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1. Introduction

The term of fuzzy sets was studied originally by
Zadeh in his paper [1]. Then, Chang [2], introduced
the concept of fuzzy topological space. Later, as an
extension of Zadeh’s study of fuzzy sets, Coker [3]
defined the topology of intuitionistic fuzzy sets. The
concept intuitionistic fuzzy sets was introduced by
Atanassov [4]. The expression “intuitionistic”
evaporate used in literature until 2005, when
Gutierrez Garcia and Rodabaugh [5], they suggested
that the double fuzzy set is a more appropriate name
than intuitionistic and completed that their research
project under the name " double" rather than
intuitionistic.

The goal of this present is to continue and to the
allocation study of Fatimah et al. [6,7]. Also, we
will give new definitions of double fuzzy o"-
continuous function, double fuzzy a™-open function
and double fuzzy-a™ generalized-continuous function.
We study them with various examples.

2. Preliminaries

Throughout this present paper, spaces X and Y
always means non empty sets and I is the closed
interval [0,1], 1;=(0,1] and I;;= [0,1). The class of all
fuzzy sets in X and Y are denoted by I* and I"
respectively. By 0 and 1, we denote the smallest and
the greatest fuzzy sets on X. For a fuzzy set A; € I*.
For two fuzzy sets p; and §; in X where p; = {(x,
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The purpose of this paper is to introduce and study the notions of

some types of continuous functions via (ry, s;)-fuzzy o™-closed sets in
double fuzzy topological space. Also, we reached some relationships
among these new types of functions and compare them with their
opposite with illustrative examples in the same space.

Boi(x): x € X } and §; = {(x, Hs1(x): X € X}, then their
union p; V 9;, intersection p; A 6; and complement
pi°=1- p; and the subset p, <, if and only if p,(x) <
Us2(x) and ypo(x) = vso(x) for all x € X, where p,={<x,
(), 75(0) =2 x € X}, 8 = {<x, 15(0), 7a(x) >: x € X
}+. All other notations are standard notations of fuzzy
set theory.[1]

We recall the following definitions used in this paper.
Definition 2.1 [5] A double fuzzy topology ( Tx,Tx")
on a non-empty set X is a pair

of functions 7y, x*: I¥
following properties:
(01) x(A,) <1 —14"(A,) foreach, € IX.

(02) 1x(1 A 2p) = (A1) Atx(Ay) and T (LA Ly) <
%" (A1) V 1" (A, ) for each

A, A, € 1X

(03) tx(Vier &) ZAier 7x(4;) and
VierTx (4;) foreach 4; € IX,i € 1.
The triplex (X, tx,7x") is called a double fuzzy
topological spaces (dfts, for short), and denoted by X.
Definition 2.2 [5, 6] If X is a dfts. Then a double
fuzzy closure operator and double fuzzy interior
operator of A; € I* are defined by:

Crx,rx*(hlro, s) = A el sy, w(I-p)2
ro, X" (1 — 1) <51},

Lo C A (o sp)=V{y elX py <A, 1x(ny) 2
70, 7x" (1) < 51}

— [, which satisfies the

%" (Vierd) <
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where 7, €Iy and s; € I, withrg +s; < 1.
Definition 2.3 Let X be a dfts A, by € *, r, €L
and s; € I, A fuzzy set A, is called:

1. An (ry, sy)-fuzzy open set (1, s;)-fo, for short) [6]
if ty (\) > 1y and TX*(M) <s;, whenever r, € I, and
s1 €Ly . A fuzzy set A, is called an (1, s))-fuzzy
closed set ((ro, s;)-fc, for short), whenever tx(1-),) >
1o and Ty (I-A)) <s,.

2. An (1o, s)-fuzzy a-open set ((ry, si)-fa-open, for
short) [8], if A; < I} ;+(Cr (A1, To, S1), To, 51)) and an
(rg, sy)-fuzzy a-closed set ((ry, s;)-fa-closed, for
short), if C‘L’,T* (IT,T* (CT,T* (M5r05 81)s Tos 81)) < Ay

3. An (ry, sj)-generalized fuzzy closed ((ry, s1) -gf
closed, for short) [9], if Cxu+(M, To, 51) < Iy
whenever L< p; , Tx(1y) > 1o and Ty (1)) < sp. Ay is
called (ry, sj)-generalized fuzzy open ((ry, s;)-gf open,
for short) if (1-A,) is an (r, s;)-gfc set.

Definition 2.4 [6] Let X and Y be two dftss. A
function f: X — Y is said to be a double fuzzy
continuous function iff t,(f'(v)) > Ty (v) and 7y (f
'v)) <ty (v) foreach vel".

Definition 2.5 [7] A subset A; in a double fuzzy
topological space (X, T, 7y ) is called (ro, sy)-fuzzy
a™- closed sets ((ro,s;)-f @™-closed, for short) iff L .+
(Coxax+(hi,To, 81)%0, 81) < pi, whenever A <, and
is an (ro, s;)-a-open for each w€I%, ry € Iy and s, €
L. A, is called (ro, s))-fa™-open iff 1) an (ro, s1)-
fo™-closed.

Definition 2.6 [7] If X is a dfts, for each A;, p; € IX,
ro € Iy and s; € I then, the a™-Closure and a™-
Interior operator of A, is defined as:

a™ Coy iy (A1, 10, 51) = A{ Wy € KAy < g,y s (xo,
s;)-fa™-closed}.

My o A1, 1o, 51) =V {1y € A 2= g,y s (ro,
s;)-fa™-open}.

3. Continuous Functions Via (ry, s;)- Fuzzy ao"-
Closed Sets

In this section, we introduce new continuous
functions via (1, s;)-fuzzy a"-closed sets called them
double fuzzy o™-continuous functions, double fuzzy
a"-open functions and double fuzzy- o™ generalized -
continuous functions. After that, we get some
propositions, theorems to show the relationships
between different functions.

Proposition 3.1 Let (X, Ty, T ) be dfts . A, is (ro, $1)-
fo™-open in X iff p, is (ro, s;)-fa-closed set such that
M < }Ll and 2 < C‘[X,TX*(ITX,TX*()\’IS To, Sl)a To, Sl)
whenever, 1, € I,y and s;El;.

Proof. A, is (ro, s;)-fo™-open then, 1-), is (ro, s1)-fa™-
closed. So, 1-A; < U, where U is (ry, s1)-fo-open set
then, Ly o (Coar(1-My, 10, 1), 1o, 81) < UL Put T-4 =
and 1- Co rs(Lxox+(Ai, 1o, 81) , To, 81) < U, for each p,
< )\'1 and i < CTX,TX*(ITX,TX*(}\‘la To, Sl)).

& To prove 1-L, is (ro, s;)-fa™-closed set. We take, A,
be (ry, s;)-fu™-open. So, for each p, is (ry, s))-fa-
closed set. Put -y, = v.

Then, 1-p, > 1- Crxx*(Lex ix*(M Lo, S1), To, S1) therefor
i'“l > Irx,rx*(crx,rx*(i'xl ,T0, Sl)a Ty, Sl) fOI' eaCh )\41 <
11 50, (I-A; ) is (1o, s1)-foa™-closed.
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Definition 3.2 Let (X, 1y, Tx ) be a dfts A, , u € X 1o
€L, si€L, Ais called an (ro, s;)-o"-generalized
fuzzy closed set (for short, ( 1o, s1)-0"-gf-closed set) if
0"Co (ML, 81) < g such that & < py and py is
an(ry, s;)-fo™-open set. A, is called an (ry, s;)-o"-
generalized fuzzy open (for short, (ry, s,)-a"-gf-open
set) if 1-), is an (1o, s;)-a™-gf- closed set.

Definition 3.3 Let X and Y are two dfts's for each
nE X, WE I, 1€ I, and s,€ 1. Then a function
f: X — Y is called:

(1) A double fuzzy a™-continuous functions (df-a™-c,
for short) if f 1(p12 is an (1o, s;)-fa"-open such that
Ty(f) 219 and Ty (W) <s;.

(2) A double fuzzy a™-open functions (dfa"-open,
for short) if f(A;) is an (1o, s;)-fo™-open in Y for
each 7y (M) >19 and 7 (A) <s,.

(3) A double fuzzy-a"-closed ( df-o"-closed, for short
) if f(A)) is an (ro, s;)-fo™-closed in Y for each tx(1-
M) =1 and tx (1-A) < .

(4) A double fuzzy o™ generalized-continuous
function ( df-o"g-c, for short) if the f'(y;) is an
(r,81)-0"-gf-closed set in X for each Ty(1-p,) > 1
and 7y (TI-p) <s,.

Remark 3.4

1- Every (1o, s, )-fuzzy closed set is an (ry, s;)-fuzzy-
a"-closed set.

2- Every (1, s)- fuzzy o™-closed set is an (o, s;)-o"
gf-closed set.

Theorem 3.4 Let (X, Ty, Tx ) and (Y, Ty, Ty ) be a
dfts’s. If £:(X, ¢, Tx ) — (Y, Ty, Ty ) is a double
fuzzy continuous function, then f is a double fuzzy -
a"-continuous function.

Proof. Suppose that X and Y be a dfts’s, f: X— Y,
ty(I-h) > 10, 7y (I-M) < s Then, f'(TI-A) is (ro,
s1)-fuzzy closed set in X. Since every (ry, s; )-fuzzy
closed set is (ro, s)-fuzzy-o™-closed set so, f'(1-1;) is
(ro, s1)- fuzzy -o"-closed set in X. Therefore, f is
double fuzzy-o™-continuous function.

Theorem 3.5 Let f: X — Y be a function between
dfts’s X and Y, f is df-a™-c function iff £'(L,)is (r
,81)-fa™-open set in X, such that Ty(A;) > ro, Ty (M) <
sy, whenever M€ I¥ 1) € Iy and s,€ I

Proof. Suppose that f: X — Y is dfa™-c function,
Ty(A1) > 19, Ty (M) < sy, then Ty(1-A;) > 1o and 7y (1-
M) <sy.

But f'(1-A) = 1- f'(\) is an (1o, s; )-fa™-closed set
in X. So () is an (ro,s,)-fo™-open set in X.

« Suppose that f'( A;) is an (r,, s;)-fa™ -open set
inX, put p;= 1A .

So, Ty (I-(1- w)) > 1y and 7y"(I- (T-p)) <sy,

Since f'(1-p;) = 1- ' () is an (xo, s;)-fa™- open set
in X, so f'(w) is an (ry, s;)-fa™ closed set in X.
Therefore fis df a"-c function.

Proposition 3.6 Let X and Y be dfts's. X > Y isa
double fuzzy-continuous function, then fis a double
fuzzy-a™ generalized-continuous function.

Proof. Let Ty () > 1o and Ty (i) < sy,since fis df-
¢, then

Tx (') ) 210 and 75 (F' () <5,
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Since, every an(ry,s;)-fuzzy open set is an (ry,s;)-
a"gf-open set.

That is for each Ty () >T1oand 7y () <s;, £'(w))
is an (ry,8,)- a"gf-open set in X.

Therefore, f is df-a™g-c function.

Proposition 3.7 Let X and Y be a dftss. If f: X —» Y
is double fuzzy-o"-continuous, then f is double
fuzzy-a™ generalized-continuous.

Proof . Suppose that X and Y are dftss and f: X —
Y, 7y (I-M)) > 1o, Ty (1-A) < s;. Since f is df-o™
continuous, then

£1(T-1) is (ro, s1)-fo"-closed set in X

Since every (1, s;)-fa"-closed set is an (ro, s)-o"-gf
closed set. Therefore £'(1-A,) is (ro, s1)-a™-gf closed
setin X. thatis fis df-o™g-c.

Definition 3.8 Let X be a dfts and A,€ I*. The o™-
generalized closure of the set A; denoted by o™
GCry e (M, 1o, 87) s the intersection of all (ry,s1)- o~
gf closed set of X such that A< o™ GCox ryx (A1, To, S1)-

Remark 3.9 It is clear that A; < o™ GCyy e (M, To,
$1) < Crnr (M1, Tg, 51) for each A€ I

Theorem 3.10 Let X and Y be a dfts's. If f: X —
Y is df-o™g-c function then,

f(am chx,rx* (M, 1o, 81)) < Cly,ry*(f(}\'l, 1o, S1),

for each A€ TX.

Proof. Let A, € I* and Ciy oy (f(M1), 10, s1) be an (ro,
s)-fclosed setin Y.

Since, f is df- a™g-c function , f 1(CTy,Ty*(f(kl), To, S1))
is an (1, s))-a™ gf-closed set in X.

And, A < f(fN)).

Then, A < f'(Coyays (A1), 10, 51))-

Double fuzzy contineous

—=

N

DIIIJE

Remark 4.1 The following example explain the
convers of above relationship is not true.
Example 4.2
1. Let X={p, q} , Y= {m, n} and §,, &, are fuzzy
sets, we define (tx (8), Tx+(8)) on X by:

1, if & €{0,1},

- dW=8
7x (8) =1 )
1
2 8(x) = 8,
0, otherwise
0, if & €{0,1},
) o =8
7% (6) = 5
2w =8,
\ T, otherwis
Such that, &,(p)=0.4, &,(q)=04,
And, 62(p)=0.6, 68x(q)=0.7.

Also, we define (ty (¥), Ty «(¥)) on Y by:
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Therefore by Remark 3.9, o™ GCyyixx(M, To, 81) < T
l(CIy,ry* (fo"l)a To, Sl))'

Hence, f(a™ GCrry#(A1, Tg, 81)) < Crygys (M), To, 51).
Definition 3.11 A dfts X is called double fuzzy
o"(x, Tx ) 2 space (dfa™-(ty, TX*)% , for short) if each
(ro,81)-0"gf-closed set in X is an (1, s;)-fa"-closed set
in X.

Theorem 3.12 Let f: X — Y be a df-a"g-c function
and g: Y — Z is a df-c function, then gof: X— Zisa
df-a"g-c function.

Proof. Let 7,(1-A)) >rand 77 (1-1,) <'s,, since g is
df-c function and

1y (g'(I-M)) Zroand 7' (g'(T-M)) <5

Since, f'(g'(I-M)) is an (re,s;)-a™gf-closed set, so
(gof)'(A-1) = £'(g'(I-Ny)) is an (rp,s))-0"gf-closed
setin X. That is gof is df-o™g-c function.

Theorem 3.13 Let X, Y and Z be adfts's. If f: X —
Y and g: Y— Z are two df-o"g-c such that Y is df-a™
(ty, TY*)% space, then gof: X — Z is df- a"g-c
function.

Proof. Let 75 (1-A) >rpand 77 (1-A)) <s,, since g
is df-o™g-c function and g'(T1-A,) is an (xo, s;)- o™gf -
closed setin Y.

fl(g'(AN)) is an (ry, s)-0"gf-closed set in X,
because fis df-a™g-c function.

(goN)'(A-)) - £l(g'(A-))) is an (rg,s;) -o"gf-closed
set. That is gof is df-a™g-c function.

4. Interrelations

The following implication explain the relationship
between different functions:

Double fuzey o®-gencralized-continuous

|

sle fuzzy -c-continuoes
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1, if ¥ e{0,1}
1
TY(W) = EI IP(Y) =¥ 1 5
0, otherwise
0, if ¥ e{01}
* 1
Ty (P) =143 Y(y) =¥,
1, otherwise
Such that, ¥;(m) = 0.6, ¥ (n) = 0.2 — ¥°(m) = 0.4,
W () =0.8.

When, the function f between two dfts's (tx(8), Tx ()
) and (ty (¥), Ty (¥)) is defined by:

£ (X, 7%, 7x ) — (Y, Ty, Ty) as, f(p) =m, f(q) =n.
SO, ITX,TX*(C‘CX,TX*( l]I]C s % ) % % s %) = Irx,rx*( 810 5 % 5 % ) =
8, and, f'(¥,°) is an (1, 1)-fu™- closed set — f'(¥))
isan (2,2)-fa"™-open set.

That is, f is df- a™-c function, but f'(¥)) & 1y — f
is not df-c function.

2. Let X={p, q} and Y= {m, n}, and take (rx (6),
7% (6) ) and (ty (¥), Ty ¥)) on X and Y
respectively, by as follow as (1), such that:
61(p)=0.3, 6i(@ =04,

8:(p) = 0.7, 8a(q) = 0.6,
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¥Yi(m)=0.7, ¥ (n)=0.8,
And, ¥,(m)=0.3, ¥,(n)=0.2.
When, the function f between two dfts (tx (8), Tx (8)
) and (ty (¥), Ty (¥)) is defined by:
£ (X, 14, Tx ) = (Y, Ty, Ty ) as, f(p)=m ,f(q)=n

So, £'(¥1)= (po7 qos) » F'(¥1) < 82, 6, isan (33)
fo™-closed set.

am Crx,tx*( fl(lpl)s
ITX,TX*(CTX,TX*( 62 5 %5
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