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Abstract:

Our aim in this paper is to find the derivative of Al-Tememe transformation and to find Al-
Tememe transformation by using derivative for new functions and to use it to solve some Linear
Ordinary Differential Equation that have variable coefficients with or without initial conditions.
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Introduction:

Laplace transform [3] is an important method for solving ODEs with constant coefficients under
initial conditions.

The Al-Tememe transform [4] began at 2008 by prof A.H.Mohammed , this transform used to
solve ordinary differential equation with variable coefficients with initial conditions. We will use
the idea which exist at [3] to solve ODEs contains the terms (Inx)™ and
[x™ (Inx)™]; where m,n € N by using Al-Tememe transform.

Basic definitions and concepts :
Definition 1: [2]

Let f is defined function at a period (a,b) then the integral transformation for f whose it's

symbol F(p) is defined as :

b
ﬂm=fkmwﬂww

Where k is a fixed function of two variables, which is called the kernel of the transformation, and
a, b are real numbers or +oo , such that the integral above convergent.
Definition 2: [4]

The Al-Tememe transformation for the function f(x) ; x > 1 is defined by the following integral :

T @) = | 7 feodx = F@)
1
Such that this integral is convergent , p positive is constant.
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Property 1: [4]

Al-Tememe transformation is characterized by the linear property, that is:

T[Af(x) + Bg()] = AT[f(x)] + BT [g(x)],
Where A, B are constants ,the functions f(x) , g(x) are defined when x > 1.
The Al-Tememe transform of some fundamental functions are given in table(1) [4] :

= -pP :
ID Function ,f(x) F(p) -’; x Pf(x)dx Regional of
convergence
=Tf0)]
k
1 ko=
k; k = constant — p>1
o €k : >n+1
Tt p—(n+1) p>n
1
3 |Inx 51
(p - 1)? p
1
4 | x"Ilnx,n€R Sn+1
[p — (n+ 1D]? p
a
5 |sin(alnx) m p>1
6 I p—1 )
cos (alnx) I p>
a
7 | sinh (alnx) CEDEETS p—1]>a
8 h(al p_1 A
cosh (a In x) o1 —a p-1|>a
Table (1).
From the Al-Tememe definition and the above table, we get:
Theorem 1:

If T[f(x)] = F(p)and a is constant, then T[ x~*f (x)] = F(p + a) .See [4]
Definition 3: [4]

Let f(x) be a function where (x > 1) and T'[f (x)] = F(p), f(x) is said to be an inverse for the
Al-Tememe transformation and written as T~ 1[F(p)] = f(x) , where T~1 returns the
transformation to the original function.

Property 2: [4]

If T7HFR®) ] =£f0), THRE)] =00, THE@) ] = fu(x) and ay,ay, ..., a, are
constants then,

T Ha,Fi(p) + aF2(p) + -+ + anF, ()] = a1f1(x) + azfo(x) + -+ + an fir, (%)
Definition 4: [5]
The equation

dn n-—1 dy
_1 —
apx™ Zen T a,x" Tt Tt AnaX ot any = f (),
Where ay, a4, ..., a, are constants and f(x) is a function of x , is called Euler’s equation.
Theorem 2: [4]
If the function f(x) is defined for x > 1 and its derivatives f'(x), f"(x), ..., f ™ (x) are exist

then:
Txf ™)) =" PO -@p-nf" 2D —-@-np-n-1)..0 —2)f (1)

+ (@ -n)!F(p)
We will use Theorem(2) to prove that
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n!
(p_ 1)n+1'
if n=1 =T(nx)=

T(nx)" = neN

_— Tablel
- 12 (Tablel)
If n=2 = y=(lnx)? = y(1)=0

1 2
F=2nx.= =21 r= 21
y nxx xnx :xy nx

1 2
T(xy") =2T(lnx) =2 -(p_1)2=(p_1)2

Txy) =y +@-DTQ@) =T (xy’% =(- 1)27' )
= T() = =—

2
S (p-DTQ) = (- 1) (p—-13 (p-1)3
f n=3 = y=(lnx)3 = y(1)=0

1 3
y' =3 (Inx)? == ;(lnx)2 = xy' =3 (Inx)?
2 6

T(xy) =3T(Inx)% = 3'(p — 1 = o= 1)?

v Txy)=@-DTW)
p—-DTQ) =

3!
BT TR

(» N 1)3

Also, y=(nx)" = y1)=0

y' =n(lnx)"? — = xy'=n (Inx)" 1!
(n—1!  nl
p-Dr (-D"

Txy)=nT(Inx)"1=n-
v Txy)=@-DT (|y)

n! n!
~(p-DTQ) = o= =T(y) = =D
n n!
~ T(lnx) :(p—l)”“; n eN

Also we will use Theorem(2) to find T'[x™ (Inx)"] ; n,meN
The firstcase: If n=1

1!
[p—(m+1)]
The second case: If n=2Tofind T[x™ (Inx)?]
If m=1 = T[x(Inx)?]
Consider, y = x(Inx)? = y(1) =0

T[x™Inx] =

> ;meN Tablel

1
y' =x-2(lnx) = + (Inx)? = xy' =2x(Inx) + x(Inx)?

1
T(xy) =2T[x(Inx)] +T(y) =2 -m+72"(y)
Txy') = (- 1)T(y)2 = @-DT(y) = o272 T(y)
= (p - Z)T(y) = (p — 2)2 = T[X (lnx)z] = (p _ 2)3
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If m=2 = T[x?(Inx)?]

Consider, y = x? (Inx)? = y(1)=0

y' =x?-2(lnx) -%+ 2x(Inx)? = xy' = 2x%(lnx) + 2x?(Inx)?
1

T(xy') = 2T [x*(Inx)] + 2T (y) =2 (}?——3)2 +22:T(y)

Ty =@-DT (yz) = (@-DT7Q) = oozt )

If m=3= T[x3(nx)?]

Consider, vy = x3 (Inx)? = y(1)=0

" _ 3. 1 2 2 1 _ 9.3 3 2
y' =x°-2(lnx) x+3x (Inx)* = xy' =2x°(Inx) + 3x°(Inx)

1
N — 3 el A
T(xy") = 2T[x (lnx)]1+3T(y)—2 (p_4)2+3T(y) ,
_ —7. 3 2] —
Fp DT () =2 (p_4)2+37(y) =>‘ T[x* (Inx)?] PRy
:T[xm(lnx)z] ;m:eN =>y=xm(l;1x)2 = y(1:)=0

1
y' ' =x™-2(nx) g +mx™ (Inx)? = xy' = 2x™(Inx) + mx™(Inx)?

T(xy") =2T[x™(Inx)] + mT(y) = 2 - FEICESHE +m7T (y)
p-DTQy)=2- [p — (mz_ll_ DJ? +m7T (y)
= T[x™ (Inx)?] = ' ;meN

[p—(m+ D]
Note: These cases are also true form € Q
The third case: To find T[x™ (Inx)?]
If m=1= T[x(Inx)3]
Consider, y = x(Inx)3 = y(1) =0

1
y' =x-3(lnx)? S + (Inx)® = xy' =3x(Inx)? + x(Inx)3

2 — . 2
T(xy") =3T[x(Inx) ]3|—I—T(y)—3 (p_2)3+7"(y)
:>(P—1)T(}’)=W+T(Y) .,
= @-2TW) = =2 = T[x (Inx)*] = »—2)*
If m=2 = T[x? (Inx)3]
Consider, y = x? (Inx)3 = y(1)=0
y' =x?%-3(lnx)? é+ 2x(Inx)® = xy' = 3x%(Inx)? + 2x*(Inx)3
2 2 _a._ &
T(xy") =3T[x*(Inx)*] + 2T (y) =3 (p_3)3+2f]"(y)
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(p—3)*

2
p-1DT()=3 -@_—3)3+ 2T(y) = T(x?(Inx)3?) = ..(8)

If m=3 = T[x3(nx)3]
Consider, y =x3 (Inx)3 = y(1)=0

1
y' = x3-3(nx)? —+ 3x%(Inx)3
xy' =3x3(Inx)? + 3x3(Inx)® = T(xy") =3T[x3(Inx)?*] + 3T (y)

2
= 3'(29_—4)34'371()/)

31
p-DTW)=3-

2 3 37 !
—(p Ve +37(y) => T[x® (Inx)3] = —(p — 3 - (9)

T[x™ (Inx)3]
consider = y = x™ (Inx)3 = y(1)=0

1
y' =x™-3(lnx)? S +mx™ (Inx)? = xy' = 3x™(Inx)? + mx™(Ilnx)3

T(xy") =3T[x"(Inx)*] + mT(y) =3 -

[p—(m+1DJ? tmr)

+ mT(y)

p—-DTy)=3- [p — (m3_|'_ E

= T[x™ (Inx)3] =

B DF ;m'E N ()

Gradually we find nbw
T[x™(nx)"] ;meN ,neN
Consider, y =x™ (Inx)" = y(1)=0
1
y' =x™ -n(lnx)"? ' +mx™ I (Inx)" = xy' = nx™(Inx)" ! + mx™(Inx)"
(n—1)!

T(xy) =nT[x™(nx)" 1+ mT(y) =n- b= (mt DI + mT (y)
DT o (n—1)! 7

P-DTH)=n [p_(m+1)]n+m )

T[x™ (Inx)"] = n ;meEN ,neN

[p — (m+ D]t

Definition 5: [3] :A function f has exponential order a if there exist constants M > 0 and «
such that for some x, = 0
If )< Me™, x= x.

Definition 6: [6]

A function f(x) is piecewise continuous on an interval [a, b] if the interval can be partitioned by
a finite number of pointsa = x, <x; <---< x, = b such that:
1. f(x) is continuous on each subinterval (x;, x;,4),fori = 0,1,2,...,n—1
2. The function f has jump discontinuity at x; , thus
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| lim f(x)| <o,i=10,,2,..,n—1; | lim f(x)| < 00, i=012..,n
x—x;t x—x;~

Note: A function is piecewise continuous on [0, o) if it is piecewise continuous in [0, a] for all
a>0
Differentiation of the Laplace Transform [1]

Let f be piecewise continuous function on [0, o) of exponential order a and L[f (x)] = F(p)
then :

n

d
FF(p) = L[(-D™x"f(x)] ; n=123,.. (p>a)

Differentiation of Al-Tememe transformation

Theorem 3 : Let f be piecewise continuous function on [1,00) of ordera and T[f(x)] =
F(p) then:

n

d
@T[f(x)] = (D"T[(Inx)"f()]; n=123,.. (p>a)

Proof:

(o]

T @) = j xPF()dx

1
d d ® Ry
= —7T[f(x =—J x"Pf(x)dx =f —x7Pf(x)dx
STl =g | s o
Note : :—px‘p s x constant = —x P Inx

= foo(—x‘p Inx)f(x)dx = (—1)* foolnx - x7Pf(x)dx

Hence,

d
d—pT[f(x)] = (=D'T[Inx- f(x)] . (10)
Also,

d> d|d d
ez U= [%T[f(x)]] =D [(-D'Tlinx- f(0]]

= (—1)1%lenx “x"Pf(x)dx

= (—1)t jooaa—p Inx - x Pf(x)dx

(79
= (-1) jl %x Pelnx- f(x)dx
= (—1)1j (—xPlnx)-lnx-f(x)dx
= (—1)? joo(ln x)2-x7P f(x) dx
So, '
dZ
d—pzT[f(x)] = (=D*T[(nx)* f(x)] - (11)

And so,on
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dan _ * 0 n—:.—.
eI = O [ Ghna e o

= (D! .foo(ln )" (=1-x7P-Inx) f(x)dx
1
= (—1)"J. (Inx)"-x7P-f(x)dx
1

= Ei;l)"f]"[(ln )™ f(x)] .. (n)
wﬂ‘[f(x)] = (=D"T[(Inx)"f(x)] ; n=123,.. (p>a)m.

dTL
= T[(ln x)nf(x)] = (_1)nd_pnT[f(x)] ; = 1,2,3, (p > 0!)
Example 1: To find 7[x~3 In x] we note that
3 d _
Tlnx-x73] = (—1)1%T(x 3

d ( 1 ) B 1
dp \p+2/  (p+2)?
By using the previous conversion table
Tlnx-x3]=T[x"3 Inx] = 5T ?
Example 2: To find T[In x.sin(3Inx)] by applying the above relationship:

. d 3
T[lnx.sin3lnx] = (—1)1%[m]
=3 {201} 6(p—1)

-2 +92  [(p-1)2+9)?
Example 3: To find T'[inx .cosh (5In x)] by applying the above relationship:
T[lnx - cosh (5lnx)] = d—;l l(pfpl)—zl—)ZSl
[(p—1)?-25]-(p—D)-2(p—1)
[(p —1)* — 25]?
p?—2p+26 (»p—1?%+25

C[(p-1D2-2512" [(p—1)? - 25]2
Differential Equations with Polynomial Coefficients by using Laplace Transform
[3].
LIxf (x)] = —F'(p),
Lxf'(x)] = —pF'(p) — F(p),
Llxf"(x)] = —p*F'(p) — 2pF (p) + y(0)
Differential Equations with multiple of polynomial and logarithms coefficients by
using Al-Tememe Transform: Recall (Theorem) that for

. F(p) = TIf ()]
WTU(’C)] = (D"T[(Inx)"f(x)] ; n=123,.. (p>a)
For a piecewise continuous function f(x) on [1, o) and of exponential order a.Hence, forn = 1
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—d
Tlnx.y'l==—7%"

dp
—d
Tlnx.xy'] :%T(xy)
—d
-5 [-y(1) + (p — DT )]

=—[p-DT') +TW)]

Tlnx.xy'l=—-(@-DT'(y) -T()

Similarly, for

d
Tlinx.x*y"] = T [y’ (D)= (@-2)yD)+@-Dp@-2)TW]

=—[-y(D+@(@-2)p-DT'®»)+ 2p-3)TH)]

Tlnx.x*y"l =y(1) - (@ -2)(@-DT'®») - C2p-3)TY).

In many cases these formulas for T[In x.xy'] and T[Ilnx.x%y"] are useful to solve linear
differential equations with variable coefficients .

Example 4: To solve the differential equation:
xlnx.y' —y = (Inx)?

By taking (7) to both sides we get:
Txlnx.y'l]—T () = T[(Inx)?]

—-@-DT'Y-TY)-TQ) =

(p—1)3

2
—(p-DT (3’)2— 2T (y) = [CIEVE
= T'(Y)"‘pjT(J’) HCENG

This is an ordinary linear differential equation and its integrating factor is given by:

J=2=dp 2ln(p-1) In(p-1)2 2
p=ep 17 =2l = nl-1" = (p — 1)

Therefore,
-2
[T).-(p - D] = CENE
And
T(y).( —1)2=—2f;d
2P (pl— 12 P

—1)2 = — —

TW).p—1) 2. TR +c

Cc
T(y) = +
= -1
By taking 7~ to both sides we get :

y=7" [(p —21)3] +T7 [(p —Cl)z]

y = (Inx)?+clnx ; cconstant
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Example 5: To solve the differential equation:
2.,

Imx.x*y"+xy'=xlnx ;y(1)=1

By taking (7) to both sides we get:
T(nx.x*y") + T(xy') = T(xln x)

yO-(@-2)-DT'-Cp-3)T@) -y +@-DTQ) =

(p—2)2

1
—@=-2@-DT'-Cp-3-p+DT() “ 22

—@p-2)@-DT'Y)-(@-2)TW) =

1 -1
T 7T = D

This is an ordinary linear differential equation and its integrating factor is given by:

o
(p —2)?

J5=5dp In(p-1)
p=er-tm =PV =(p-1)
Therefore,
-1
(- 2)31
= T -1 = jmdp
1

[T).(p— D] =

“ap-nr ¢
T(y) = + ¢
Y 2p-22p-1) (-1
1 _ A N B N C
20-2)2(p—-1) p-2 (p-2)?% p-1
_—1/2 1/2 1/2

. B P 2 (pl— 22 p-1
/5 /2 /2 C
& T(y) = + + +
») p—2 (-2 p-1 p-1
By taking 7~ to both sides we get :

= () e e ) G
And,

y="1ox+1oxinx+1/5+¢

y = _1/2x+1/2xlnx+01 ;oCp = 1/2+c
Since, yD)=1= ¢=3/

y="1/x+ 1/ xinx+ 3/2
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Conclusion: apply Al-Tememe transformations to solve linear ordinary differential equations with
variable coefficients by using initial and without any initial conditions.
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