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ABSTRACT

In this research, we study the stability of a system of partial differential
equations which represents fluid flow in an inclined channel and under the influence of
a magnetic field perpendicular to the plane of the channel and the presence of radiation
coefficients and when the channel has an inclination angle ¢ =30.
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1. Introduction
The flow and heat transfer of electrically conducting fluid in channels and
circular pipes under the effect of a transverse magnetic field occurs in
magnetohydrodynamic (MHD) generators , pumps and flow meters and have
applications in nuclear reactors , filtration , geothermal systems and others .

In 1969, Torrance and Rockett studied the numerical solution of natural
convection in enclosures with localized heating from below greeping flow to the onset

of laminar instability and obtained solution of Gratshof number from 4x10* to 4x10" ,

which agreements with the experimentally observed laminar flows. In 1977, Petry and
Busse studied the convection in a rotating cylindrical annulus in the presence of a
magnetic field.

In 1990 , Daniess and Ong used A two-dimensional Galerkin formulation of the
three dimensional oberbeck — Boussinesq equations to determine the onset of
convection in an infinite rigid horizontal channel uniformly heated from bellow .In 1996
, Busse and Clever studied the problem of thermal convection in a fluid layer heated
from below and solved it numerically in the case when a strong vertical magnetic field
permeates the layer, the stability of two dimensional convection rolls was studied for
different values of the Hartmann number within the region (200-400) . In 1997,
Hartmann and Busse studied the convection in a rotating cylindrical annulus, they
described many features to a good approximation by a system of three coupled
amplitude equations.

In 2000, Almakrmi had studied Ekman boundary layer flow, he had studied its
steady state solution and stability analysis. At the same year Aljoubory, studied the
effect of buoyancy forces on the stability of a fluid flow between two plates one of them
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is thermally insulated. In 2001, Malashetty, Umavathi and Kumar studied the problem
of fully developed free convection of two fluid magnetohydrodynamic (MHD) flow in
an inclined channel. In 2009, Singha studied an analytical solution to the problem of
magnetohydrodynamic (MHD) free convection flow of an electrically conducting fluid
between two heated parallel plates in the presence of an induced magnetic field. In
2011, Akbar®” |, Hayat®® , Nadeem?® and Hendi® , studied the effect of slip and heat
transfer on the peristaltic flow of a third order fluid in an inclined asymmetric channel.
In this paper , the stability of this system raising from the heat transfer in an
inclined channel with the presence of magnetic field and radiation has been investigated
, the inclination angle was considered as ¢ =30 , it's found that the parameters Fs , k

and w have a significant effect on the stability of the system.
2. The Model and Governing Equations:
Consider a fully- developed, steady laminar flow of fluid in the inclined channel

at angle (¢ =30)degree, the distance between the walls of the channel is 2h apart.

Choosing the coordinate system such that the x—axis in the direction of the flow,
y —axis is measured perpendicular to the plane of the channel, whilst the z—axisis in

the direction mutually orthogonal to the other two axes, the boundaries of the inclined
channel are taken to be perfectly conducting electrodes infinitely far apart so that any
dependence upon the z —coordinate vanishes.

In the model under consideration , the electric density has a single component
J,, the magnetic field has a component B, induced along the inclined channel in the
direction of the flow, B, is zero and the component parallel to the y—axis decomposed
into two components B;sing in the X direction and B,cose at y direction . The
electric field has a single component E, which is parallel to the z—axis , as illustrated

in the figure below :

Figure 1 : The Inclined Channel at Angle ¢ =30

Where the velocities u,v and w are zero at the edges and T is temperature, T,
represents the temperature of the lower plate and T, represents the temperature of the

upper plate.

The governing equations are
M N 2
ox oy
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! ! ! 2
a—u.+u'a—u.+v'a—u.=—ia—P.JruVZU'—&V'sin(p—pgsingo. ..(2.2)
ot ox oy  pOX 2

' ! ' 2
@. +u'ﬂ,+v'ﬂ,=—ia—9+zﬁzv'+ﬁv' COS @ — pg CoOS . ..(2.3)
ot ox oy P Oy P

2
8—-I-.+u'a—-r.+v'a—-r.= K i Va+ ...+ 1 z[aB.XSin(p—an‘CO%D} (2.4)
at 8X 8y plcv plcv plch'/lo 6'y 8y

Where , p=p -1 -T)}
with boundary conditions:

1- u=v=0 at y=%h
2— T=T,, ﬂ:0 at y=-h
oy
oy

3. Non-dimensional Form:[11]
We define the following non-dimensional variables as follows:

* — — —
1= BB uouhb , T=T6, G=T 0
u

Q=0 x=hx", y=hy' , P=P pu? : ..(3.1)

After substituting (3.1) in equations (2.1) , (2.2) , (2.3) and (2.4) , we get

U N g, .(3.2)
ox oy'*
- '* * * 20" A2 2
au'* +u” 6ul* +v° au'* =—a—P.*+i 6_L12 +6—Li2 —M—v'*singo—... - (E-H8)sing. (3.3)
ot oy & Relx? oy Re
* * * * 2\ ,* 2\,* 2
8\1 +u” 8vl* +v° av.* = ap.* 410 \.12 £ \,/*2 +M—v'*c03(p— .. —(E—H8)cose (3.4)
ot OX oy oy Re|ox oy Re
" " 2 2 6
a—(.§1+u a—0i,,+v a—‘i: ? az+a.i _rEe 6Q.§+ QZ +
ot OX oy  PrRe | ox oy B, | ox oy
2 2
: +M 7 EC a—bisingo—abiCOS(p : ...(3.5)
Re |oy oy

And since divQ =16W6&—12W . [11] and by multyping equation (3.5) by @, we
Y

get
2 2
Pr{ae .00 . ae}{ae , 00

=tU —+V —;
ot

OX oy

1

> = } —16FsSNW@ +12FsNW +
OX oy
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2
...+M2Fs[6b o, } :
oy oy

Where ,
R hol, is the Reynolds number .
U
Pr= /fp is the Prandtel number .
C ) e .
y = C—p is the specific heat ratio .
W =¢,h Is Bouger number .
2
Ec= Yo is the Eckert number .
C,T,
Fs=Pr.Ec is the new factor .

1/2
M= Boh(gj is Hartmann number .
u

N =R L= NB

B, Y
4. Stability Analysis:

...(3.6)

We define the functions of velocities, pressure , Maxwell and the temperature as

the following convenient form :
U™ =u (X, y) +uy(x y.1)
VFE=V (X, Y) + V5 (X, Y, 1)
P =P (X ) + po (X, y,1)
0 =0,(x,y)+0,(x,y,t)
b, =b, +b,.

by substituting equation(4.1) into equations (3.2),(3.3),(3.4) and (3.6),we get
Ouy+U;) | 00 +V,)

L4

..(4.2)

ox ay'* =0
ot hr ay ox”
+R—e{a (;;:ZUZ)+6 (g;:;uz):|—M—(Vl+V2)sinqo—ESinqo+H(91+6’2)Sinqo ..(4.3)
(v, +Vz) (U, +u,) TN tYe) o(v. 1+V2) (v + Vz)a(V L +V,) _ 0Pt py)

oy oy

}+(v +V,)cosp—Ecose+ H (6, +6,)cos @

S 0% (v, +V,) 82(v +V,)
Re| ox* oy

+(u1+u2)%+(vl+vz)

PrLF(eéttQZ) a(elwz)}:a (6.+6,)

" X
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2
M 16FSNW (6, + 6,) +12FsSNW +..

..+ MZFs {%} (1-2sin pcos ) .(4.5)

And therefore
PL[@(@ 6) . L 2)8(0 6) . st Z)a(aw)} az(el+92)+

oy ox?

M 16FSNW (6, + 6,) +12FsNW + M Fs{WT(l—Zsin(pcosw). ...(4.6)
So
2:}* +2;-i gy‘f* s;,/-* 0. (47
ou, au, ou, ou, ou, ou, ou, Iy ou, N

+—=+U, +U, +U, +U, +V, A
ot'* ot oOX'* oX'™* oOX'* ox'* 8}/'* ay-*
2 2 2 2
26u1+\/26u2:_apl_aszri 65;+61i§+8l:; auS
oy"™ oy*  ox* ox* Re|ox OX oy oy

...tV

. M2 . : : .
-R—evlsmgo—R—evzsmgo—Esmga—HHlsmgo—Hﬁzsmgo ...(4.8)
N | OV, +U, N +U, Ny +U, N +U, N, +V, N +V, Ny
ot'* ot'* oxX'* oxX'* oxX'* OX'* ay'* ayl*
2 2 2
IR VA Ny +V, Ny __ P _ OB, +i 0 V; +8 Vg +a V; o Vg +..
oy'™* oy* oy* oy™* Re|ox® ox° oy oy

2 2
+'\£—vl cosqp+%v2 cosp—Ecosp+HO, cosp+HE,cose. ...(49)

00, 26, 06, 96, 0, aez}
U 2 U, —= + U, —2+U, +
8t'* ot'™* ox'™* ox'™* oxX'™* oxX'™*
2 2
+Priy, % +v1602+v2 a6’1+v2 00, =a%+a€§+
Loyt oy oy"™ oy™*| ox OX

2
+2y€2 0 0 —16FSNW @, —16FsNW @, +12FsNW +

--.+M2an25f*} +2{2§;}{2§1}+{2§ }] (@—-2singpcos ). ...(4.10)

5. Unsteady State Equations:
This section is devoted to investigate the stability of the disturbance by using an
approximated analytical method .From the differential equations (4.7) , (4.8) , (4.9) and

(4.10) we get

Pr L{

Ny | N (5.1

ax'* 8y'*

=0.
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au2 au, ou, au2 ou, ou, au, op,
24U, —=+U, L4V, —+V,—=——~=+

ot ox~ ox” ox~ oy oy oy OX

L1 {azu2 Lo,

R_e ax'*Z ay'*Z

MZ
}— R v,sing+HéE,sing.

avz avz aVl aVz avl avz avz apz
=+U—=+U,—+U,—+V, —+V,—+V, S =——=+
ot X OX X oy oy oy oy
1|d%, 0%v,| M?
+— 0 -+ a = |t Vv, Cos@p+HE, cose.
Re| ox oy Re

2 2
ot OX OX OX oy oy oy OX oy

16FsNW¢92+M2FS{Z[2§:§}{%{}{% } ](1 2sinpcosg) .

oy oy
With boundary conditions and from (4.1) , we have :
1-u,=v,=0 , 6,=0, 90, _ at  y =-1
S
2-u,=v,=0 , 6,=0, 60'* 0 at  y*=1
oy

6 . Disturbance in x and y Directions:

.(5.2)

.(5.3)

.(5.4)

To solve the linearized system (or to analyze the stability) and because the
coefficient in the differential equations are independent of t and X we attempt to find

the solution of the form [5]
=u(y)e"e™
v, _v(y)e'kx
= p(y)e

6 H(y) elkx at
b.=b (y)e*e*

|kx

..(6.1)

Where k is wave number in the direction x , and a is the complex number which has
the form a=a, +ia, ,a,,a,eR is the speed number. When a, > 0,the system is

unstable while when a, <0 ,the system is stable. Also u(y),v(y), p(y),é(y),

the amplitude functions.

After substitute (6.1) in the equations (5.1) , (5.2) , (5.3) and (5.4) , we get:

(iku+v)e*e* =0

2
(au +u1(iku)+%u +v1u'+%v+ ikp—i(—kzu +u")—M—vsin(p+ .
oX'* oy'™* Re Re

b (y) are

..+ HOsinp)e*e™ = 0.

1 M?
"~ = (—k*V+ V") ——VCoSD —...
P Re( ) Re

(av+u, (ikv) + — N
ox”
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...—HOcos@)e™e* =0

PrL((aé +u,(ikd) +%u +v,0' + 251 V) —k’0— 0" +16FSNW 6 —
X

. -M ZFS{Z(abX'
oy

)(oh) + (bi)z}(l— 2sin pcosp))e®e® =0

Since e*e® =0, then

iku+v'=0
au +u, (iku) +%u +%v+ ikp+i(—k2u +U") VU
ox* oy™* Re

2

...... —M—sin(p+ HOsinp =0
Re

av +u, (ikv) + %u +vlv'+%v+ p'—i(—k2v+v”) — e ...(6.2)
oX'* oy'* Re

M2
...... ———VCcosp—Hacosp
Re

00,

%

V) —k?0—0"+16FSNW —...

aPrL((a@+u, (k@) + g—gfu +Vv,0'+
X *

=M ZFS[(ZbX.){%} + (bx.)z}(l— 2sin@cosp)) =0

And after linearization equations of (6.2) we get

iku+v'=0
2 2
(a+K—)u+ikp—iu"—M—vsin(p—Hasin(p:O
Re Re Re
) , ...(6.3)
(a+K——M—cos WV + p'—iv“—Hecos )=0
Re Re 4 Re ¢
(aPrL+k?*+16FsNW)8—-6"=0
From (6.3) , let ¢ =30 , we have
u'=h
g 2 M? 1
h'=(ik Re) p+(aRe+k )u+(T)V_(EH Re)d
ik J3 k? 3M?
'=—(—)h+(—H)f-(a+————)v ...(6.4
p(Re) (2)(Re2Re) (6.4)
v'=—(ik)u
0'=s

s'=(aPrL+k? +16FsNW)@
Where X (y) =[u(y).h(y). p(y).v(¥).0(y),s(y)] , and
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0 1 0 0 0
(aRe+k?) 0 ikRe _MT —% :
—ik k? V3 M? 3
x 0 g Ol R—e‘gR—e) %H opP
dy —ik 0 0 0 0 oV
0 0 0 0 0 1)@
0 0 0 0 (aPrL+k? ols
I +16FSNW)
And by using [€2—A1|=0 , where
[0 1. 0 0 0 0]
A0 BW G O
0CO0 J TO
0=
E 00 0 00
000 0 01
0 0 0 0 F 0]
A=(aRe+k?) , B=(ikRe) ,E =—(ik) , J:(a+£—£M—2) cc=-(%,
Where Re 2 Re Re
F=(aPrL+k2+16FsNW),G=—HRe,W:—MTZ,T=§H
we get
-2 1 0 0 0 o0
A -2 B W G 0
0 C -2 3 T 0_,
E 0 0 -4 0 O
O 0 0 0 -4 1
0 0 0 0 F -4
or

f(1)=4° —(F + A+ BC)A* —EWA + (BCF + AF —BEJ)A? + EFWA+EJBF =0  ...(6.5)
Now, we solve equation (6.5) numerically by using (Maple 11) [7] to find the roots of
this equation .

7. Conclusions

In this paper, we study the stability of the system under the effect of an
inclination to the horizontal channel with the presence of magnetic field and radiation,
when the system has inclined by angle ¢ = 30, it's noticed that the wave number k has a
negative effect on the velocity function and depends it towards unstable and this is clear
from figure (3). From figure (2), the increase of the factor Fs causes the increase to
unstable probability of the system. Finally it is found that the increasing of Bouger
number has an effect on the system towards stable, it's noticed from figure (4).
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Fs=0.4, 0.04, 0.004

: : 0
3 2 1
-0.5
l\ .
—e— Fs=0.4 15 g
—®— Fs=0.04 ‘_\ o
2 ©
Fs=0.004 - >
3
—
35

Iterations

Figure (2): Effect of The Factor Fs=0.4, 0.04 , 0.004 at Angle 30

k=2,4,8, 30
T T 0
3 2 1 -1
-2
< < —0 3
—o— k=2 -4 =
—B— k=4 == ! | 5 2
)
=8 6 >
-7
-8
-9
-10
Iterations

Figure (3): Effect of The Wave Number k =2, 4, 8 at Angle 30

Ww=0.1,0.5,0.9, 30

NS
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- R -0.3
—e—W=0.1 Vs .

-0.4
—=—W=05

W=0.9

Velocity

-0.5
-0.6
-0.7
- -0.8
-0.9
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Figure (4): Effect of The Bouger Number W =0.1, 0.5, 0.9 at Angle 30
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