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1. Introduction

We derive some fundamental properties of members
of an exciting set of seven graphs called Petersen
family. The idea of this research came from our
attractive to use this family in topological surfaces;
therefore, we decided to restudy this family. This
study leads to new some significant and simple
results.

Petersen family constructs from Kgby VeV
exchanges. If G = (V,E) is a connected graph having
V a set of vertices and FE a set of edges in G (each
edge connects two vertices, these vertices called end-
vertices). Then V — Y exchange is an operation
obtained from G by deleting the three edges of the
triangle and add a new vertex v to be the adjacent
vertex of each vertex of the triangle, v having degree
3 (it is defined later), v called the center of the Y.
Now, we have a new graph H = (W, F) as in Figure
1. The converse of this deal is called Y — IV exchange
[1]. K¢ is a complete graph (it is defined later), that

This article has restudied the Petersen family in Graph Theory. It

discussed the process of establishing this family. This discussion leads to
discovering some new properties of the Petersen family's members.

means each three vertices in it are consistence a
triangle. The changing of any triangle in K, gives a
graph Q,, (We use the usual name for the Petersen
family's members). Any triangle in K, has a disjoint
triangle. When we choose it in @, and change it to Y,
we get a graph Qg. Qg does not have any triangle. To
get Pg, we can choose any other triangle in Q,. This
triangle shares the exchanging triangle in Q, a vertex
or an edge. This operation makes an original vertex
(appears in Kg) now in Pg of degree 3. This vertex
adjacent to the new vertices appears in Pg. That
means Pg has another Y when this Y is changed to V;
a P, graph is constructed. Pz has two disjoint
triangles, then choosing one of them to change it to Y
gives a Py member in the Petersen family. A final
graph in this family is P;, obtained from the graph
Py. Py, is called the Petersen graph [2].

Figure(1): V & Y exchange.
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There are many previous studies on this subject,
where [1] used the embedding of Petersen family. [2]
worked with the Petersen graph, they talked about the
history of this graph and used it on different sides in
graph theory. [3] Found some outstanding results
used VY exchanges for different types of graphs
when they constructed graphs and binary matroids of
graphs. [5] got more e forbidden minors for wye-
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delta-wye reducibility. [5] linked between Graph
Theory and Knot Theory by using this family.

[6] Show that a graph is obtained from the complete
graph on seven vertices by a finite sequence of V<>Y
exchanges was a minor-minimal intrinsically knotted
or completely 3-linked graph. [7] and [8] constructed
subfamilies of Petersen using the embedding of K¢ in
the torus and Klein bottle sequentially.

%

Figure(2): The scheme of Petersen Family.

We have discussed the construction of the Petersen
family in the first section of this work. The second
section contains of some definitions, that we need
them in this research and new theorems for some
meaningful results. The third section is the main part
of this work. This section consists of results are
sometimes properties for all members of this family
or some members.

2. Primary Results

In this section, we have some fundamental
definitions and new achievements to use them in the
central section of this article.

First, we have to mention the construction of the
Petersen family that has been discussed in the
introduction.

To define a connected graph we have to refer to a
walk which is a sequence of edges and vertices,
where a path is a walk without repeat the vertex [9].
Definition 1 [10]: A graph G is called a connected
graph if it has a path between each pair of vertices in
G. Otherwise is referred to as a disconnected graph.
Definition 2 [11]: A graph G is called a complete
graph if it is a connected graph and has one edge
between each pair of vertices in G. It is known K,
where n is the number of vertices.

From the qualifier of V < Y exchanges and the above
definitions, we get the following theorem.

Theorem 1: The connectedness is keeping under
VeY.

Proof

Since Y has one path between each pair of it is
vertices, and any triangle is K3. That means the
operation of V &Y  exchanges keeps the
connectedness. O

Any edge of a graph is called a loop if it has the same
end-vertices. A pair of edges is called parallel edges
if these two edges have the same end-vertices [9].

Definition 3 [12]: A graph G is called a simple graph
if it has no loops or parallel edges.

Definition 4 [9]: If F is a set of edges in G, and the
deletion of this set makes a new graph G —F a
disconnecting graph, then F is called a disconnecting
set in G. If F contains one edge then this edge is
called a bridge. If F consists of at least k edges, then
G is called a k- disconnected graph.

Definition 4 leads to the following obvious theorem.
Theorem 2: Any complete graph K,, is an (n — 1)-
disconnected graph.

Proof

Suppose G = K,, that means each vertex in G joins
with n — 1 vertices by edges. The deletion of these
edges makes G a disconnecting graph. Hence, the
result holds. i

K, is a 5-disconnected graph.

Definition 5 [13]: A degree of a vertex v € G is the
number of edges pass from v. It is denoted by d(v).
The size of G is the number of E's elements in G.
Theorem 3: Any graph contains Y is a 3-
disconnected graph.

Proof

Suppose G is a graph contains Y, and then G has a
vertex v of degree 3. The deletion of all edges pass
from v makes G a 3-disconnected graph. O
Definition 6 [12]: A graph G is called a k-regular
graph if the degree of each vertex in G is k.
Definition 6 leads to the following obvious theorem.
Theorem 4: Any complete graph K, is an (n — 1)-
regular graph.

K is a 5-regular graph.

Definition 7 [9]: A vertex v in a graph G is called a
cut vertex if the deletion of v makes a new graph
G — v disconnecting graph.

Theorem 5: Any complete graph K, has not a cut
vertex.
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Proof

Suppose G = K,,, and G has a cut vertex that means
there are at least two vertices which do not join by an
edge. This case is a contradiction to the definition 2.
Definition 8 [13]: A vertex v in a graph G is called
an isolated vertex if d(v) = 0. A graph G is called a
trivial graph if d(v) = 0 foreach v in G.

Definition 9 [9]: Graphs ¢ = (V,E) and H = (W, F)
are called isomorphism if there is a one-one function
from V to W. Such that if there is an edge between v,
and v, in G that means there is an edge between
f(vy) and f(v,) in H.

3.Some Properties of Petersen Family's Members:
Theorem 6: Each graph in the Petersen family is:

1- a connected graph.

2- is a simple graph.

Proof

1- Since Ky is a complete graph, then it is a
connected graph by definition 2. Then by Theorem 1
each other member in the Petersen family is a
connected graph.

2- By definition 2 and 3, K4 is a simple graph.
V < Y exchanges do not add a loop or parallel edges
to any graph. Hence, the theorem holds. i

Now, we discuss some properties of some members
separately.

Theorem 7: Q,, Qg, P3, Py and P;,
disconnected graphs.

Proof

Every graph has a Y. Then by Theorem 3, this
theorem is satisfied. O

Theorem 8: P, is a 4-disconnected graph.

Proof

P, is a graph constructed from P; by Y -V
exchange. Suppose v is the centre of Y (a vertex of
degree 3) in Py, where v € K. Also, d(x;) = 3 and
d(x;) = 3, x; and x, are the two end-vertices of the
edges pass from v, where x; € Q,and x, € Pg. The
changing this Y to V increases one the degree of x;
and x,. The theorem holds. o
Theorem 9: The Petersen family does not contain a
member has:

1- A bridge.

2- A cut vertex.
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Proof

1- Suppose G is a one member in Petersen family has
a bridge. What that means G is a 1-disconnected
graph, but this is a contradiction to Theorems 4, 7,
and 8.

2- If G is a member of the Petersen family and G has
a cut vertex. G # K, From Theorem 5. If G = Q-,
that means this cut vertex is a vertex in a Y has added
to Q. Any vertex of the end-vertices of this Y is not
this cut vertex by Definition 2. If the center of Y is
this cut vertex, that leads to there are two vertices in
G ( maybe one of them is the end-vertex of Y), these
two vertices do not connect by an edge, but this is a
contradiction to Theorem 5. Using the same
discussion of this proof, we can prove no any member
in the Petersen family has a cut vertex to completes
this proof. O

Corollary: The Petersen family has no member as a
trivial graph, and no member has an isolated vertex.
Theorem 10: There are no two members are
isomorphic in the Petersen family.

Proof
This theorem is satisfied from the construction of this
family. mi

4- Conclusions and further work:

This article discussed the constructing of the Petersen
family. Also found properties of some kinds of
graphs relevant to the members of the Petersen
family. Then proved particular theorems of the
members of the Petersen family.

This work can be developed by trying to find other
properties of these members. This operation complete
by studying this family from other aspects such as the
Eulerian Graph or the Hamiltonian Graph. The
studying of these two types means research on the
subject of circuits and cycles of graphs. The above
properties can be explored by converting these graphs
into matrices.

It should be noted that the first author of this article
has tried using advanced programs to convert these
elements to polynomials using Tutte Polynomial.
Meanwhile, the first author has started to study the
embedding of this family in different topological
surfaces since 2012.
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