-zz, 9'23! Q24: Q24' Q25! QZGJ '028 7 0(0)
and 1 max.
; q 9 4 min., 4 saddle A
29 and 1 max. dgp

In fig.4 the Caustic decomposed the space of parameters into (13) regions, every region

contains a fixed number of critical points. In regions Q,, Q,, Q3 and Q, there is one critical point
(minimum), in regions Qs, Qg, Q,, Qg, Qq4, Q4, and Q45 there is 3 critical points (2 min. and 1
saddle), in regions Qg and £, there is 5 critical points (3 min. and 2 saddle).

Table (2.4)
No . No of . .
the region critical point Type of critical point Level curve
1 Q4, Q,, Q3, Q4 1 min. @
2 Qs, Q6, Q7, Qg, Qq1, 12, Qq3 3 2 min. and 1 saddle D ED,
3 Qg, Qq9 5 3 min. and 2 saddle m
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Case II:
When a, = 0 the function (2.1) can be written in the form of,
x4 y4 2.,2 2 2 2 2
Wy(x,y,A) = Z+T+ kix*ye + kox*y + ksxy” + kyx* + ksy® —
Q11X — q2y .. (2.4)
Where a4 - li aZ - kz, a3 - k3, a5 - k4—ﬁa'6 - k5,a7 - _q1 and as == _qz

As in the previous case the critical points of the function (2.4) are the solutions of the following
system,
x3 4+ 2k, xy? + 2kyxy + k3y? + 2k x —q, = 0
y3 + 2k x%y + kox? + 2ksxy + 2ksy — q, = 0.
and the caustic can be find by make the following parameterization
g1 = x3 + 2kxy? + 2kyxy + k3y? + 2kyx
qz = V3 + 2k x%y + kyx? + 2k3xy + 2ksy.

hence, for some values of ky, k,, k3, k, and ks we have the following figures of the Caustic of
function (2.4) in q02-plane,

Fig.5 describe Caustic when k; = k, = —.45, k, = ks = 0 and k; = .45
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Fig.6 describe Caustic when k; = —15, —10 < k, <57, k3 = .625,k, = 0 and ks = —10

The bifurcation propagation of the critical points of the function (2.4) is given as follows:

In fig.5 the Caustic decomposed the space of parameters into (4) regions, every region
contains a fixed number of critical points. In regions Q,, Q, and Q5 there is one critical point
(minimum), in region £, there is 3 critical points (2 min. and 1 saddle).

Table (2.5)
No the region . I.\IO Of. Type of critical point Level curve
' critical point
1 Qq, Q,, Q3 1 min. @
2 O, 3 2 min. and 1 saddle S

In fig.6 the Caustic decomposed the space of parameters into (13) regions, every region
contains a fixed number of critical points. In regions Q,, Q, and € there is one critical point
(minimum), in regions Q,, Q< and £ there is 3 critical points (2 min. and 1 saddle), in region Q-
there is 5 critical points (3 min. and 2 saddle).

Table (2.6)
. No of critical -, .
No. the region point Type of critical point Level curve
1 Qq, Q5,03 1 min. @
5 Q4, Qg, Qe 3 2 min. and 1 saddle DD,

3 Q, 5 3 min. and 2 saddle m
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3. Classification of the Critical Points for Functions of Codimension Fifteen.

If Vo(x,y) = §+y74 then the ideal generated by the partial derivatives of Vj is given by
aV, aV, -
(e 5y) =
hence, the function V, has multiplicity equal to fifteen and codimension equal to fourteen. The goal
of this section is to study the following function

Volx,y,2) = xj: + y{ +x*y? + kyx? 4+ koy? + kax + kyy (3.1)
The critical points of the function (3.2) satisfying the following system of nonlinear algebraic
equation,
x° 4+ 4x3y? + 2kix + k3 =0
y3 + 2x2%y + 2k,y + k, = 0.
and are degenerate on the surface given by the equation,
10x8 — 40x®y? + 15x*y? + 36x%y* + (4K, + 10k,)x* + 24k,x%y? + 6k, y? + 4k, k, = 0
(3.2)
To gate the Caustic of the function (3.2) we make the following parameterization,
ks = —(x> + 4x3y? + 2k x)
k, = —(y3 + 2x2%y + 2k,y).
by changing the values of k; and k, we have the following geometric description of the Caustic,

./// TN
o N Q,
o \
v \
/ \
\ 0. 7
/
\ /
\ /
\. /
: /
Q 5 N & ol

Fig.7 describe Caustic when k; =100 and -3 <k, <0
OI’ kl 2 85 and kz = _2
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Q;

Q. A : ‘ Qs Q,

Q,

Fig.8 describe Caustic when k; > 0 and k, = —20
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The bifurcation spreading of the critical points of the function (3.2) is given as follows:
In fig.7 the Caustic decomposed the space of parameters into (3) regions, every region contains
a fixed number of critical points. In regions Q, and Q, there is one critical point (minimum), in
region Q3 there is 3 critical points (2 min. and 1 saddle).

Table (3.1)
No the region N @ Type of critical point Level curve
' critical point
1 Qq, Q, 1 min. @
2 Q; 3 2 min. and 1 saddle S

In fig.8 the Caustic decomposed the space of parameters into (5) regions, every region contains a
fixed number of critical points. In regions Q, and €, there is one critical point (minimum), in
regions Q5 and Q, there is 3 critical points (2 min. and 1 saddle), in region € there is 5 critical
points (3 min. and 2 saddle).

Table (3.2)
No the region . I_\lo o . Type of critical point Level curve
' critical point
1
1 Q, Q, min. @
2 Q3, Qu 3 2 min. and 1 saddle D

3 Qs, Q¢ 5 3'min. and 2 saddle m

Conclusions

In this work we studied the classifications of critical points of some functions that appear as a
reduced functions of the certain nonlinear Fredholm functionals. A new geometric description of the
caustic we found, also we found the possible kinds of the level curves for each function. Two
different cases we studied for the function (2.1), the first when a, = a; = 0 and the second when
a, = 0. The function in section (2) has nine critical points while the function in section (3) has
fifteen critical points. There are some similarities between the types of the critical points and the
level curves of both functions, especially in the types of 1,3 and 5 critical points.
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