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ABSTRACT

In this paper, we derived a new conjugacy coefficient of conjugate gradient
method which is based on non-linear function using inexact line searches. This method
satisfied sufficient descent condition and the converges globally is provided. The
numerical results indicate that the new approach yields very effective depending on
number of iterations and number of functions evaluation .
Keywords: unconstrained optimization, conjugate gradient method, inexact line search,
global convergence, and strong wolf condition.
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1. Introduction

The history of conjugate gradient method began with seminar paper of Hestenes
and Stiefele in [10] who presented an algorithm for solving symmetric, positive definite
linear algebraic systems. In [8] Fletcher and Reeves extended the domain of application
of CG method to non-linear problems, thus starting the non-linear conjugate gradient
research direction.

The conjugate gradient method represents a major contribution to the panoply of
methods for solving large-scale unconstrained optimization problems. They are
characterized by low memory requirements and have strong global convergence
properties. The popularity of these methods is remarkable partially due to their
simplicity both in their algebraic expression and in their implementation in computer
codes, and partially due to their efficiency in solving large-scale unconstrained
optimization problems.[4]

Let function f:R" — R be continuously differentiable, Consider the
unconstrained optimization problem
min{f(x): xe R"} ...(2)
we denote by a conjugate gradient method which generates a sequence of iterates by
letting:
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X1 = X + Ay ..-(2)
Where, 4, is a step length which is computed by carrying out a line search and d, is the
search direction defined by:
d, =-0, k=1
dy., =—9ca + A, k=1
Where, g(x) denotes the gradient of f(x)at x, ,and S, € R is known as a conjugate
gradient coefficient , some well-known formulas are given as follows:

..(3)

‘
Hs _ Dl (Hestenes-Stiefel, [10],(1952) )
dy Vi
O4.10
o =Skl (Fletcher-Reeves (FR),[8] ,(1964))
Oy 9y
O
#R = Jadie (Polak- Ribiére (PR) ,[14],(1969))
Oy 9k
~Yiy
— dT—kgk (Al-Bayati & Al-Assady ,[2], 1986 )
k Jk
9esd
P = Sk Skl (Fletcher (CD),[8] ,(1987))
- dk gk
SN
> =Skl (Liu-Storey (LS),[12],(1991))
- CIk gk
Oead
oY _ (ijl_ykl (Dai-Yuan (DY),[5],( 1999))
k Jk

Where, y, =g,,—9, and ||[stands for the Euclidean norm. There are numerous

research on convergence properties of these methods. The corresponding conjugate
gradient methods can be abbreviated as HS, FR, PR, CD, LS, and DY methods.
Although these methods are identical when f is a strong convex quadratic function and
line search is exact, they have different performances when applied to minimizing
general nonlinear functions with inexact line searches.

The most studied properties of CG are its global convergence properties.
Zoutendijk [19] proved the global convergence of FR method. Al-Baali [1], Touati-
Ahmed and Storey [17], Gilbert and Nocedal [9] has further analyzed the global
convergence of algorithms related to the FR method with strong Wolfe condition.
Powell [15] also proved that FR is a superior method compared to others.

There are several line search rules for choosing step-length 4, , (see [16]) for

example, exact minimization rule, Armijo rule, Goldstein rule, Wolfe rule, etc. In this
paper we analyze the general results on convergence of line search methods with the
following two line search rules:

The weak Wolfe-conditions:

f (% +Ad) = (%) < 549, d, -.-(4)
9 (% +A4d,)" di > 09, d, N E)
the strong Wolfe-conditions:

F (% +Ad) = (%) < 549, d, .-(6)
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‘g(xk +/1kdk)Tdk‘ S_Ogldk - (7)
where § €(0,1) and o e (5,%)

In [5] Dai and Yuan proposed a conjugate gradient method which generates a
descent search direction at every iteration and converges globally to the solution if the
Wolfe conditions are satisfied within the line search strategy. In this paper, we give a
new conjugate gradient method and show that our method always produces a descent
search direction and global converges if the Wolfe conditions are satisfied.

2. Extension of Conjugacy Coefficient for Conjugate Gradient Method:

In [18], Yabe and Sakaiwa extended the Dai-Yuan Method by Supposing that
the current search direction d, is a descent direction, namely g,d, <Oat the kth
iteration. Now, then needs to find a S, ., that produces a descent search direction d, ,, .
This requires that
gI+1dk+1 = _||gk+l||2 + ﬂkﬂglﬂdk <0 ...(8)
Letting 7,., be a positive parameter, then define

||gk+l||2
o = L .(9)
k+1
Equation (8) is equivalent to
Tk+1 > g-kr+1dk .. (10)
Taking the positivity of 7, , into consideration, they have
Ty > max{gy,,d, .0} ...(11)

Therefore, if condition (11) is satisfied for all k, the conjugate gradient method with (9)
produces a descent search direction at every iteration. From (9), we can get various
kinds of conjugate gradient methods by choosing various z,.,, where z,,, satisfying

(11) and prove global convergence of the proposed method. We note that the Wolfe
condition (5) guarantees d, y, >0 and that
de Vi =0y Gy —dy Gy > A Gy
This implies that
dy Y > max{gy.,d,,0} ..(12)
By setting z, ., =d, y, formula (9) reduces to this DY method:
2
DY — ||gk+l||
k+1 dl'(r yk
It follows from (3) and (9) that
2
Orabes = _||gk+l|| + Bea9rady
= _Tk+lﬂk+1 + ﬂk+lgz+ldk
=(—7a t g;<r+ldk)ﬁk+1
The above relation can be rewritten as

:
Ben = ~ Gualis ...(13)

=
—Tiq + Gyl
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Recall that if we set 7, , =d, y, , this method reduces to the DY method

3. New Conjugacy Coefficient for Conjugate Gradient Method:

In this section, we are going to study the development of a new CG-method
based on non-linear function taking the idea of inexact line searches.
T *
OkuY
let kHs _ le k
k Jk

m<10"° (see[3]).
letting 7, be a positive parameter we define:
T *
— gk +1yk
Tk
Ay = =0 + Ay

sV ==GicaYic + Ay Vi
In [14] suggested the following Perry’s conjugacy condition:
d, .y, =-tg, s, t>0 isascalar
where, s, =X, — X, =A40d,.
—t QxS = —OraYi + By Vi
Submit every y, by y, ,we get:
~t Gy = ~OraYi + A Vi
-t g;<r+lsk =-1 +ﬁkdkTy:
—tgg 18 = A (-7 +d (G, — G +MS,))
New ~19,.15

_ ...(14)
“ -7, +d;gk+1_d;gk+m/1k”dk”2

(Hestenes —Stiefel) using vy, =y, +ms, where y, =g,., — 9, and

Py

where, 7, is a positive parameter.
since any £, must be positive for this reason, we suppose the formula such as:

e if B >0
N = ...(15)
1- Bl if g <0
3.1 The New Algorithm :
Step 1: For the initial point 7, x, €R", &, Set d, =—-g, k=1, if |lg,] < &, then stop.
Step 2: Set d, =—g,
Step 3: Find 4, > 0 satisfying the wolf conditions.
Step 4: Let X,,; = X, +4d, and If |g,,,
Step 5: Compute g, by the formula (15), then generate d,,, by (3), and set
7, =7, +¢&,if (7, 21)thenset 7, =05 .

< ¢ then stop .
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‘glgkﬂ

||gk+1||2
Step 7: Set k: =k+1, go to Step 2.

4. Global Convergence Properties of New Methods:

Step6:If k=n or >0.2 ,then go to step 1.

In this section, the convergence properties of new algorithm with the inexact line
search analyze and in order to ensure the sufficient descent condition, using wolf
condition line search.

In the global convergence analysis of many iterative methods, the following
assumption is often needed:

Assumption(A) :
(i) f is bounded below on the level set 2 ={xeR": f(x) < f(x,)}.

(if) In some neighborhood 2, of 2 , f is differentiable and it is gradient g(x) is
Lipschitz continuous, namely, there exists a constant L >0 such that

lg)—g(y)| <Lx-y]|, ¥x,yeN ...(16)

Under these assumptions on f there exists a constant & >0 such that

lod<e vk ..
Lemma (1) :

Suppose the assumption (A) hold , let the sequence {x, } generated by new
algorithm and the step length A, satisfies wolf conditions, then

2
g-kr+ldk+l < _§||gk+l|| cen (18)
where, & is a positive constant.
Proof:

We prove the theorem with Wolfe conditions, by induction, For initial direction
(k =1) we have

d=-9 — legl:_”gl||2 <0

Suppose d,/g,<0 VK

Now we prove if k =Kk +1 then:

dyn =—0Gx + By ...(19)
multiply both sides of the above relation by g,,, we get :

Oeali = _||gk+1||2 + [, 9.1 0y

2
dividing both sides of the above relation by HngH we get :

.
d
M"‘l: B ggudk

9.l
submit g, from (14) in above relation, we have :
Orady _ —100.: S, 9.0,
2 +1 - T T 2 2
||gk+l|| Ty +dk gk+l_dk Ok +mﬂ1<||dk|| ||gk+1||
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put s, =4, d, we get:
gLldk+1 +1= —tﬂyghdk ngdk
2 2 2
||gk+l|| — T +dljgk+1 _dkTgk + mﬂk”dk” ||gk+l||

By using strong Wolfe condition, we get:
g;<r+ldk+l+||gk+1||2 < - to_zj'kg:dk g:dk

||gk+1||2 - Tt dkTgk+l - dkTgk + mﬂ’k”dknz ||gk+l||2
since, gyd, <0 and ||g,, >0 then, there exists a positive constant c such that

g,d, < —c||gk+1||2 where 0<c<1.

g-kr+ldk+l -i_||gk+l||2 < tCUzﬂkgIdk
2 = 2
||gk+1|| — 7, +d¢ 9,1 — A 9, +mﬂ“k||dk||
||gk+l||2 > —Tt dkTgk+1 - d;gk + m/lk”dk”z

g:+ldk+1 +||gk+1||2 B tco-zlkgldk
||gk+1”2 > — Tk N od; g, _ de 9, n m/11<||dk||2
97y +||9k+1||2 tco’A01d, tco’igld, tco’igld, tco’i g, d,

since, d, =—g, then:

ol . & o 1 malf
Okl + ||gk+l||2 tco’l, ||gk||2 tca’s,  tea’h, thzﬂk”dknz
2
- ||gk+1|| > ZTk _— 1 —( 12 N mz)
gk+ldk+l+||gk+1|| tco ﬂ’k ”gk” tCO'ﬂk tco ﬂ'k tco

o { r+ofo[ J_Llw mJ . _[1% mJ

g-errlkorl+||9k+1||2 B tCO-Zj'k ”gk”2 tCGZﬂk - tco-zﬂ’k
local” _(1% mj

g-kr+1dk+l —i-||gk+l||2 - tCGzﬂk

9I+1dk+1+||gk+1”2 <_(tCO'zﬂkj
lge  \1+Am
tCO'Z/IKJ
1+4,m

Let C=[

gy + ||29k+1||2 <-C
||gk+1||

.
gk+1 dk;—l S _(C+l)
il

where, 6 =c+1
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g;<r+ldk+l < _5”gk+l”2

The following lemma, called the Zoutendijk condition, which is often used to prove
global convergence of conjugate gradient methods. It was originally given by
Zoutendijk.

Lemma (2) : Suppose that assumptions (i) and (ii) hold. Consider the methods in the
form of (2) and (19), where d, satisfies g,d, <O for all k, and A, is obtained by (4)-

(5) or (6)-(7) then have:

(gyd )
Z . ...(20)
[/

For proof see [19] or [6].

To ensure that an algorithm converges to a point X where g(X)#0 , we need
not only a well-chosen step lengths but also, a well-chosen search directions dk. We
focus in this section, on a key parameter. The angle ‘9k between dk and the SD
direction — g, defined by :

dy 9, =—cosd, [gy[ [d] ..(22)

Zoutendijk theorem is the main tool to analyze the convergence properties of the
various descent methods.

Theorem (1) ( Zoutendijk):

Consider any iteration of the from (2) where,
* d, is descent direction

* ﬂk satisfies Wolfe conditions (4) and (5)
* f is bounded below in R"
* That the gradient ¢ is Lipschitz Continuous in an open set N containing the level

set o ={x: f(x) < f(x,)} where X, is the starting point i.e. there exists a constant L
such that

lgx)—a(y)] < L|x=y| vV xyeN (22)
(this implies that f € C' on N)

Then,

>'coSs 6, ”gk“2<oo ...(23)
k=1

For proof see [11].
Theorem (2) (Global convergence for new coefficient conjugacy ):
Consider the iteration method x, ., =X, +a,d, where d i defined by (19) and

(15) and suppose the assumption A holds. Then, the new algorithm either stops at
stationary point i.e. Hng =0 o0r Lim ianng =0
kK—o0

Proof:
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The proof is by contradiction i.e. if theorem is not true then, Hgku # 0 then,
there exists a positive scalar ¢ such that :
lo | =e. vk
since, d,; =—0,, + B4,
multiply both side the above relation by g;,, we get
_t/lkggudk
~ 7+ 0, Oy — 0 Oy + m/lk”dk”
from strong Wolfe —conditions, we get:
to®2,9.d,
2
— Ty +dl-<rgk+l _dkTgk + mﬂ’k”dk”

g;<r+1dk+1 -i_”ngrl”2 = 2 g:Jrldk

(-9¢d,)

g-kr+1dk+l + ||gk+1||2 2

since — gy d, =||g,| =c where 0<c<1

tco’,9.d,

Td o4 2>
Ok:10ku ||gk+1|| _Tk+dkTgk+l_d;gk+mﬂk||dk”2

1 < _Tk+d;gk+1_dlzgk+mﬂk”dk”2
g-kr+1dk+1+||gk+1||2 tCGZAkgIdk
1 < — T _ ody g, _ dy 9, " rrm’k”dk”2

Orades +gea]”  teo®4gid, teco’Aged, tco’Aged,  tco’Aged,

1 < Ty 1 1 m
T 2 = 2, T - + >t 3
gk+1dk+l+||gk+1|| tco”4.9,d; tcod, tco 4, tco

since, d, =—g, then:

oot i)
g;—+ldk+l+||gk+1||2 B tCO'Zﬂ,kg;—dk

2 _tco’A,0,d
g;<r+ldk+1+||gk+1|| 2 o
tco?
let = g
"

2
gl-<r+1dk+l + ||gk+1|| 2 a)g-krsk '
square both sides of the above relation we get:

(07 s+l > (0ol ).
use the fact (gys,)?=[ls| o« cos’6, and divide both sides of the above relation

by @?[s | then:
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2 2 2y
Te |2 s | cos
1 (1 2\’ 0,5, /e ‘ ,
S |2 Iy 41 k+1+Hgk+1 2 2 _Hng 0579
ofs I s
andsince  |g,|| > & then we get:
2
2 @5, ) 2
Sk 2 2 e
I IR Y R
H i

b

taking the sum for k> 1, we get :
2

] i i Hng cos <9k_ % cos «9 =0

H H )
k

1 T
2 Z [gk+1dk+1+gk+1
w

2 k=1
Hsk

". Contradiction with Zoutendijk condition therefore, Hgkuz =0 or
L'{l;o”fﬂgkﬂ =0

4. Numerical Results:

In this paper, we have proposed a new algorithm for solving over (10) non-linear
unconstrained test functions (see appendix).

These computational experiments show that the new approach given in this
study is successful. We claim that the new algorithm (1.3) is better than the standard
CG-algorithm namely, there is about ( 21.83 %) improvement in number of function
evaluations (NOF) , there is about ( 8.32%) improvement in number of iterations
(NOI), overall the calculation and for different dimension for (100 <n <5000), all
the algorithms in this paper use the same ILS strategy.

All the results are obtained by using (Pentium 4 computer). All programs are
written in FORTRAN 90 language and for all cases the stopping criterion taken to be:

|91.a<20"

The comparative performance for all of these algorithms is evaluated by
considering a number of function Evaluations NOF and a number of iterations NOI .

Table (1) Comparison of our new algorithm with standard H/S CG-algorithm.

Table (2) Performance percentage of our new algorithm compared with H/S CG
—algorithm.

Table (1) Comparison of our new Algorithm with Standard CG — algorithm

HS ALGORITHEM New algorithm

NOI NOF NOI NOF
Powell 100 40 107 49 102
Wolfe 100 49 99 24 49
Shallow 100 10 25 10 25
Sum 100 12 63 20 70
Recip 100 5 16 2 6
Strait 100 6 14 4 9
Miele 100 34 110 15 37
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HS ALGORITHEM New algorithm
NOI NOF NOI NOF

Test fun.

Powell3
Osp
Edger
Powell
Wolfe
Shallow
Sum
Recip
Strait
Miele
Powell3
Osp
Edger
Powell
Wolfe
Shallow
Sum
Recip
Strait
Miele
Powell3
Edger
Osp
Powell
Wolfe
Shallow
Sum
Recip
Strait
Miele
Powell3
Osp
Edger
Total

Table (2) Performance Percentage of new Algorithm Compared with Standard H/S CG-
algorithm

H/S- algorithm NEW algorithm

NOF 100% 78.14%
NOI 100% 91.68%
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Appendix
(The Test Functions for Unconstrained Optimization)

1. Generalized Powell Function:
x) = nZM: (X4izg + 10X4i—24)2 + 55X, — Xy )2 +
i1 | (Ko = 2% )" +10(X 5 — X4 )
Xy = (3-10,1..,3,-1,0,1)7
2. Wolfe Function;

f(x) =[~x, (3— %, /2)+2x, -1]? +Z[xIl X (3= 12+2% .~ DI +[X X, (3-X,12)-1]

o = Ly

. Generalized Shallow Function:
n/2

f() = Z[xz. ¥ [+ A= )

X, = (—2,—2,...,—2,—2)T.
4. Sum of Quatrics (SUM) function:

f00 =20 -1)"

X, = (L....1)"

w

5. Generalized Recip Function:
n/3 X2-
f(x) = {(x LB X
iZl: o o (Xai—l_XSi—z )2 )
X,=(2,51,.,2,51)"
6. Generalized Strait Function:
n/2
f(x)= Z(Xgi—l —Xyi)? +100(1— X,;_;),
i=1
=2,2,..,2,-2)

7. Miele Function:
n/4

f(x)= z exp 4i- +10X4. ) +1OO(X4i—2+X4i—1)6

+ (tan (X4i—1 - X4i ))4 + (X4i—3 )8 + (X4i _1)2'
Xy = 1,2,2,2,..,1,2,2,2)
8 .Generalized Powell 3 Function:

< 1 2| 3| i 3i 2
f(x):izl:{s—{—lﬂ)(i_xm) }—sm( ; )— exp{ (—X );X -2) }}

X, =(012;...;01,2)"
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9.0ren & Spedicato OSP Function:

f(x){ii(xi)zjz,

i=1
X, =[1,...,1]"

10. Generalized Edger Function:
n/2

f(x)= Z(sz = 2)* + (X4 — 2)° X5 + (X +1)?

X, = (L.,0.,...1.,0.)"
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