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Abstract

In this paper, variational iteration method (VIM) and homotopy perturbation method (HPM) are
implemented to solve extraordinary differential equation. The comparison between VIM and HPM
with Adomian decomposition method (ADM) shows that VIM and HPM are more effective and
convenient to use and overcomes the difficulty arising in calculating Adomian polynomials.

1. Introduction
The fractional calculus has found diverse

applications in  various scientific and
technological  fields, such as thermal
engineering, acoustics, electromagnetism,

control, robotics, viscoelasticity, diffusion, edge
detection, turbulence, signal processing, and
many other physical processes. Fractional
differential equations have also been applied in
modeling many physical, engineering problems,
and fractional differential equations in nonlinear
dynamics. Extraordinary differential equation is
one of types from a differential equation
containing a fractional derivative of order half
along with an ordinary first-order derivative,
consider the following extraordinary differential
equation:

%2
ﬂ+ d y—2y:0, (1.1)
dx  dx’2
with an initial condition Y, = Cwhere

C constants. We first of all give definitions of
fractional integral and fractional derivative
introduced by Riemann-Liouville.

Definition 1.1 [12,13] (fractional integral). Let g
> 0 denote a real number. Assuming f(x) to be a

function of class C™ (the class of functions
with continuous nth derivatives), the
fractional integral of a function f of order —q is

given by
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dof(x) 1 f f (t)dt

dx*  I(q)s (x—t)"

Definition 1.2 [12,13] (fractional derivative).
Let g > 0 denote a real number and n the
smallest integer exceeding q such that »—q > 0
(n =0 if g <0). Assuming f (x) to be a function
of class C™ (the class of functions with
continuous nth derivatives), the fractional
derivative of a function f of order q is given by

dof(x) f (t)dt

1 " T
dx*  I(n—q)dx" I (x—t)"™
Definition 1.3 [12] (Mittag-Leffler function). A
two-parameter function of the Mittag-Leffler
type is defined by the series expansion

E )= ) ———— a>0,6>0) .
a,ﬂ( ) kz;'l_‘(ak+ﬁ) ( ﬁ )
Extraordinary differential equation was

solved by Adomian decomposition method in
[13]. Adomian decomposition method depends
on decomposing the nonlinear differential

equation  Fluy(d)=0  jnto the two
components [1]:

L)+ N =0
where L and V' are the linear and the nonlinear
parts of £ respectively. The operator L is
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assumed to be an invertible operator. Solving for
L{y) leads to:

L) = =N(y). (1.2)

Applying the inverse operator L™ on both sides
of (1.2) yields

v=-LY NG+ el).  (1.3)

where @t} js the constant of integration
satisfies the condition L{w}=0_ Now

assuming that the solution ¥
as infinite series of the form

T Z:; (1.4)

Furthermore, suppose that the nonlinear term

N} can be written as infinite series in terms of
the Adomian polynomials < of the form

n=0 ,

can be represented

(1.5)

where the Adomian polynomials
are evaluated using the formula:

of N(x)

2. Variational iteration method
In this section, we introduce the basic idea
underlying the variational iteration method for

solving nonlinear equations. Consider the
general  nonlinear  differential  equation
[3,6,15,16]:

Lu-+ Nu=g(t),

& Jassim

:‘wl. (Zt S

vm=0

Then substituting (1.4) and (1.5) in (1.3) gives

Z Yy = @) - Lt ( Z:.s,,_}z
n=o \n=0 . (1.6)

Then equating the terms in the linear system of
(1.6) gives the recurrent relation

Yo = @(x),

¥ne1 = -L7(4,) nz0,

The solution of extraordinary differential
equation (1.1) by Adomian decomposition
method is [13]:

y(x) = %(2e“erfc(2ﬁ) +eerfo(=/x)) .
(L.7)

In this paper, we solve extraordinary
differential equation (1.1) by two methods the
first variational iteration method and the second
homotopy perturbation method.

where L is a linear differential operator, N is a
nonlinear operator, and Jis a given analytical

function. The essence of the method is to
construct a correction functional of the form

u.,(t)=u (t)+ jxl(t, s)(Lu_(s)+ Nu_(s)—g(s))ds,

where A is a Lagrange multiplier which can be
identified optimally via the variational theory,

U . is the approximate solution and Un denotes

n
the restricted variation, i.e. 5Un =0. After
determining the Lagrange multiplier A and

selecting an appropriate initial functionU, the
successive approximations U_of the solution
U can be readily obtained. Consequently, the
solution of (1.1) is given by U = LI_[E u.

3. Solution an Extraordinary by variational iteration method
To solve (1.1) by means of the variational iteration method, we construct a correction functional as:

dy (s) d’2y ) ()

Yo (X) =Y, (X) + I A (X%, 8)(
ds
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— 2y (s))ds,
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bely
3,00 = 35,00 8] 00 )t 4 £ o5, s,

integrating by part, we have.

&, (%) = 8y, (X) + (%, )y, (x) - | M((a)s( =

where 5:. is considered as a restricted variation. Its stationary conditions can be obtained as follows:

Sy (s)ds,

1+ A(x,x) =0,
FAMX) _ 0A(XS)

oS
where A is a Lagrange multiplier, therefore, can be identified as A =—1, and the following
variational iteration formula can be obtained:

%
1o 0= 3,00 (dy"(s) ddZ"(S) 2y, (s))ds.

=0,

Or equivalently;

Yoa(X) = ¥, (X) = j ( y"(s) —2y.(s))ds.

We start with an initial condition yo(x) =C and use the definition (1.1), we can obtain the
following successive approximations:

% _Ndvo(x)  d 2ygix). ,
vy (X = vplxi— | s + : — 2vplxildz
i L0 Jo = ds 1, i -0

- 7
i d fic .
=c—-1} |0+ +—2c]as

=0 dglf{:
“rl T .
=c— | ——i r(f—rr fzar—zt']as
-0 VT ASp
2¢
== —_51‘;:—2{5
Vi o
2
= (1+2x———x**)c
NTT
. J 15
AV4lX) @ '=VqlX)
B = -| I 2] — 2y ()| dz
o as ds /2
1 001
2c 1 . ¢ -1,. di2¢ d2s 2cd 2572 4c 1,
=c+2cx——x -} [|2c——5 2]+ 1 + 2¢ 1~ 1 —2c—dcs+—=5 2
VT -0 VT ds iz deiz ~NA 4g'i2 Vi

where:
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'11"
dfzs 1
t(s — t) adt
dslfi (lfz]f'sin ( 1‘} d
1 4 T g "
= ——||-2t(s - ."a:] + 2 —t) hadr
ﬁﬂs[ s=tz| _fn{S t) ad
=2 s,
Nics (3.1)
and
EVEE YA P
Q fﬁf LL _ 1 i Elfz{s— r}"l.‘fzdr
ds fz r(Ifz)ﬂf-u
3
NPT WPTRCEE
T V@ds 2 vt ds r{z) . (3.2)

where 5{(m, n},T{n} are beta and gamma functions respectively such that:

=1

Bim,n)= | x“=1{1 — x)@-Vgy,
-0

Fny= | exo=Ddy,

=0
So;
2c 8c 1, . .
n'ti—c+2ct——t11’=—| -—=--_—c—=1-cslas.
yiT ~0 Wi
then;
2 g 16 3

Y, (X) = (1+3x + 2%

Cc .
RV AR
d'hs? d'as®h

to find ¥=(x} we need to calculate ds*/z and ds'/

d'hass 1 ‘5 .3 -1

— = (s=1) e
ds b (1;" }ﬂ--ﬂ

1 d 3,1 1 d rfa}r(l) 8
=——5h B(; =——|s°: L

VT ds 2 VI ds r(E) W

3 (3.3)
d'ts®h 1 d {73
- Bl L PP
ds'ls r(H’;)‘f-‘-Lt - e
5\ (1

_1d (ﬁ)] 1 iszr(z)r(z)lzsfﬁr

\?Tds 2 Vit ds ra) + (3.4)
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now:;

x ldva(x)  d 7 2va(x
300 = y3(x) - | =t =

-e o ds /2
then we have:

4 2 2 20

Yo (X) = (L +3x+5x* +—x° ———x? — «
3 3 T Tadr

similarly, we aobtain:

%—ix%)c :

5

y4(x):(1+3x+Ex2+Ex3+Ex4— 2 X2 — 20 X2 — 32 x%——512 x%)c ,
23 N P N N 11 N
1 3
y5(x):(l+3x+l—21x2+7x3+4x4+ix5— X2 — 20 o 56 X7 - 384 X

512

1897

x%)c :

N

3Wr . six. 35

and so on. therefore, the solution of extraordinary differential equation (1.1) is :

y(x) =c(l+ 3x+1—21x2 —

NG NI

4. Homotopy perturbation method

To explain this method , let us consider the
following function [2,8,14]:

Au)-f(r)=0 ; reQ , (4.1)
with the boundary condition of
B(u,a—u):o ; rel . 4.2)

on

where A is a general differential operator, B a
boundary operator, f(I) a known analytical

2 X'z 20 x%—ix%+...). (3.5)
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parts, which are L and N , where L is a

linear, but N is nonlinear. Equation (4.1) can
be rewritten as follows:

L(u)+ N(u)-f(r)=0, (4.3)
which satisfies:
v(r,p):Qx[01] >R .

By the homotopy technique, we construct a

function and I is the boundary of the domain homotopy

C). The operator A can be divided into two

H(v, p) = (1= p)[L(V) - L(up)]+ p[A(V) - ()] =0, (4.4)
or

H(v, p) = L(v) — L(u,) + pL(uy) + pIN(v) - f(r)]=0 . (4.5)

Is an embedding parameter, while U, is an
initial approximation of ( 4.1) and p €[0,].
Where (4.1), which satisfies the boundary

conditions. Obviously, from (4.4) and (4.5) we
will have;

H(v,0)=L(v)-L(u,)=0 , (4.6)

Hv1)=AV)-f(r)=0 . (47)



Ali

The changing process of " P" from zero to

unity is just that of v(r, p) from U, to u(r).
In topology, this is called deformation ,while
L(v)-L(u,)and A(V)—Tf(r) are called
homotopy . According to the HPM, we can first
use the embedding parameter " p " as a asmall

parameter ,and assume that the solutions of (4.4)
and (4.5) can be written as a power series " P"

& Jassim

insetting" P=1" aresult in the approximate
solution of (4.3) is;
U= I;!LQVZVO +V, +V, +... (48)

The combination of the perturbation method
and the homotopy method is called HPM |,
which eliminates the drawbacks of the
traditional perturbation methods while keeping
all its advantages. The series (4.8) is convergent
for most cases. However ,the rate

convergent depends on nonlinear term  A(V).

5. Solution an Extraordinary by homotopy perturbation method

To solve (1.1) by homotopy perturbation
method, we construct the following homotopy:

dy dy dl/zy
(1- p)(&—0)+ p(&+ T -2y)=0,
Or equivalently;
dy 1/2y
&4— p 4 " -2py=0. (51)
dy dy dy dl/2y dl/2
o P PP e T P g TP g
dyo dyl dl/zyo ) dy, 1/2y
—+ p(—+ -2Y,) + —=+
dx P dxll2 yo) P dx dxll2

dy, d

3

—2y)+ i+
dx

Suppose that the solution of (5.1) has the form:

Y=Yo+PY:+ P2y, +..  (5.2)

Substituting(5.2) into (5.1)we get:

o= 2Py, —2p%Y, —2p%Y, —...=0

1/2

Y2
777 —2Yy)+..=0

dx

By comparing the coefficients of terms with identical powers of p, we have:

Ynea(x) =2 i_:ﬁ; - ._;’f;;;: , n=01,..
Then we have:
P’y (x)=c ,
, 112
P iy, (x)=2 dd):)i‘) -~ ddx“)go =y, (X)=(2x-2
dly, d™y,

p2 : YZ(X)=2 dx - dx 2

by (3.1) and (3.2) we have:

16 X3/2
X) = (2x? ——
1/

dly, d 'y
P3:y,(x)=2 dx’lz - dx’l’zz :

by (3.1), (3.2), (3.3) and (3.4) we obtain:

+X)c

%%m :
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32 x¥ 4 x3
Y5 (X) = ( i aC) SR [
? 5 JZ 3Jr
similarly:
1 2 64 5 512 7
Py, () = (EX% A+ ox - =X - x2)c
4 2 37 15Jrn 105\/_
4 512 x%/2 5 128 x " 8 x°/? 10
P° 1y (X) =(—=x° x® — X4)C

15" 189 yz 3. 21\/; RENN

and so on. Setting P =1 in (5,2) we can obtain the solution :

y(x):c(1+3x+1—21x2—ix}/2 20 X2 — 56 /+) (5.3)

Jr e sz

6. Computational aspects
The solutions (3.5) and (5.3) of (1.1) obtained by VIM and HPM respectively are equivalent, these
solutions can be written as:

(-)'2'x" 5 K
2 T(k/2+1) F(k/2+1)

y(x)—— Z

by definition (1.3), the explicit formula for E,,,(z) is

0

E1/2,1( ) zF(k/Z 1) =€’ (1+erf (Z))1

that is,
E,..(2) =¢" erfc(-2),
therefore , the solution of (1.1) becomes:

y(X) = % (2e“erfc(2v/x) +e*erfc(—V/x)), (6.1)

solution (6.1) completely matches solution (1.7) equivalent to Yz, generally we find
obtained by solve (1.1) by Adomian Yo+ 1 -+ 2% in HPM is equivalent to ¥
decomposition method. in VIM, this results can be show in Fig.1.

It is clear that, Yo + ¥1 in HPM is equivalent

to ¥ in VIM, similarly Yo+ + 32 s
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Fig. 1. The approximate solutions of extraordinany differential
equation (1.1 at e=1 by VILI

7. Conclusions

In this paper, variational iteration method and
homotopy perturbation method have been
successfully used to solve extraordinary
differential  equation. The extraordinary
differential equation can be solved by Adomian
decomposition method [13].

The obtained solution in this paper using VIM
and HPM have got many merit and much more
advantage than the ADM, these methods are to
overcome the difficulties arising in calculation
of Adomian polynomials. From Fig.1 we show
that the solutions of extraordinary differential
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