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ABSTRACT

It is not easy to find the n-Hosoya polynomial of the compound graphs
constructed in the form Gi®G, for any two disjoint connected graphs G; and

G, .Therefore, in this paper, we obtain n-Hosoya polynomial of Gi®G, when G4 is a
complete graph and G, is a special graph such as a complete graph, a bipartite

complete, a wheel, or a cycle. The n-Wiener index of each such composite graph is also
obtained in this paper.
Keywords: Composite graphs G1&G», n-Hosoya polynomial ,n-Wiener index.
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1. Introduction:

We follow the terminology of [5,6,7,8].Let v be a vertex of a connected graph
G, and S be an (n-1) subset of V(G), n> 2, then the n-distance d, (v,S) is defined [3]

by

d,(v,S)=min{d(v,u):u € S}. ...(L.1)
The n-diameter of G is defined by

diam,G = max{d, (v,S):ve V(G),|§ =n-1,S< V(G)}. ..(1.2)

The n-Wiener index of G is defined by
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W, (G) = > d,(v.9). .(L.3)
(v.8)
The n-Hosoya polynomial of a connected graph G of order p is defined by
SI’W
H,(G;x) = C,(G,k)x*, .(L.4)
k=0

where 2<n<p, §, is the n-diameter of G, and C, (G, k) is the number of order pairs
(v,9),veV(G),Sc V(G),|s|=n—1,such that d, (v,S) =k .
One can easily show that
p-1 p-1 p-1-degv
C,(G,0) = , C,(G)= - : ...(15
.(G.0) p(n_zJ (ch) p[n_J 2()[ . (L5)
The n-Hosoya polynomial of a vertex vin G, denoted by H, (v,G;x), is defined [3]

by
H,(v,G;x) =Y C,(v,G,k)x*, ...(1.6)

k>0

where C, (v,G,k) is the number of (n-1)-subsets of vertices S such that d, (v,S) =k . It
is clear that foreach k, 0<k <9,

C,(Gk)= > .C,(v,Gk), ..(L.7)
veV(G)
and
H,(G;x)= > H, (v,G;x), ...(1.8)
veV(G)
Let T be a non-empty subset of vertices of G . We define
C,(T,G,k)=>C,(v,G,K). ...(1.9)

veT
We shall use this notation in our proofs.
Finally , if n=2 , then from (1.5) , we get

C,(G,0)=p=d(G,0),and C,(G1) =p(p-D)- D (p-1-degv)= D degv=2q,

veV(G) veV(G)

then d(G.1) = %CZ(G,l) _q. Also, we notice that d(G, k) = %CZ(G, K, k>2.

Hence H(G;Xx) :%HZ(G;X). ...(1.10)
In [2], H. G. Ahmed gave the following result :

Lemma: Let v be any vertex of a connected graph G. If there are r vertices of distance
k>1 from v , and there are s vertices of distance more than k from v , then

C.(v,G k) =(L+_i]—(ns_1] L (1.11)

In 2007, H.O. Abdulla [1] and A.S. Aziz [4] defined the composite graph GixG»
as follows:
Let G,and G, be disjoint connected graphs , and let u,u, € E(G;) and

v,V, € E(G,), then the composite graph Gi®G, is the graph constructed
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fromG,and G, by adding the edges u,v,, u;v,, u,v; , and u,v,. It is clear that
P(G12G2)=p(G,)+p(G,) and q(G12G2)=q(G,)+a(G)+4.

In this paper , we obtain n-Hosoya polynomials , n-Wiener indices , Hosoya
polynomials and Wiener indices of the composite of some special graphs .

2. The Composite Graph K ®K:

Let K, and K, be complete graphs of orders o , a>2 and B , B=>2

respectively .The composite graph K =Kis depicted in Fig. 2.1. We assume, without
loss of generality thato > 3.

DK,
\\\\ ’ UZ,/ \\\VZ I ,,’/
TTRig2t K EK,

We notice that the n-diameter of K 2K, is
diamnK(X‘ZKﬁ _ 3, if 2<n<oa-1

2orl, if n>a
To simplify the notation, we denote K &K, by G.From ,Fig.2.1, we find that
c,@3=@-2|" *|r@-2[* 7 @)

) =0 — - . N VS
" n-1 n-1

Since , diam, K 2K <3, then from (1.5)

p—1-degv
C,(G2)+C, (G = | ( L J
veV(G) -

Hence,

_ B o -2 o—2
C,(G2)= (G_Z)(n _1j+ (B—Z)[n _J—(a—4)(n _J—(B—4)(n _J. ...(2.2)
From (1.5) we get

Cn(G,l):p(s:ﬂ—(a—2)(n[3_1j—(B—Z)(noiJ—Z[E:iJ—2(::12]. (2.3)

From (2.1) , (2.2) , and (2.3) we have the next proposition:
Proposition 2.1: For 2<n<p=a+p, o, >2 , then
p-1) < K
H,(G;x)=p +>.C, (G, k)X,
n-2) i
where, C,(G,k), 1<k <3, aregivenin (2.1), (2.2), and (2.3).

-1 2 2
And wn(c;):p(‘;_Jm(ﬁ_Jm(:_l}(a-z)(n[il}(s—z)(no_‘l). -
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From Proposition 2.1 and (1.10) , we get the next corollary.
Corollary 2.2: The Hosoya polynomial of the graph G of order a+p, o,p>2, is
given by :
H(G;x) = (OL+B)+%[OL(0L—1)+B([3—1)+8]X+2[oc+B—4]X2 +(0—2)(B-2)x° .
And Wiener index of G is

1

W(G) = 5 [a(e ~5) +B(B ~5) + 6ap]. |
3. The Composite Graph K 2K, :

Let K, be a complete graph of order o, >2 and K. be a complete bipartite
graph of order B+v, B,y>2, then K =K, is depicted in Fig. 3.1.

The order of K 2Kg is p=o+B+y,the size is g =%{0L(0c—1)+2y[3+8}, and the

diameter is 3 for o >3 and B,y = 2. We denote K 2K, by G'.
The n-diameter of G’is given by
3, if 2<n <max{a-1,B,
diamaG' = ) {o-1p y}.
2orl, if n>max{a—1,B,v}
In the next proposition , we obtain the n-Hosoya polynomial of G':

Proposition 3.1: For 2<n<p=a+p+vy, o,B,y> 2, then

, p-1) ok
Hn(G;x):p(n_ZJJrZCn(G,k)x ,
k=1
where,
-1 1 )
ctened el ol o
_2(B+y—2]_(0L+B—3j_(a+y—3]. L)
n-1 n-1 n-1
-1 -1 -3
R R By ST Y
a+y—3 B+v-2 a—2
{ N-1 j—(a—4)( N1 j—(B+v—2)(n_1j. ...(3.12)
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B+y-2 o—2
+(B+y-2 . ...(3.1.3
R EGEREY) B (3.13)
Proof: From (1.5) , we get (3.1.1) , and from Fig. 3.1, we have
B+y-2 o—2
+(B+y-2 .
" B+v-2) N1
Since diam ,G'<3 , then,

C,(G'2)+C,(G' 3= Y (p_l_deg\/} (@ —2)(B YJ (B~ 1)(a:[_31_1j

veV(G) n-1

-1 -2 -3 -3
A o+y Lo B+y N oa+f N o+y
n-1 n-1 n-1 n-1
This completes the proof. [ ]
Corollary 3.2: : For 2<n<p=a+p+vy, aa>2 and B,y> 2, we have

B+y +p-1 a+y-1
W, (G) = p( J @ —2)( j (B~ 1)[ i j+(v—1)( n_l]
-3 -3 -2 -2
+[O‘:£31 J_F(a:jl j—ko{B:il j+(B+y—2)(z_lj. [

From Proposition 3.1 and (1.10) , we get the next corollary.

C.(G'3)=(a-2)

C.(G'3)=(a-2)

Corollary 3.3: For a.,B,y > 2, we have :
H(G";x) :(a+B+y)+%[(x((x—l)+2By +8]x+%[4(oc—4)+[3([3+3)+y(y+3)]x2
+(a-2)B+y-2)x°
And, Wiener index of G’ is W(G') = %a(a—5) +BPB-3)+y(y-3)+3aB+y)+py A
4. The Composite Graph K &W,:
Let K, ,a>2, and W,, B>4 be complete and wheel graphs respectively ,

then the composite graph K =W, has order p=a+f , q= %{a(a -1)+4(B+1)}, and

diameter 4, for p>6 anda. >3 .

Fig.4.1 K,BW,

51



Ahmed M. Ali

We denote K, =W, by G". From Fig.4.1 , with o > 3, B > 6 we notice that :
4, if 2<n<max{o—-1,—-4},

diam G" =| 3, if max{o,p—3}<n<max{a+1,p-1},.
2orl, ifn>max{a+1,p-1}.

In the next proposition , we obtain the n-Hosoya polynomial of G”:

Proposition 4.1: For 2<n<p=a+p+y, o >3, >6, we have

" p_l 3 " k
H,(G"x)=p Ly +>.C,(G" k)x"
- k=1

where,

oo AT e )
C.(6"2) =B~ 3)( f}zaj}(a—m[nﬁ_ J—(B—a)(n j (c —4)(‘3 fj
A1)
n-1 n-1
C,(6"3) = (o~ 2)(5_}(3 5)[ ]_<a_4)ﬁ __51}(5—8){‘;:12],
C.(G"4)=(a- 2)(B_J+(B 5)( J

Proof: From (1.5), we get C,(G"1). To find the coefficient C A (G",2), we , first find
C.(G" k), k=3,4.

For k=3 , there are three vertices namely ,v,,v,,v,of distance 3 from u, ,
3<i<a, and there are B—5 vertices of distance more than 3 from u;. Hence, by
(1.11)

C,(u,,G"3) = (B 2) (B_SJ ,3<i<a . (4.1
-1 n-1

But, there are two vertices namely u,and u,of distance 3 from v,, 5<i<f-1, and

there are oo — 2 vertices of distance more than 3 from v,. Hence, by (1.11)

o—2 )

C,(v,,G"3)= ,5<i<p-1. ...(4.1.2)

n-1) (n-1
Finally , there are—5 vertices namely ,vg,vs, ... ,vg,0f distance 3 from u; ,
i=1,2, and there is no vertex of distance more than 3 from u,, and there are o —2
vertices, namely u,,u,, .. ,u, of distance 3 from v,, i=1,4,8 , and there is no
vertex of distance more than 3 from v, . Hence,

-5

Cn(ui,G”,3)=([3 ] ,1=1,2, ...(4.1.3)

n-1
and,
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-2

cn(vi,c;",s):(z‘ J i=1,4.B. (4.1.9)
Hence, from (4.1.1)-(4.1.4) we get C (G",3).

Now , for k=4 , there are 3 —5 vertices , namely v;,vq, .. ,Vg, of distance 4
from u, , 3<i<a, and there is no vertex of distance more than 4 from u, , then

" p-5 .
C,(u,,G"4) = 11 , 3<i<a. ...(4.1.5)
And , there are a—2 vertices, namely u,,u,, .. ,u, of distance 4 from v;,,

5<i<B-1, and there is no vertex of distance more than 4 from v,, then

-2
cn(vi,c;",4)=(: 1)  5<i<p-1. ..(4.16)
Hence, from (4.1.5) and (4.1.6) we get C,(G",4).
4 —1-degv
From the relation ZC(G”, K) = z (p g j we obtain C,(G",2) as it is
k=2 veV(G") n-1
given in Proposition 4.1. ]

Remark 1:
» |If =2 and B>6, Proposition 4.1 holds with C,(G",4)=0 .

» |f «>2 and =5, Proposition 4.1 holds with C,(G",4)=0 .
* If a>2 and =4, we have K =K, which is given in Proposition 2.1.

Corollary 4.2: For 2<n<p=a+p+y, a>3,>6, we have

p-1 p-4 p—6 p o

W (G") = -3 2 -2 -4

F R L I [ A NN

B-2 oa—2 B-5
-2 :
eyt ro-ln )
From Proposition 4.1 and (1.10) , we get the next corollary.
Corollary 4.3: For, aa>2,3 > 5, the Hosoya polynomial of G" of order o + 3 is given
by:
” l 1 2 3
H(G";x) = (o +B) +§[0L(oc—1) +4(B +1)]x+§[4((x+2) +B(B—5)]x* +[3a + 28 —16]x
+(a—2)B-5)x*.

And, Wiener index of G” is

W(G”):%a(a—15)+B(B—5)+4(xB+2. [ |
Remark 2 : If a>2 and B =4, we have

H(G"; x) = (a.+ 4) +%[oc((x—l) + 20X + 20x? + 2(0 — 2)x°,

and,
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W(G") = %a(a +19)-2 .
5. The Composite Graph K ,®Cg:

Let C, be a cycle graph of order §,3>4 and let v,v; eE(C;) and , K, be a
complete graph of order a,o>2 and let u,u, e E(K,) , then the composite graph

K,2Cg, has order p=oa+, size g =%{a(a—1)+2[3+8}, and diameter [%%1 , as

depicted in Fig.5.1.

We denote K, ®Cgby G". The n-diameter of G" is determined in the following
proposition:
Proposition 5.1: For 2<n<p=a+p+vy, >3, >4, then

%—|+1, if 2<n<a-1,
diamn G = %} if n=aoratl,. L (5.1.1)
p;ZnJH, if a+2<n<p.

Proof : Let S be an (n-1) - subset of V(G"), and let w be a vertex of V(G") , such that
d,(w,S) =diamyG". Since the n-diameter is the maximum of the n-distances d(v,S),

veV(G"),Sc V(G"), [§=n-1, then w must be a vertex of C, that is furthest from
{v;,v;}, that is

Vg

w={ ? o
Vg if Bisodd,

2
and S consists of the first n-1 vertices from the sequence
UgyUgy ey Uy Ugy Up, Vi, Vg,V V . Therefore :

orvg if Biseven,
E+1

11 e

IVE—‘-I-]., if 2<n<a-1,ScV(K,)—-{u,,u,},
4. (w,S) ..(5.12)

{%w , if n=aora+1,ScV(K,).
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Since diam,C, :VS_T“JH , for 2<n <, [1], then

dn(W,S):LWJH, if a+2<n<a+p, for which

S=V(K,) UiV(C,) —{w}. ..(5.1.3)

From (5.1.2) and (5.1.3), we get (5.1.1). H
To find the coefficients of the n-Hosoya polynomial of the composite graph G",

we denote V(K,) by U, and V( CB) by V , and notice, for 2<k <diam, G", that
C.(G"k)=C,(U,G" k)+C,(V,G" k).

In the next lemmas , we obtain the coefficients of the n-Hosoya polynomial of G".
B-n+1

Lemmab5.2: For 3<n<f+1, a>3,>4, and ZSKSM

(a-z)[ﬁ'2k+4j-(a-4)[ﬁ'2k+2j-2[ﬁ'2k] if 2skstﬁ‘”+1J+1 n<p
n-1 n-1 n-1 2

J+ 2 ,we have

C,(U,G" k)= ...(5.2.1)
(a-2)r if k:[ﬁ';‘*lﬁz,
1,if B—n+1is even,

where r = _ .
n,if B—n+1is odd.

B-n+1

Proof: For 3<n<p+1 and 2< ks[ J+2, there are two vertices , namely

Vi1 and vg_ ., of distance k from u;, 3<i<a , and there are -2k +2

vertices of distance more than k from u;. Thus, by (1.11)

-2k +4 -2k +2

C,(u,,G",k) :(B J—(B j for 3<i<a. ...(5.2.2)
n-1 n-1

And, for3<n<B-land 2<k< LB_ n +1J +1, there are two vertices , namely v, and

Vj_ks Of distance k from u;, i=1,2 , and there are B—2k vertices of distance more

than k from u;. Thus, by (1.11)

” B-2k+2) (B-2k i

C,(u;,G" k)= - ,fori=1,2. ...(5.2.3)
n-1 n-1

Moreover , if n=p or B+1, then k=1.

From (5.2.2) and (5.2.3), we get (5.2.1) . [ |

We note that (5.2.1) is not satisfied for n = 2 , therefore we can obtain
C,(U,G",k) from Fig. 5.1, in the next remark:

Remark I: For n=2, >3, B >4 , then

C,(UG"K)=2a-2)+4 , if 2< kSLBT_lJ,
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cz(u,e"',{BT‘lJu):2(a—2)+2h , cz(u,e"',{BT‘lJu):h(a—z) |

2 ,1f B is even,

where h = . .
1,if Bis odd.
Remark Il: For n>8+2, k>2, C, (U,G",k)=0.

Lemmab5.3: For 3<n<p=a+p, a>3,>5, we have

C,(V,G"2)=(B- 2)(2 :ﬂ - (B—G)(E :i) - 2{(2 :D {ﬁ :m . .(5.3.1)

Proof: If ve V(Cy), ScV(G"), |§=n-1,and d,(v,S) = 2then there are three cases:

Case 1: There are o vertices , namely u,,u,, .. ,u,,v3, Vg, of distance 2 from
vertex v,, and there are 3 —5 vertices of distance more than 2 from v, . Thus, by (1.11)

_5) (B-5
C.(v,,G"2) = (E _J-[ﬁ _J.

Since, C,(v1,G",2) =C(vg,G",2) ,( by symmetry ), then we have

m p_5 B_S
C,(V;,G"2) = ZK” _1]—( it where V; ={v;,vy}. ...(6.3.2)
Case 2: There are four vertices , namely u,,u,,v,,Vv;,of distance 2 from vertex v,,
and there are p —7 vertices of distance more than 2 from v,. Thus, by (1.11)

C,(v,,G"2)= [E :fj—(s:g .

Since, C,(v,,G",2) =C, (vp4,G",2), (by symmetry ), then we have

-3 -7
C,(v,,6"2)=2| P |-[ P |, where v, ={v, v, 13 ..(53.3)
n-1 n-1
Case 3: There are two vertices , namely v;_,,v,,,,of distance 2 from vertex v;,
i=3,4, .. ,p—2, and there are p—5 vertices of distance more than 2 from v;.

Thus, by (1.11)

~3) (p-5
Cn(vi,G”’,k):(E J—(E J,SgisB—Z . then

-3 -5
C, (Vy,G" k) = (5—4){(2 _J—(E _1ﬂ Ny ={v, :i=3,4, .. B-2}. ..(534)
Then, from (5.3.2) ,(5.3.3) , and (5.3.4) we get (5.3.1). [ |

From Lemma 5.3 , we note that (5.3.1) is satisfied when n = 2 , that is
C,(V.G"2)=(B-2)(p—3)-(B—-6)(p—5)—2[p—7+PB—5]=2(a+p). ...(5.3.5)

Lemmab5.4: For 3<n<p=a+f, a23,B27,andforBSKS(Q—l,wehave
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C,(V,G",K) = 2(k—2)(B ) 2k1+1J— 2(k _1)(B ‘nz_kl‘lj -2k 2){p - 2k1—1J

n- n-—
p—2k+1] 2[p—Zk—3

+(B—2k+2)( N1 N1

J. .(5.4.1)
p

Proof: For 3<k< (ﬂ—l, there are four cases for partitioning V(C;) corresponding

to such values of k .
Case I: There are two vertices , namely vy,;,Vg_,;,0f distance k from vertex v;,

i=1,2, .. ,k—2,and there are p—2k—1 vertices of distance more than k from v;.
Thus by (1.11)

. B-—2k+1) (B-2k-1) .
Cn(vi,G”,k):.[ N1 j—( N1 j,|=1,2, k=2,

Since, C,(v;,G",k)=C,(vp;,1,G".k),i=1,2, .. k-2 ( by symmetry ), for
2<k< gl—l, then we have

-2k+1 -2k-1
cn(V.,G”',k)=2(k—2)HB o HB = ﬂ

V,={v;, vy, 1i=12, .. k-2} ..(5.4.2)
Case Il: There are a vertices , namely u;,u,, .. ,U,,Vy4,Vy, Of distance k from

—i+1

vertex v,_;, and there are 3 —2k —1 vertices of distance more than k from v, ;. Thus,
by (1.11)

p—2k-1) (B-2k-1
cn(vk_l,e,k):( * ]( 1)

Since, C,,(Vy4,G",K)=C, (Vg k12,G" k), for 2<k< {21—1 , we have

-2k-1 -2k-1
Cn(V..,G”',k)=2Hp o j_(ﬁ - ﬂ,v“ ={Vi 1,V ki2}- ...(5.4.3)

Case I11: There are four vertices , namely u,,u,,Vy,,V,0f distance k from vertex v,
and there are p—2k —3 vertices of distance more than k from v, . Thus, by (1.11)

” p-2k+1) (p-2k-3
e e

Since, C,,(vy,G" k) =C, (Vg_yy1,G" k), for 2< ks{%}l , we have

” p—2k+1) (p-2k-3
Cn(V“,,G k) = ZH n—1 - n—1 Vi :{Vk ,VBfk+1}- ...(5.4.4)
Case IV: There are two vertices , namely v, ,v;,, ,of distance k from vertex v;,

i=k+1,k+2, .. ,p—k, and there are p—2k -1 vertices of distance more than k
from v,. Thus, by (1.11)
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Then,
” p-2k+1) (p-2k-1
Cn(VIV7G ’k):(B—Zk)H n }—( H,

_2k+1) (p-2k-1
P '+j—[p J,k+1sisﬁ—k.

-1 n-1
Vi ={v; ii=k+1,k+2, .. ,p-k} ..(5.4.5)
From (5.4.2) - (5.4.5)we get (5.4.1). W

Also , from Lemma 5.4 , we note that (5.4.1) is satisfied when n = 2, that is
C,(V,G"k)=2(k-2)(B—2k+1)—-2(k-1)(B—2k -1) - (B—2k — 2)(p — 2k —1)

+@—2k+2Xp—2k+D—2@—2k—3y:ﬂa+BLﬁWBSKS(%W—l.“(54®

Lemmab5.5: For 3<n<p=a+f, aa>3,>5, then

Ka +1J (oc — ZH . )
2 + , If P is even
n-1 n-2

C,(V,G", P]) = .
2 o o—2 _ ]
- : if pisodd
n-1 n-1
Proof:(i) If B is even, then there are a.—1 vertices , namely u,,u,, .. ,u, ,vg of
distance E , from vertex Vg X and there is no vertex of distance more than % from
B
VE_l. Then,
2
m B a_l
C. (v, ,G". D)= , ...(65.1
AT (Y (55.1)

B

And there are three vertices , namely u,,u,,v;, of distance 5 from vertex v, and
2

there are a—2 vertices of distance more than % , from v, .Then, by (1.11)

2
w By a+l _ o—2
Cn(V%,G ’E)_(n—lj (n—lj' ...(5.5.2)

It is clear that C, (v, ,G”’,%):Cn(vﬁ l,G"’,%) .r=0,1.
E—r E+r+

Moreover, one may easily check that
Cn(W,G"',g) =0, for we V(Cy) —{v, 1,vﬁ,vﬁ ,V
L

—+1 E+2
2 2 2

}. ...(55.3)

Therefore, from (5.5.1) and (5.5.2) we get
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w By a+l a—2
C,(V,G ,E)—ZKn_J+(n_2ﬂ. ...(5.5.4)

(it). If B is odd, then there are o.—2 vertices , namely u,,u,, .. ,u, , of distance

K= prl from vertex ve{v;,,vy,}, and there is no vertex of distance more than

2 2
k= [3_+1 from v. Then,
" B+1 _ (1—2
C,(v,G ’T)_ N1 ) VE{VE,VE}. ...(5.5.5)
2 2
And, there are two vertices , namely u,and u,, of distance % from vertex v, , and
2
. . B+1
there are o —2 vertices of distance more thanT from v, . Then,
2
by (1.11)
m B+1 o (X,—2
C,(vg,,G", - : ...(5.5.6
e LY o P (556)

Moreover, Cn(w,G”’,BTJrl) =0, for weV(C;) —{Vvy1, Vg1, Vpis}-
2 2 2

Hence, from (6.5.5) ,(6.5.6) , we get :

vt 1)
n-1 n-1

This completes the proof . ]

From Lemma 5.5, we get

2 2 -4, if Bis even
cz(v,c;"',M): (@+2)+p-4, 1f Pis | .(55.7)
2 20— 2, if pisodd
Since, C,(w,G", B) 1,for weV(C;)- {v Vg, Vg 4V 2} in (5.5.3) when n=2.
2 2t ot
Lemmab5.6: For 3<n<p=a+p, a>3,8>5, we have
[ (a=2) .
2( 1), if Bis even,
C. (V,G”’,[gw 1) = (56.1)

2
(0‘ ] if B is odd.
_n—l

Proof: To simplify the notations, let m:[gw .Then, for k=m+1, there are a—2

vertices , namely u,,u,, of distance m+1 from vertex v, and there is no
vertex of distance more than m+1

from v, . Then,

Ot H
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o—2
Cn(vm,G”’,m+1):( j
n-1

Since,C, (v,,,G",m+1)=C_ (v
but forodd B , v .. =V,
Moreover, C (w,G",m+1)=0, for we V(Cy) —{v,,,V; ..}

G",m+1) this is for even Bonly (v, =V,.),

B-m+1?

Hence,
-2 2 ifBis even
C,(Vv,G", B +D=r “ , Where r' = . P . :
2 n-1 1 if Bis odd
This completes the proof . ]

From Lemma 5.6 , we note that (5.6.1) is satisfied when n =2, that is

cz(v,e"',wu){z(“_z) - 1T Blis even, ..(56.2)
2 a-2, if Bisodd.

Theorem 5.7: For 3<n<p=a+B+y, >3, B,2>5, and 2<k<§, =diam G" we
have

-1 -1 -2 -5 -3
et U HRE RN A U
+§CH(G"’,k)xk :
and, _
-1 -2 -5 -3
R R BV L (S ]
+ikcn(G”’,k),

where, C (G",k)=C, (U,G" k)+C (V,G",k), for 2<k<s,, and C (U,G",Kk),
C,(V,G" k) are givenin Lemmas5.2-5.6 . |

Remark I1: If =4, o >3, then,
H.(G"X) = (a + 4)(0‘;_32) ; {((x s 4)[“n+_31j (o 2)( n4_J - 2(n2_lj - 2(: jj - 2(: jllﬂx
o+l 4 2 a-2)|, 2 a-2) ,
+[2[n_1J+(oc—2)[n_ ]—(a—4)(n_ JJFZ(H—ZJ]X {(a_z)[n—l}rz[n—l}]x .

Remark 1V: From (5.3.5) , (5.4.6) , (5.5.7) and (5.6.2), we get

C,(V,G" K)=2(a+B), if 2<k< @—1

CZ(V’G!N”VE—‘) :{2(01.4'2)4-[3—4 , |f B |S even
2 200-2, if B isodd
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CZ(V,G"’,P1+1):F(“_2) , _if B-is even,
2 o—-2, if Bisodd.

Since, C(G”’,k)=%[CZ(U,G”’,k)+C2(V,G’”,k)], for Zsks[%—lﬂ, where,

C,(U,G" k) and C,(V,G",k) are given in Remarks Il and IV, we get the next

corollary.
Corollary 5.8: For, o >3,p >5, the Hosoya polynomial of G” of order p=a+p is

given by:
[pr2j1

H(G";x) = (a+B)+%[a(0ﬂ—1)+ 2B+8|x+2a+p) > x"
2

N (20.+ B/ 2)xP'2 + 2(a—2)xP'>T | if Bis even
20 —D)x D2 1 (g —2)x BV i Bisodd
And, Wiener index of G” is

W(G") :%a(a—1)+%(3a—4)+§(oc+%), if B is even

W(G’")=la(a—%)+%(3a—£)+§(a+%),ifB is odd.

2 4
Remark I1l: If =4, o >3, then,

e H(G":x)=(a+4) +%[oc(a —1) +16]x + (20 + 2)x? + 2(o — 2)x°,

e W(G")= %oc((x +19).
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