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Abstract 
          

         The aim of this paper is to prove the local existence uniqueness of the mild solution 

of semi linear initial value control problem in suitable Hilbert space using semi group 

theory "composite semi group" and Banach fixed point theorem. 

 

  

11  IInnttrroodduuccttiioonn 

In this Paper by using the theory of  composite semigroup[1],[3],and "Banach 

contraction principle", the local existence, uniqueness of the mild solution to some control 

operator semi-linear initial value control problem which has been developed in an arbitrary 

Hilbert space H. 

Our work is concerned the semi linear initial value control problem: 

 





)0(

)()()()))(,()(( 21

Z

tBuAtZtZAtZtgtZ
dt

d

                                                               (1 ) 

where 21 AandA  are the infinitesimal generators of a  0C - semi group )(),( 21 tTtT  

respectively and )(),( 21 ADAD  L (H). g is a non linear continuous map defined from 

[0,r)  L (H) into L (H) and B is a linear bounded control operator defined from U into L 

(H), Where U is a Banach space and u(.) be arbitrary control function is given in  

):),0([2 UrL is a Banach space of control function. 

The mild solution will be developed as follows: 
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By using lemma(2.2),[3], we have  ( )t Z  is differentiable, that implies L (H) value 

function. 

( )G s  ( )( ( ) ( , ( )) is differentiable for 0  t s Z s g s Z s s t     

dG

ds
   ( ) ( ( ) ( , ( ))

d d
t s Z t g s Z s

ds ds
     ( )( ( ) ( , ( )))t s Z t g s Z s   

       =  1 2( )[ ( ) ( ) ( )]t s A Z t Z t A Bu s      ( )( ( ) ( , ( )))t s Z s g s Z s   

       =  ( )t s    Z(s)+  ( ) ( )t s Bu s      ( ) ( )t s Z s    ( ) ( , ( ))t s g s Z s  

       =  ( ) ( )t s Bu s    ( ) ( , ( ))t s g s Z s                                                                       (2) 

By integrating (2), from 0 to t, yield: 

0

( ) (0)

t

G t G     
0

( ) ( )

t

t s Bu s ds      (t-s)g(s,Z(s))ds 

Since  ( )G s    ( )( ( ) ( , ( )),t s Z s g s Z s   then: 

Z(t)+g(t,Z(t))-  (t)( θ+g(0, θ))= 

0

t

    ( ) ( )t s Bu s ds

 0

t

           g(s,Z(s))ds 

Implise that: 

 Z(t)   =  (t)( θ+g(0, θ))   g(t,Z(t))+
0

t

    

0

( ) ( )

t

t s Bu s ds             g(s,Z(s))ds     

(3)          

22..  PPrreelliimmiinnaarriieess  

22..11  DDeeffiinniittiioonn  [[66]]  ::  

A family {T(t)}t0 of bounded linear operators on a Banach space X is called a 

(one-parameter) semigroup on X if it satisfies the following conditions: 

T(t + s)  T(t)T(s),  t, s  0 

T(0)  I 

22..22  DDeeffiinniittiioonn  [[44]]::  

A semigroup {T(t)}t0 on a Banach space X is called strongly continuous 

semigroup of a bounded linear operators or ( 0C -semigroup) if the map 


   t  T(t) 

L(X), satisfies the following conditions: 
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1. T(t + s)  T(t)T(s),  t, s  


. 

2. T(0)  I. 

3. 
n
lim


||T(t)x  x||X 0, for every x  X. 

22..33  DDeeffiinniittiioonn  [[77]]  ::  

       The weakest topology on L(X, Y), such that Ex : L(X, Y)  Y given by:  

Ex(T)  Tx are continuous for all x X  

is called the strong operator topology. 

22..44  RReemmaarrkk  [[66]]  ::  

A semigroup {{T(t)}t0  is called a continuous in the uniform operator topology, if: 

(1) ||T(t + )x  T(t)x||  0, as   0,  x  X. 

(2) ||T(t)x  T(t )x||  0, as   0,  x  X  

22..55  DDeeffiinniittiioonn  [[33]]::  

       Let L(H) be a Banach space, a one-parameter family   

  (t)}t0  L(L((H)), t[0,) of bounded linear operators  defined by  

       (t)T1(t)ZT2(t)                                                                                                              (3)   

for generator  ,for any ZL(H) and t [0,)                                                                                             

is called composite  semigroup ,where T1(t) ,T2(t) are two semigroups defined from H into 

H for A1, A2  respectively.   

22..66  DDeeffiinniittiioonn[[33]]  ::  

       The infinitesimal generator    of  (t) on astrong operator topology defined as the 

limit: 

   Z   -       {
        

 
}, Z  D( )  

where D( )  L(H)is the domain of   +   and defined as follows: 
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D( )  




ZL(H) : -       {
        

 
} exist in {L(H),}





. 

where {L(H), } stands for L(H) equipped with the strong operator topology , i.e., 

topology induced by family of seminorms   {h}hH,  

    where siminorms h(Z)  ||Zh||H,  Z  L(H).                                                                                                                                                     

  22..77  RReemmaarrkkss  [[11]]::  

a-The different between the usual strongly continuous semigroups of   

    and the composite perturbation semigroup (3)  it follows from the fact that in general      

    for Z L(H), the function [0, )   t   (t)Z  L(H) is continuous in {L(H), },  

    and which cannot to be continuous in {L(H), ||.||} unless the semigroups { 1(t)}t0,  

    { 2(t)}t0  L(H) are uniformly continuous. However, this case only if their  

     generators A1,A2  are bounded operators on H . 

b-The generator    is densely define only in {L(H), } and dose not in {L(H), ||.||}.       

    This implies that D( A ) in L(H) is only a  proper set  and not the whole  L(H). 

22..88  LLeemmmmaa  [[33]]::  

        = T1(t)ZT2(t), t  0  be a composite perturbation semigroup defined on L(L(H)) , 

T1(t),T2(t)  are , perturbation semigroups defined on L(H)   then  

a- The family { (t)}t0  L(H), t  0 is a semigroup, i.e., 

(1). (0)Z  Z,  Z  L(H) 

     (t + s)Z   (t)( (s)z) 

  (s)( (t))Z 

Z  L(H), t, s  [0, ). 

b- || (t)||L(H)  M1M2
1 2t(w w )

e


, for t  [0, ). 

c-  (t)  L(L(H)) is strong-operator and continuous at the origin, i.e.,  
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        -
t 0
lim


||( (t)Z)h  ( (0)Z)h||H  0, h  H, Z  L(H). 

  22..99  LLeemmmmaa  [[33]]::  

The operator   is infinitesimal generator for  (t) define on its domain  D( ) 

satisfies the following properties: 

(a) D( ) is strong-operator dense in L(H). 

(b)    is uniform-operator closed on L(H). 

(c) For Z  L(H) 

∫         
 

 
  D( ), and 

 (∫         
 

 
)  (t)Z  Z. 

(d) For Z  D( ) 

 (t)Z  D( ),   the function [0,∞)   t   (t)ZL(H) 

is continuously differentiable in {L(H),} and 

 
d

dt
( (t)Z)    ) ( (t)Z) 

   (t)( Z) 

(e) For Z  D( ) and h  D(A1) 

(  Z)h  A1Zh + ZA2h. 

 2.10 CCoonncclluuddiinngg  RReemmaarrkk  [[22]]  : 

          Suppose x(0)∈ D(A) and the function f(t) with range  in H is     strongly  

continuously differentiable in the open interval (0,t1) with derivative continuous in closed 

interval [0,t1], then  

 
.

1( ) ( ) ( ) 0,x t Ax t f t t t     has a unique solution satisfying  

.

0 0

( ) ( ) ( ) ( ) [ ( ) ( ) (0)]

t t

A T t s f s ds T t f d f t T t f        .                                            (4)  
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By using  concluding  remark (2.10)  the mild solution (3),becomes :  

Z(t)=  (t)( θ+g(0, θ)) -g(t,Z(t)) 

+ 

0

t

   ( ) ( )t s Bu s ds -[ 
0

t

   ( ) ( , ( )) ( , ( ))t s g Z d g t Z t       ( ) (0, )]t g    

                   

Hence 

       

0

( )

t

uZ t      

0

( ) ( )

t

t s Bu s ds      ( ) ( , ( ))t s g Z d  

 

                                        (5) 

For every given ):),0([2 UrLu . 

 

 

 

 

2.11 Schauder fixed point theorem  [5]: 

         Let M be a nonempty closed bounded convex subset of a Banach space X and the 

map T:M→M is compact then T has a fixed point 

.  

33..MMaaiinn  rreessuullttss::  

         It should be notice that the local existence and uniqueness of a mild solution defined 

in ( 5 ) to the semi intial value control problem defined  in (1) have been developed, by 

assuming the following assumptions: 

 

1-  Zh=A1Zh + ZA2h , for any Z  L(H) and h  H,is infinitesimal generator of a Co 

composite  semigroup {    }t0  with domain  D( )  L(H). 

2- Let O be an open subset of [0, r)L(H) for 0 < r  , . 

3- For every (t, Z)  O, there exists a neighborhood G  O of (t, Z); the nonlinear maps g: 

[0, r)L(H)  L(H) satisfy the locally Lipschitize  

 condition: 

|| g  (t, Z)  g  (s, Z1)|| L(H)   L||Z  Z1|| L(H) , L1>0,  for all (t, Z) and (s, Z1)  G.  
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4- For t > 0,  ||g(t, z(t))||
 L(H)   k0, for 0  t  t and for every z(t)L(H). 

5-u ( .) be an arbitrary given control function in L2([0,r):U), a Hilbert  

    space of  control functions and B is bounded linear  B is  bounded    

    linearcontrol  operator  from U into { L(H) ,  } with 
2

1([0, ): )L r U
B k    

    and  2( )
U

u t k , for   0<t<r. 

6-.    Let t1>0 such that  t1= min{r, t'} and satisfy the following    

      conditions: 

      t1  

'
1 2

1 2 1 2 0 1 2

(w w )( )1
log

W W [k k L k ](M M )

 

  
   ,where 

'   is a positive 

constant.  

  

33..11  TThheeoorreemm  ::  

Assume that hypothesis ( 1- 6) are hold, then for every Z0  L(H), there exists a 

fixed number t1, 0 < t1 < r, such that the initial value  control problem has a unique local 

continuous mild  solution ZuC((0, t1]:L(H)), for every control function u(.)
2L ((0, r):U). 

Proof: 

     Without losing of generality, we may suppose that r < , because we are concerned 

here with the local existence only.For a fixed point (0,Ө) in the open subset O of [0, 

r)L(H),we choose   > 0 such that the neighborhood G of the point (0, Ө) is defined as 

follows: 

G  {(t, Z)  O: 0  t  t, ||Z  Ө || L(H)   }  O. 

Since O is an open subset of [0, r)L(H) and,set Y  C([0, t1]: L(H)), then Y is a Banach 

space with the supremum norm: 

||y||Y  

10 t t

sup
 

||y(t)|| L(H) . 

Let Su be the nonempty subset of Y, defined as follows: 

Su  {Zu  Y: Zu(0)  Ө, ||(Zu(t)  Ө)|| L(H)  , 0  t  t1} .                  (6) 
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To prove the closedness of Su as a subset of Y  , 

Let 
n
uZ   Su, such that 

n
uZ  

p.c.
  Zu as n  ,we must prove that Zu Su where 

(p.c) stands for point wise convergence. 

Since 
n
uZ   Su, then we have 

n
uZ (0)  Ө and: 

||(
n
uZ (0)  Ө || L(H)   , 0  t  t1 . 

Since 
n
uZ  

u.c
  Zu, hence Zu  Y, where (u.c) stands for the uniform convergence, 

and also since 
n
uZ  

u.c
  Zu, then ||

n
uZ   Zu||Y  0 and therefore: 

10 t t

sup
 

||
n
uZ  (t)  Zu(t)|| L(H)   0 as n  , 

which implies that: 

||
n
uZ (t)  Zu(t)|| L(H)   0 as n   , 

for every 0  t  t1, i.e., and 

-
n
lim


n
uZ (t) Zu(t),  0  t  t1,  (7) 

hence: 

-
n
lim


n
uZ (0) Zu(0)        (by (5)) . 

since 
n
uZ   Su and 

n
uZ (0)  Ө , that yields: 

-
n
lim


n
uZ (0)  Ө  

Hence  Zu(0) = Ө . 

Now: 

||Zu(t)  Ө || L(H)  ||-
n
lim


n
uZ (t)  Ө || L(H)  
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  -
n
lim


||
n
uZ (t)  Ө || L(H)  

 -
n
lim


 . 

Thus Zu(t)  Su . 

Since Zu(t) arbitrary element in Su, hence Su is a closed subset of Y . 

Now, define a map Fu: Su  Y, given by: 

(FuZu)(t)   
t

0

  (t  s)B u(s) ds + 
t

0

 (t s) g (s, Z(s)ds  ,  (8) 

for arbitrary u(.)  
2L ([0, ): U).To show that Fu(Su)  Su , 

Let Zu be an arbitrary element in Su and let FuZu  Fu(Su), to prove that FuZu Su for an 

arbitrary element Zu in Su. 

From (6), notice that FuZu Y {by the definition of the map Fu} and (FuZu)(0)  Ө {by 

(8)}. Notice also that  

||(FuZu)(t)  Ө || L(H)  || 
t

0

 (t  s)Bu(s) ds  
t

0

 (t  s)g (s, Z(s))dsӨ|| L(H)  

                                    || 
t

0

 (t s)Bu(s)ds  
t

0

 (t  s)g (s, Z(s))ds  +

  

                                       


t

0

 (t  s)g (s, Ө)ds 
t

0

 (t s)g (s, Ө)ds || L(H)                     (9)  

                                 || 
t

0

  (t  s)Bu(s) ds + 
t

0

 (t  s)[g (s, Z(s) 

                                  g (s, Ө)]ds 
t

0

 (t  s)g (s, Ө )ds|| L(H)      
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t

0

||  (t  s)|| L(H) ||  || B || ||u(s)|| ds  

                                    + 
t

0

||  (t  s)|| L(H)  ||g (s, Z(s) g (s, Ө)|| L(H)  ds  

                                     + 
t

0

||  (t  s)|| L(H)  ||g (s, Ө)|| L(H) ds. 

From lemma (2.8)(b)  and conditions (3),(4),(5 ), we have that: 

||(FuZu)(t)  Ө || L(H)    
t

0

M1M2
1 2(t s)((W W )

e
 

 K1 K2ds + 
t

0

M1M2  

1 2(t s)((W W )
e

 
 ||g (s, Z(s) g (s, Ө)|| L(H)  ds  

+ 
t

0

M1M2
1 2(t s)((W W )

e
 

 K0 ds. 

||(FuZu)(t)  Ө || L(H)  
1 2

1 2

M M

(W W )
1 2t(W W )

e


 K1 K2 +
1 2

1 2

M M

(W W )
  

                                   
1 2t(W W )

e


L|| Z(s)  Ө)|| L(H)  +
1 2

1 2

M M

(W W )
  

                                 
1 2t(W W )

e


 K0 

                                  
1 2

1 2

M M

(W W )
1 2t(W W )

e


 K1 K2 +
1 2

1 2

M M

(W W )
 

                                     
1 2t(W W )

e


L +
1 2

1 2

M M

(W W )
1 2t(W W )

e


 K0 

                      
1 2

1 2

M M

(W W )
 [K1 K2 +L + K0] 

1 1 2t (W W )
e
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By using condition (6),we get  

||(FuZu)(t)  Ө || L(H)   
' < , for 0  t  t1 . 

 

Thus, we have that Fu: Su  Su. 

Now, we need to show that Fu is a strict contraction on Su, this will ensure the 

existence of a unique mild solution to the semilinear initial value  control problem. 

Let uZ , uZ   Su, then: 

||(Fu uZ )(t)  (Fu uZ )(t)|| L(H)   || 
t

0

  (t  s)Bu(s) ds  

                                                  
t

0

  (ts)g (s, uZ (s))ds 

                                                  
t

0

 (ts)Bu(s)ds  

                                                  + 
t

0

  (ts) g (s, uZ (s))ds) || L(H)  

                                              ||   
t

0

  (ts)g (s, uZ (s))ds 

                                                  + 
t

0

  (ts) g (s, uZ (s))ds) || L(H)  

                                         
t

0

   (t  s) || L(H)  || g (s, uZ (s)) 

                                      g (s, uZ ) || L(H) ds 
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t

0

M1M2    

                                  ||g (s, uZ (s)) g (s, uZ (s))|| L(H)  ds  

                                       
t

0

M1M2  
1 2(t s)((W W )

e
 

L|| uZ (s)  uZ (s)|| L(H)  

||(Fu uZ )(t)  (Fu uZ )(t)|| L(H) 
1



1 2

1 2

M M

(W W )
1 1 2t (W W )

e


L . 

|| uZ (s)  uZ (s)|| L(H)  

  
1



1 2

1 2

M M

(W W )
1 1 2t (W W )

e


[ K1 K2 +L + K0] || uZ (s)  uZ (s)|| L(H) . 

From condition(6),we have that: 

||(Fu uZ )(t)  (Fu uZ )(t)|
 1H

  (1-

'


)|| uZ   uZ ||Y .                                                    (10) 

Taking the supremum over [0, t1] of both sides to (9), we get: 

10 t t

sup
 

||(Fu uZ )(t)  (Fu uZ )(t)||
 1H

 (1-

'


)|| uZ   uZ ||Y. 

We obtain:  

||(Fu uZ )(t)  (Fu uZ )(t)||Y  (1 

'


)|| uZ   uZ ||Y 

Hence from condition (6) we have that  < , then Fu is a strict contraction map from Su 

into Su and therefore by Banach contraction principle, there exists a unique fixed point Zu 

of Fu in Su, i.e., there is a unique Zu  Su, such that FuZu  Zu. 

The fixed point satisfies the integral equation: 
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Zu(t)   
t

0

  (t  s)B u(s) ds + 
t

0

 (t s) g (s, Z(s))ds   

for 0  t  t1 and  u(.)  u(.)  
2L ([0, ): U) . 
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