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1.Abstract

The main purpose of this paper is to find Artin's characters table of the group (Q2m*D3)when
m is a prime number, which is denoted by Ar(Q.m*xD3) where Q.n, is denoted to Quaternion
group and D3 is the Dihedral group of order 6 .Moreover we have found the cyclic
decomposition of Artin's cokernel AC(Q2mxD3) when m is a prime number .
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2.Introduction

let G be a finite group ,two elements of G are said to be I'-conjugate if the cyclic subgroups they
generate are conjugate in G and this defines an equivalence relation on G and its classes are called
I'-classes.

let H be a subgroup of G and let @ be a class function on H,the induced class function on G is given
by:

0'(8) = i Zrec 8°(rgr ) Vg € G

when g is defined by:

¢(h) ifheH
®°(h)={0 ifheEH}

@ be a character of H ,then g” is a character of G and it is called the induced charater on G.all the
characters of G induced from a principale Artin's character.

Let R (G) denotes an abelian group generated by Z-valued characters of G under the pointwise
addition . Inside this group there is a subgroup generated by Artin's characters ,which will be

denoted by T(G) the factor group % is called the Artin Cokernel of G and denoted by Ac(G).

3.Preliminaries

3.1The Generalized Quaternion Group Q,m [5]

For each positive integer m,the generalized Quaternion Group Q2 of order 4m with two generators
x and y satisfies Qum={X" y* ,0< h < 2m — 1 ,k=0,1} which has the following properties

{X2m=y4= |, mey_1=X_m}.
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3.2The Dihedral Group D3 [6 ]
The Dihedrael Group D3 is generate by a rotation r of order 3 and reflection s of order 2 then 6
elements of D3 can be written as: {1,r,r?,s,sr,sr’} .

3.3The Rational valued characters table:
Definition(3.3.1) [3 ]

A rational valued character 6 of G is a character whose values are in Z,which is 0(g)€Z for all
ge G.
Theorem (3.3.2)[6 ]

Every rational valued character of G be written as a linear combination of Artin's characters with
coefficient rational numbers.
Corollary (3.3.3)[3 ]

The rational valued characters 6; = ¥.5ecai( o(xy)/@) o (Xi)Form a basis for R(G) ,wherey; are the

irreducible characters of G and their numbers are equal to the number of conjugacy classes of a
cyclic subgroup of G.
Proposition(3.3.4)[6 ]

The number of all rational valued characters of finite G is equal to the number of all distinct I'-
classis.
Definition (3.3.5)[3 ]

The information about rational valued characters of a finite group G is displayed in a table called
a rational valued characters table of G.We denote it by ={G)which is [ x [ matrix whose columns
are I'-classes and rows are the valuses of all rational valued characters where [ is the number of I'-
classes.

The rational character table of Q. where m is an odd number( 3.3.6) [5 ]

I'-classes of com [v]
er X2r+1

0, 1 1 0
0/2 %tcm) E>Itcm) 0
Oq/2)+1 11 1 1 -1
s 1 1 0

0,1 :
0, ~Cn) ) 0
0111 2 |2 . 2 | -1]-2 .- 210

2

Where 0<r<l lis the number of I'-classes C,n ,0j such that 1<j<l+1 are the rational valued characters
of group Qum and if we denote Cij the elements of ={Cy,) and hij the elements of H as defined by:
Hi j={ S
_CU lf i#+1
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The rational character table of Q,m when m=p, p is a prime number(3.3.7)[5]

E>XtQZp

I'-classes [1] [X’] [x"] [x] [v]
0, 1 1 1 1 1| Table()
0, o-1 1 o-1 1 0
0 1 1 1 1 1
0, p-1 -1 1-p 1 0
o 2 2 2 2 0

The rational character table of D3(3.3.8)[4]

=(Ds)
classesI- m [rl [s]
|CL,| 1 2 3 Table(4)
|Cp, (clg)| 6 3 2
0, 2 -1 0
0, 1 1 1
03 1 1 1

4.Artin's Character Tables:
Theorem(4.1):[3]

Let H be a cyclic subgroup of G and hy,h,,....hy, are chosen representatives for the m-conjugate
classes of H contained in CL(g) in G,then:

¢ (8= :EZE‘Z;:Z?L @(h)) if hy € HNCL(g)
0 if HNCL(g) = ¢

Propostion(4.2)[3 ]
The number of all distinct Artin's characters on a group G is equal to the number of I'-classes on
G.Furthermore , Artin's characters are constant on each I'-classes.

Theorem(4.3) [8]

The Artin's characters table of the Quaternion group Q.m When m is odd number is given as follows:

I'-classes of C,,
T-classes X X [v]

|CLy| 1 2 2 1 2 2m Table(5)

|Co,,, (CLg)| | 4m | 2m 2m | 4m | 2m 2

D, 0

D, 0

. 2Ar(C2m)
D, 0
D, m 0 0 m| O 0 1
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Where 0<r<m-1 , ! is the number of I'-classes of C,, and ®j are the Artin characters of the
Quaternion group Qzm,for all 1<j<I+1.

The Artin characters table of Q,m When m=p, p is prime number (4.4)

The general form of Artin's characters of Q,n when m=p,p is prime number

I'-classes [1] [x%] [x"] [x] Iyl
ICL,I 1 2 1 2 2p
ICq,,(CL)! 4p 2p 4p 2p 2 Table(6)
D, 4p 0 0 0 0
D, 4 4 0 0 0
D, 2p 0 2p 0 0
D, 2 2 2 2 0
P P 0 P 0 1
The Artin characters of D3 (4.5)[6 ]
I'-classes (1 [r] [s]
ICL,I 1 2 3 Table(7)
|Cp,(CLy) 6 3 2
D, 6 0 0
D, 2 2 0
D, 3 0 1

5.The main resulte
Propostion(5.1)
If p is a prime number and, then The Artin's character table of the group (Q2pX D3) is given as:

The general form of the Artin characters of the group(Q2,xD3s)when p is prime number

I'-classes

|CLq|

[1,1] 1[x2,I2][xpl,I][2x, g) [y,1]

[1,r]1[x2,r2][xpl,r][2x,g [y.r]

[Ls10X s]1X° s][x.s]Ly.s]
I 2 1 2 2

|Carypy (CL]

740 24p  12p 12

24p  1Z2p  24p 1Z2p 12

74p  1Z2p  24p 12p 1Z

D1,1)
@21y

DPay1,1)

6Ar(Qzp)

D12
P22

P12

2Ar(Q2p)

2Ar(Q2p)

P13
D23

D413

3Ar(Qzp)

Ar(Qzp)

Table(8)

which is (5 x 5) square matrix .
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Proof: Let g€ (Q2*Ds); 9=(q,d),q€Q2p,dED3

Case(l):

If H is a cyclic subgroup of (Qzxx{I}),then 1- H=<(x,1)>  2- H=<(y,l)>

And ¢ the principle character of H, ®;Artin's characters of Qap,1<j<I+1, then by using theorem
4.2)

|Cs ()] o
o (@) = ICH(g)IZ (hi)  if hi € H N CL(g)

if HNCL(g) = ¢
1- H=< (x,1) >

() If g=(1,1)

' _1€qp p3(9) _ 24p _ 64p , _6lCqy, (D _ ' . _
CD(J'l)(l’I)_—lCH(g)l ( )_ch(g)l' @l - e .@(1)=6. ®;(1) since HNCL(1,I) =
{(1,D}

(i)  Ifg=(x",1),ge H then
[Cg,,*Ds (8] 6|C €291 ]
D 1)(9)=— 22 (g)= B0 (xP)=6. ;(xP) since HN CL(g) = {g}, ¢(g) = 1

ICu (gl ICH(g)I |C<x>(xP))|
(iii)y  I1fg=(x*1) or g=(x,1) and g€ H then

_ _|CQZp*D3(9)| 1yy— _12p __34p ,_3ICo2pq)
Po0(@=—1 5 (@@ + o ))= 1~ (1+])= 2= |20 P (@)
since HN CL(g) = {g, g '} and ¢(g)=2(g~*)=1 and since g=(q,),q€Q2p,q#X"
(iv) if ggH then
®(;1)(9)=0 since HNCL(g)=¢
2= IfH=<(y,D>={(LD,(y.D2 DD} then
Q) If g=(1,1) then

1Cqup*n3 (8] .
qa(.ﬂ,l)(g):% 9(g)==F.1=6.p=6.01,1(1)  since HNCL(L,)={(L1)}

(i)  1fg=(x",1)=(y*,1) and g€ H then

1C@zp*D3 (8] .
¢(|+1,1)(g)=% <p(g)=¥. 1=6.p=6.®},1(x")  since HNCL(g)={g},¢(9)=1

(iii)  If g=(x",1) and geH ,i.e.{g=(y,l) or g=(y*,)} then
P (@722 (4 (g) + (g")=" (1 + 1)=3.2=6.01,1(y)since HNCL(g)={g,g"} and ¢

L lca@l
(9)=9(g)=1
Otherwise

Pa+1,0(9)=0 since HNCL(g)= ¢

Case(1l):

If H is a cyclic subgroup of (Q2px{r}) then:

1- H=<(x,r)> 2- H=<(y,r)>

1-H=<(x,r)>

and ¢ the principle character of H, then by using theorem (4.1)

C
&,(g) = :ng:z (hy) if h, € Hn CL(g)
if HNCL(g) = ¢
M If g=(1,1),(1,r) then
_I€qapxp3(8) 24.p _ 64p _61Cqyp (D
P20, r @, @Ol len (Dl 3l (D)
since HNCL(g)={(1,1),(1,r),(1,r")}

@(1)=2.0)(1)
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(i) g=(L1),"D,(<"n),(Lr); g€ H
if g=(1,1),(1,r) then

@G’Z)(g):w (g)—

1CH )] Cn ( Tk since HNCL(g)={g} and ¢(g)=1

= 6P .1:6'602”(”' o (1)=2d;(1)

_ ICH@]"~ 31Ca(D)]
(iii) Ifg— (xp l) (*.r) then
_ICq2pxD3 ()| _ 63p _6]Coap(xP)| B
P01 1= 1)=20;(xP
2@ P07 |c (g)l Ten @l L3y P (D=2Pi(xP)

(iv) if g= (x°,1),(x",r) and g€ H then
D5 2)(0)= 228N (4 G)+ (g h)=—22_ (1 + 1)  since HNCL(g)={g.g"} and ¢(g)= p(g)=1

ICu (@) 6] Con (0]
_ 34p _ Q2p\q
=2 _(141)="22""0 2 = 20;
A+ D=5 i (@)

[CH(8)I
Since g=(q,r),q€Q2p,q#X"
) if g¢ H then
D(;2(9)=0 = Pj(q) since HNCL(9)= ¢
2-

if H=<(y,r)>={(1,D),(y.D),(y*,).(y>,D.(L,1), (y.1). (20,0}

Q) if g=(1,1),(1,r) then

P n2(Q)= 22 ()=22 1=0p=20.1(0)

(i) if g=(y?,1)=(x",1),(y>,r) and g€ H then

D@ =222 ()2 120p=21(g) since HNCL(g)={g} and (g)=1

(}i]ii) ifg= (1) andge H ie g={(y.)).(v.0} or g={(y°.1).(y°’ N}
then

Pe1@)= 2 (p(g)+ p(g =22 (1 + 1)= 281,1(g)

since HNCL(g)={g,g"} and ¢(9)= p(g™")=1
otherwise ®.12)(9)=0 since HNCL(g)= ¢

case(l11):
if H is a cyclic subgroup of (Qzpx{s}) then
1- H:<(X,S)>, 2- H:<(Y9S)>

and ¢ the principle character of H, then by using theorem (4.1)

1Ce(8) ]
CDJ-(g) = |CH(g)IZ (h;) if e HNCL(g)

if HNCL(g) = ¢

1- H —<(x,5)>
(M) If g=(1,1) then | |
. _ CszxD3(g) _ 24p _ 6.4p
® 63(9)= Cn(@)] (9)= CHLDl TCa@Dl”
:Z'lcc‘”—”((ll))l'. 1=3d,(1) since HNCL(g)={(L 1)}
If g={(1,5)} then | |
. _ Cszng(g) _ 8p _ 2.4p
® 63(9)= ICH®)] (9)= CH T ICR)”
2/Cozp(D)|

=—————.1=d;(1) since HNCL(g)={(1,5)}

2|Cex> (1)

(ii) If g=(1,1),(x",1),(x",9),(1,5); g€ H then
If g=(1,1) then

()= CepxDs @l 240 i = -
P4 Q=— g PO -1 since HNCL(g)={g} and ¢(9)=1

109



Journal of Kerbala University , Vol. 12 No.3 Scientific . 2014

_ 6.4p _61Cq, (VI

TIcH@]T T 20Cas ()]
If g={(1,5)} then

@(1)=30i(1)

CQupxD3(8) 8
» (0 [ozpoat®)] 0= ;

ICu(®]"

:%. 1=®;(1) since HNCL(g)={g} and ¢(g)=1
(iii)If g= (x",1) then
1€03pxn3 (8 24p 6.4p 61Cq,p, (XP)
D ——cPr = 1= 1= 1N=3D:(xP
63D o PO @ e 2 P (D3R
If g= (xP,s) then
) _ICQprDs(g)l _ 24p _ZICsz(xp)| e~
®49(9)= PO Gt Fenten Fares oy # (D7 O1)

ICu(g)l
(iV)If g#= (X°,1),(x",;s) and ge H
If g= (x°,1) then

1CQ,pxD3 (&)
OG0 (9(@)+ 9(g))
12p

== (1+1)  since HNCL()={g.9"} and ¢(9)= ¢ (g™)=1
__34p _3lCq@l
“lewon LT D= 50 -2 = 3 2i(@)
Since g=(q,1),0€Qzp,  gq#X°
If g# (xP,s) then
IC QZpXDg(g)l

Cb(j 3(9)= () ((@)+ o@™)
_|c (g)l (1+1) since HNCL(g)={g,0™} and ¢(g)= ¢(g™")=1
_ 24p _2ACqp@l
'|cH(g)|( )= 4Co(@) "7 ®j(9)

Since g=(0,5),0€Qz,  g#X’
(v)if g ¢ H then
d(,3(9)=0 = i(q) since HNCL(g)= ¢

2-if H=<(y,s)>={(1,D,(y.D),(y",1).,(y°,1).(L8).(y:3),(y*,8).,(¥°.)} then
(M)If g=(1,1) then

[CQapxD3 (8)] 24
D3)(0)=— S — P(8)=- - 1=3.p=3®11(g)

If g=(1,s) then
|CQupxD3 (8]
CI)(|+1,3)(9):(‘?|612ﬁ <P(g)=8gp . 1=p=dy.1(Q)
(ii)If g=(y*,1)=(x",1) and ge H then
|CQupxn3 (8
P1a(@)=— s P(@)=" . 1=
3.m=3d,4(g) since HnCL(g) {g} and ¢ (9)=1
If g=(y%s) and g€ H then

|CQzpxD3 (8] .
P10 o p(8)= . 15p=Pra(9) since HNCL()={g} and ¢ (g)=1

(iii)ifg= (xP,I) and ge H i.e. g={(y,1),(y,5)} or g={(y>,1),(Y*,5)} then
190" ((9)+ (g)=2 (1 + 1)= 3041(0)

since HNCL(9)={0,g"'} and (g)= p(g™)=1

(iv)If g=(y%s), geH then

" Canpns @) o
‘D(I+l,3)(9)—% (9)= o (g)l S L.1= dp(Q)

(WIf g=(y,s) then
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IC Q2pxD3 €3]
ICu(8)

P 9(@)=— 2 2= (@) (@)= L+ D52 = 1

since HNCL(9)={g,9"} and ¢(g)= p(9™)=1
otherwise ®+13)(g)=0 sinceHNCL(g)= ¢

Example (5.2): To find Artine's character table of the group (Q14xD3) when p=7 is a prime
number .

Ar(Qu4xDs)=

I'-classes LI pEn TGl [ o1 el | DEA ] X ]l | vl | [6s] | 3s] | X8l | [xs] | [y.s]
cLal 1 2 1 | 2 | 2p | 2 2 2 2 | 2p | 3 3 3 3 | ep
Como, (cLa)| | 168 | 84 | 168 | 84 | 12 | 84 | 84 | 84 | 84 | 12 | 56 | 56 | 56 | 56 | 4
D11y 168 0 0 0 0 0 0 0 0 0 0 0 0 0 0
D21y 24 24 0 0 0 0 0 0 0 0 0 0 0 0 0
D31 84 0 84 0 0 0 0 0 0 0 0 0 0 0 0
Dy 12 12 12 12 0 0 0 0 0 0 0 0 0 0 0
D51y 42 0 42 0 6 0 0 0 0 0 0 0 0 0 0
D1 56 0 0 0 56 0 0 0 0 0 0 0 0 0
D22 8 8 0 0 8 8 0 0 0 0 0 0 0 0
D32 28 0 28 0 0 28 0 28 0 0 0 0 0 0 0
Dy 4 4 4 4 | o 4 4 4 4 0 0 0 0 0 0
D2 % | o % | 0| 2| 14] o % | 0o | 2 0 0 0 0 0
D13 84 0 0 0 0 0 0 0 0 28 0 0 0 0
Dy 12 | 12 0] 0] o0 o 0 [0 |0 | 4| a 0 | 0| 0
) 42 0 42 0 0 0 0 0 0 0 14 0 14 0 0
D3z 6 6 6 6 0 0 0 0 0 0 2 2 2 2 0
D53 21 0 21 0 3 0 0 0 0 0 0 7 0 1

Table(9)

6.To find Artin's cokernel of the group (Q2,XD3) when p is a prime number denoted by
AC(QZpXDS)

Definition (6.1):[1]

Let T(G) be the subgroup of R(G) gererated by Artin's characters .T(G) is normal subgroup of

R(G),then the finite factor an a blain group f((—g)) is called Artin cokernel of G,denoted by AC(G).

Definition (6.2):[2]

Let M be a matrix with entries in a principle ideal domain R.A K-minor of M is the determinate of
KxK sub-matrix preserving row and column order.

Proposition (6.3)[1 ]

AC(G) is a finitely generated Z-modul.Let m be the number of all distinct I'-classes then Ar(G) and
=*(QG) are of the rank 1.There exists an invertible matrix M(G) with entries in rational number such
that :

=*(G)=M"(G).Ar(G) and this implies M(G)=Ar(G).(*(G))*
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Proposition (6.4)
By proposition(6.3) then M(Q2,XD3)=Ar(Q2pXD3).(E*( Qgprg))'lz

(4 2 2 2 1 1 4 2 2 2 1 1 2 1 1
0 2 2 0 1 1 0 2 2 0110 1 1
2 2 0 1 1 0 2 2 0 110110
0 00 21 10002 11 2 11
0 00 0 1 1 00 O0O0 1 1 0 1 1
0 001 1 0O0UO0OUO0OT1T1TU0T1T10
4 2 2 2 1 1 0 0 0 2 1 1 0 0 O
0 2 201 1 000011 00 0
2 2 0 1 1 0 0 O0O0 1 1 000 0
0 00 2 1 1000 2 1100 0
0000 1 1 0U0UO0UO0TU1T1U00 0
\o0 0 0 1 10000 T1T100w00 -/

Definition (6.5):[2]
A Kk-th determinat divisor of M is the greatest common divisor (g.c.d)for all the k-minor ,this is
denoted by Dy(M).

Lemma(6.6):[2 ]

Let M,P,W be matrices with entries in the principal ideal domain R.Let P and W be invertible
matrices then Dy(P,M,W)=Dx(M) modulo the group of units of R.

Proposition (6.7):[8 ]

HONON
el el e
cococob
SO RrR R R

NNl S
—_—

[
M(Qzp)= |

Proposition (6.8):[7 ]
2

1 1
M(D3)=[0 1 1]
1 1 0
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M(Q2p)®M(D3)=

M(Q2pxD3)

Proposition (6.9) :

~

A 1O A 100000 OO0 O

111111000000000

NO—ANO OO0

Ad—HO A +d O -
o
NOHNO AN
aNNOoOoooo
NNNOoOOoOOoOO
G ONOOOO
Ad—HO A +d O H

1
1
1
1
1

—

NO A NO AN

aNNOoOooo«

AN NNOOOWN

StoNooO<

— O

—

o

o o

o o

o o

— O

—

o

AN O

AN N

o N

a0 0o o
o410 0O
NO O oo
o000 oOo
OO0 OO
> NeololNoNeNe
—AdT o440
e B
NC N O o
000110
OCoOoOdd oy

OCoodNo

/

Proposition (6.10)[8 ]: p(Qzp)

Proposition (6.11)[7 ] : p(Ds)

P(Q2p)® p(D3)=

P(Q2pXD3)

Proposition (6.12) :

o I

o

-1

o

-11 0 1 -1
-1 0 0

0

el NoloNoNeoNeNeNoNaR|
OO H1OOO0OOOOODOH0OO
1__000001000000

00001__10000000

OO0 O0O 4100000 OOO

0 O

4_001000000000
4_04_10000000000
OO0 100000000 OO0OOo
R NolleNolNolNelNolloiio ool i)

O OOOODODODOODOOOOo

[cNoNoleNoNolNeNolloiio ool o)

J
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Proposition (6.13):[8 ]

"0 0 1 0 07
00-10 1
W@Qzx)=[1 0 0 0 0
00 11-1
01 0 0 o0

Proposition (6.14):[7 ]

1 0 0
W(Ds)=|-1 0 -1
11 1

Proposition (6.15):
W(Q2pXD3)=W(Q2p) ®W(D3)=

/0 0 00001000000 0 0\
0 000 O0GO0-120-12020U020 0 0
0000 0O0T1TU1T10000UO0 0
0 00 0O0O-1020U0TU0TU0T1T0 0
0 00 00O T10T1T0U0TU0-1 0 -1
0 000O0UO0--1-1-1202020 111
100 0000O0UO0O OO OTU OGO 00
1 0-100000O0O0O0UOO0O0 O
1 1100000000000 0
000 00OTI1O0UO0T1QO0TU0S-1200
0 000O0UO0-120-1-10-11 0 1
0000 O0UO0T1T11 1 1 1 -1 -1 -1
0 00 1 000O0UO0TU 0TOTUO0TO0UO0 0
0 00-10-10020U0T0U0TUO0GO0O0

\000111000000000/

Definition (6.16):[2]

Let M be a matrix with entries in a principal domain R, be equivalent D=diag{di,d,,...,
dm,0,0,...,0} such that dj/ dj+1 for 1<j<m. We call D the invariant factor matrix of M and
dy,do,..., dy the invariant factor of M.
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Proposition (6.17) :  P(Q2*D3)*M(Q2p*D3)*W(Q2p*D3)=

[4 0o o 0o 000 0O OOOOUOOTPO© \

0o 2 0 0 00 OO 0O O0OO0OO0OO0OO0OTUDQO

o 02 0 0 0O 0O O OO0OO0O O OO0 O

o 0 020 0 0 0O 0 O0OO0OO0OTO0OO0OTO

o 0o 0o 061 OO0 0 O O0OOTOOTUOTFDO

o 0 0 00-1 0 O0OOO0OOOTO0OTOTFUDO

o 0o 0o 000 40000 0 O0O0°@wWO

o 0 0o 0OOO O 2 0 O0O0O0OO0OO0TUDO

o 0o 0o 000 0 O0-2 0000 00

o 0 0o 0O0OO0O 0 O O 2 000 0O

o 0o 0o 00 0O 0O O O0OOT1TUO0TC0TO0FO

o 0o 0o 000 0 0 O0OO0OOTS-1 000

o 0 0o 0O 0OO0O 0 O O OO O 2 0O

o 0o 0o 000 0 0 0O O0OODOTGOTI1IO

o 0 0o 0OOO O OO OO OO O0 -1
\ J

:dlag{4;4|2;2|2 12;2111111!-21-2!-11-1!-1}:D (szXD3)
The following theorem gives the cyclic decomposition of the factor group AC(D (Q2p*D3)) when p
is D (Q2*D3) prime number.
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