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ABSTRACT 

         This paper is devoted to drive the matrix algebraic equation for the two-

dimensional nonlinear coupled-BBM system which is obtained from using the implicit 

finite difference method. The convergence analysis of the solution is proved. Numerical 

experiment is presented with initial conditions describing the generation and evolution. 
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  ببعدين  Coupled-Benjamin-Bona-Mahonyنظامتحليل تقارب الحل للفروقات المنتهية ل

 مهند احمد محمود  اخلاص سعدالله الراوي 
 كلية علوم الحاسوب والرياضيات
 جامعة الموصل، الموصل، العراق

 كلية العلوم 
 جامعة كركوك، كركوك، العراق

 

 الملخص    

المزدوج غير الخطي   BBMالمصفوفة ذات البعد الثاني لنظام خصص هذا البحث لاشتقاق معادلة  
باستخدام طريقة الفروقات المنتهية الضمنية وتم تحليليا إثبات تقارب الحل. التجربة العددية أجريت على نوع من  

 الشروط الابتدائية لوصف توليد وتطور هذه الموجات.   
 ؛ تحليل التقارب.الضمنية نتهيةالم اتطريقة الفروق ،موجات انفرادية، نظام بوسنيكالكلمات المفتاحية: 

1. Introduction. 

 In recent years, there have been many theoretical and computational methods in 

the study of the full water-wave problem. However, there is still need for accurate, 

simpler mathematical models. Boussinesq systems of partial differential equations that 

approximate the three dimensional Euler equations that describe the irrotational, free 

surface flow of an incompressible, inviscid fluid. Because of their simplicity, 

Boussinesq systems have been used in the study of a varity of water wave phenomena in 

ports, channels, coastal areas, and in the open sea. They have also been used in studies 

of tsunami wave generation and propagation [16]. These systems may be written  as 

follows: 
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These systems have been derived by[9] as approximations to the three-

dimensional Euler equations and describe irrotational free surface flow of an ideal fluid 

over a horizontal bottom. The independent variable ),( yxX = represents the position, t 

is proportional to elapsed time, ),( tXvv = is proportional to the deviation of the free 

surface from its rest position, while u is proportional to the horizontal velocity of the 

fluid at some height. We would also like to mention that the initial-boundary value 

problem for the analogous BBM-BBM system in one space dimension with 

nonhomogeneous Dirichlet boundary conditions at the endpoints of a finite interval 

were shown to be locally well-posed by Bona and Chen, [7]. Initial-boundary-value 

problems (ibvp’s) for (1) on a finite interval in one space variable were analyzed  in [6]. 

In [3] we proved the convergence analysis of the solution of one-dimensional nonlinear 

Coupled-BBM system by using implicit finite difference method. In [17] the authors  

proved optimal-order L2-error estimates for the standared Galerkin semidiscretization 

of the BBM-BBM system with homogeneous boundary conditions on a smooth domain 

with a general triangulation. Three ibvp’s for the BBM-BBM system on a smooth plane 

domain, corresponding to homogeneous Dirichlet boundary conditions, homogeneous 

Neumann boundary conditions  and to the (normal) reflective boundary conditions 

analyzed in [18].  Solution for one dimensional Benjamin-Bona-Mahony-Burgers 

equation using Crank-Nicolson Finite Difference method  introduced in [10 ], while 

Huang in [15 ] solved Coupled BBM- system in one dimension by using homotopy 

analysis method. Existence of the solitary waves for these, one-dimensional system has 

been studied by Toland [5]. The wellposedness and regularity of (1) are established in 

[7 ] and [ 8]. The existence of line solitary waves, line cnoidal waves, symmetric and a 

symmetric periodic wave patterns are proved in [4, 11, 12 ]and [13]. 

     In this paper, we will study the Boussinesq system of the type BBM-BBM 

corresponds to 
6

1,0 ==== dbca , i.e 

0
6

1
)( =−++ tt vvuuv                      …(2)a 

0
6
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=−++ tt uuvu                    …(2)b 

where uv,  are mappings from ),0(   to  , ),0(),0( LL =  with boundary 

conditions: ),0[,0,0 ==


tuv and the initial conditions are 

 ==
==

Xuuvv
tt

,, 0000
. [14] 

2. Derivation of the Matrix Equation Using the Finite Difference Method.  

Divide the interval (0,L) in the x direction into n subintervals ),( 1 kk xx − of the 

uniform length Lxxxxnk
n

nn === −110 ...0,,...,1,
1

, and divide the interval (0,L) in 

the y direction into the same number of subintervals ),( 1 kk yy − of the uniform length 

Lyyyynk
n

nn === −110 ...0,,...,1,
1

.  

The discredited solution of the equation (2a) and multiply equation by k, we get 

the following equation 
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After arranging the above equation in terms of  
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Equation (3) becomes the following matrix equation  

   ,),(),( 11 −−= jjjjj vuHvvuG  

where G is 22 )1()1( −− nn matrix and can be represented by the matrix of 

)1()1( −− nn  submatrices 1,...,2,1,),(, −= nslforvug jj

sl ,  that  is  























−−−

−−−

−

−

),(),(

),(),(

),(),(

),(),(

1,11,1

1,21,2

1,21,2

1,11,1

jj

nn

jj

n

jj

nn

jj

n

jj

n

jj

jj

n

jj

vugvug

vugvug

vugvug

vugvug










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The main diagonal entries 1,...,1,, −= nlg ll and other diagonal entries 

1,...,2,, ,11, −=−− nlgg llll  are the only nonzero elements. we denote the nonzero 

elements of 1,, , −llll gg   and llg ,1− by 3,2,1)),,(()( )()()(),( == iyxugg lslk

j

ilslk

j

i .  
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Then the 1,...,1),,(, −= nlvug jj

ll is the following tri-diagonal matrix: 
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The two other diagonal elements 1,...,2,, ,11, −=−− nlgg llll  are the following diagonal 

matrices respectively: 
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The  jv is a 1)1( 2 −n vector and it is also considered as 1)1( −n vector of (n-1) 

subvector   1,...,1, −= niv j

i . That is  
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Equation (4) becomes the following matrix equation  

   11,(),( −−= jjjjj vuQuvuP , 

Where, ),( jj vuP is 22 )1()1( −− nn matrix and can be represented by the matrix of 

)1()1( −− nn submatrices 1,...,2,1,),(, −= nslforvup jj

sl ,  that  is  
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Where,   ),(, 11 −− jjj vuHu  are 1)1( 2 −n vector. 

  We  now prove the existence of the solutions of the matrices equations which we 

obtained from equation (3) and equation (4) respectively.    

Theorem 2.1.  The solutions of the matrices equations  

                ),(),()( 11 −−= jjjjj vuHvvuGi  

and 
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                ),(),()( 11 −−= jjjjj vuQuvuPii  

exist. 

Proof (i): let Nj be fixed, consider the following iteration 
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By the same way, we conclude that the elements of matrix R are small. Thus, the norm 

of the matrix R, which is defined by ),( *sup
1

j

i
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i

x

uvR
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 is small and bounded. 

Now, it remains to show that G  is invertible and bounded away from zero.  
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The matrix G is positive definite and bounded away from zero, since we can choose k 

and h, to such that the diagonal of the matrix is positive [2]. This completes the proof of 

part (i). 
 

Proof (ii): as in part (i), consider the following iteration 
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Also, the other elements are sufficiently small. Thus, the norm of the matrix W, which 

is defined by ),( *sup
1

j

i

j

i

x

uvW
n−

 is small and bounded. 

 Now, it remains to show that P  is invertible and bounded away from zero.  

The matrix P is positive definite and bounded away from zero, since we can choose k 

and h, to such that the diagonal of the matrix is positive [ 2]. This completes the proof of 

part (ii). 
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3. Numerical Experiments 

In this section, we solved numerically the BBM-BBM system by using the 

implicit finite difference method with homogeneous Dirichlet boundary conditions in 

[12]. If we consider the initial-value problem for(2) with a given general initial profile 

)),(),,(( yxuyxv oo with homogenous Dirichlet boundary condition , and apply the 

scheme in section (2) we solve a system in each step . The termination criterion for the 

inner iteration was:  01.max )()1( −+ k

j

k

j uu  and 01.max )()1( −+ k

j

k

j vv ,  

is the time step , 

We present the results of numerical experiments that we performed in the case of the 

BBM-BBM system of two dimension, with homogenous Dirchlet boundary conditions. 

In many real physical situations, the wave is generated by a source which is not 

necessarily axisymmetric, for example in the 2004 Asian tsunami the waves were 

generated by a fault line which is about 1200km length in a north-south orientation. It is 

observed that the greatest strength of the tsunami waves was in an east-west direction 

[14], and the initial data in this sequence of tests be based on  
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Where, 10,8,1.0 ===  m , [ 14]. 
 

The simulations are executed up to time t=10. u  and v  values at y=15, t=8 with 

different values of x presented in table 1. In figure 1, the initial  wave profile of v and its 

surface plot are presented to give a view on the rectangular nature of the initial data. 

Similar plots  are presented with different time in figure 2.  The results show that the 

waves have the same behavior with the results in [ 14], where the leading  wave in the 

positive and negative x-directions (east-west directions) is much bigger than that in the 

north-south directions. The waves in the north-south directions are very small. Also, as 

in  [ 14], the maximum amplitude is 0.05 at t=0, and its decrease when time increases.   
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Figure 1. plot of initial data ),,( oyxv  
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Figure 2. Solution describes the evolution of v in the system(2) for different time. 

 

Table 1: u and v  values at 15=y ,t=8. 

x  u  v  

0 0 0 

1 0 0 

2 -3.8E-07 1.37E-06 

3 -6.7E-06 2.06E-06 

4 -1.03E-05 3.08E-05 

5 -1.27E-04 4.73E-05 

6 -1.95E-04 4.705E-04 

7 -0.0015 7.157E-04 

8 -0.0023 0.0043 

9 -0.01 0.0063 

10 -0.0142 0.0192 

11 -0.0279 0.0256 
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12 -0.0334 0.0292 

13 -0.0221 0.0297 

14 -0.0161 0.0194 

15 -0.0226 0.0126 

16 -0.0191 0.01 

17 2.077E-08 -1.01E-04 

18 0.0191 0.01 

19 0.0226 0.0126 

20 0.0161 0.0194 

21 0.0221 0.0297 

22 0.0334 0.0292 

23 0.0279 0.0256 

24 0.0142 0.0192 

25 0.01 0.0063 

26 0.0023 0.0043 

27 0.0015 7.157E-04 

28 1.94E-04 4.692E-04 

29 1.34E-04 4.945E-05 

30 0 0 

4. Conclusion 

The basic idea in this paper was to prove that the use of implicit finite difference 

method in solving two dimensional Coupled BBM system possible and, indeed, been 

proposed theory in this regard, due to the use of this method had emerged from a system 

of nonlinear algebraic equations and found the practical part of this paper that the 

method of the fixed point iteration is to give acceptable results and can be easily used in 

solving nonlinear system for this type of systems  
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