Solution of Linear Electrical Circuit.. Dr. Anwar Ja'afar, Faris Ali Jasim Issue No. 32/2013

Solution of Linear Electrical Circuit Problem using
Differential Transformation Method

Dr. Anwar Ja’afar Mohamed

Jawad Faris Ali Jasim

Al-Rafidain University College
E-mail: E-mail :

anwar jawad2001@yahoo.com farisalishaban@yahoo.com

Abstract: In this paper, Differential Transformation
Method DTM is introduced to study the singular
system of a linear electrical circuit for time invariant
and time varying cases. The discrete solutions
obtained using DTM are compared with the exact
solutions of the electrical circuit problem and are
found to be very accurate and compatible. Graphs for
inductor currents and capacitor voltages are
presented to show the efficiency of DTM.

Keywords: Singular  systems, Differential
Transformation Method DTM , Runge-Kutta

method.

Journal of Al Rafidain University College 164 ISSN (1681 — 6870)


mailto:farisalishaban@yahoo.com
mailto:anwar_jawad2001@yahoo.com

Solution of Linear Electrical Circuit.. Dr. Anwar Ja'afar, Faris Ali Jasim Issue No. 32/2013

1. Introduction

Singular systems contain a mixture of algebraic and
differential equations. In that sense, the algebraic equations
represent the constraints to the solution of the differential part.
These systems are also known as degenerate, descriptor or semi
state and generalized state-space systems. The complex nature of
singular system causes many difficulties in the analytical and
numerical treatment of such systems, particularly when there is a
need for their control. The system arises naturally as a linear
approximation of system models or linear system models in many
applications such as electrical networks, aircraft dynamics, neural
delay systems, chemical, thermal and diffusion processes, large
scale systems, robotics, biology, etc.,[1-4].

The mainstreams of electronic circuit theory and neural
network theory will in forthcoming decades converge into general
methodologies for the optimization of analogue nonlinear dynamic
systems. As a demonstration of the viability of such a merger, a
new modeling method will be described, which combines and
extends ideas borrowed from methods and applications in
electronic circuit and device modeling theory and numerical
analysis [5-8] the popular error back propagation method (and other
methods) for neural networks [9-12] and time domain extensions to
neural networks in order to deal with dynamic systems [13-15].

In this paper we study the linear electrical circuit and the
time varying linear electrical circuit. Samath et al [16] studied these
circuits by applying the neural algorithm and Rang-Kutta method.
Murugesan et al [17] studied them and used R-Butcher method. We
try to apply the Differential Transformation Method DTM to solve
these problems.

2. Linear Electrical Circuit

Consider the physical model of an electrical circuit
discussed by Chu et al [6] as shown in figure 1.
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Figurel. Electrical Circuit

This electrical circuit is governed by the following hybrid
equations [18]

i 0 0-1-1)[v 0 0

s =l 0 0 o 1f|ve| -]0o -1/[E, (1)
s 1 0 0 o|fi, 1 of| 75

vs| (-1 -1 0 1)]is -1 0

Since ic- ¢y, and v,_L i, , substituting i;—, v, , l= V5, V3= 2 i3,
and v,_ 2 i, into (1) we then obtain

217) (o o -1 -1\ v ) (0 o)

is | 2lo o o 1 204 |+]0 -1 E, )
Vs 1 0 0 0 217, 1 0 Te

21, 1 -1 0 1 is L1 0

L o \\_ ——/) . - L. -

After re-arranging the terms, we obtain the singular system of
equations as
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KX ()=Ax(t)+Bu(t) (3)

With the initial condition x(0) = x

where
2 2 0 0 0o 0 -1 0 0O 0
K=2 2 0 0|A=|-1 0 1 0 [B=t1 0
0O 0 0 0 1 -1 0 0 1 0
0 0 0 0 o 0 1 -1 0 -1

Where K is an n x n matrix, but singular in nature, therefore it is
called singular systems. It is also called “generalized state space
systems” or “descriptor systems”. A is an n X n matrix, Bisannxr
matrix, X(t) is an n-state vector, and u(t) is an r-input vector.
The singular system of equations is:

20,420, = — i3

2i3+2i,=—v, + i3 —E,

v, =v, +E,

iy =13—Jp
In some cases, the variables have some inherent meaning such as
voltage, current, position, velocity, or acceleration. or, the
coefficient matrices have some special structures that may be lost
by manipulating a system of the form in (3) into an ordinary state-
space system.
By taking

(4)

2 3
Ea=14t+—+=
2 3
Jb=1+t+t?
The exact solutions of (4) as [16]:

vl(t)———(l V5) ex [1+\/_]t——(1+\/_)exp[1 \/_]t—

3t?
27t + - ; + 163
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vy(0) = =2 (1 VB) exp [2] £ = 2 (1 + VB) exp [25] -
26t + 2t + 164
i5(6) = 93 exp [0 £ — 93 exp [“5] ¢ — 14 ¢ + 262 + 106

i,(t) = —93exp [—‘F] t — 93 exp [ ‘F] t—15t+t% + 105

(6)
With initial conditions
( V1 (0), 1% (0), i3 (O), l4(0))T = ( 70, 71, _80, _81)T (7)

3. Differential Transformation Method DTM:
The differential transformation of the k-th derivatives of function
y(x) is defined as follows [19]:

_1 dky
and y(x) is the differential inverse transformation of Y(k) defined
as follows:
= > Y(k)-(x—x0)" 9)
k=0
for finite series of k=N, Eq.(9) can be written as:
N
y(x) = D Y(k).(x —x0)* (10)
k=0

The following theorems that can be deduced from Egs.(8) and (10)
are given below:

Theorem 1. If y(x)=g(x)*+h(x) then Y(k)=G(k)£H(k) .

Theorem 2. If y(x)=ca.g(x) ,then Y(k)=a.G(k).

g()

Theorem 3.1f y(x) = then Y(k)=(k+1).G(k +1)

Theorem 4. If y(x) = % then Y(k) = ((k +m)! /Kt).G(k +m)
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Theorem 5. If y(x) = g(x).h(x) ,then YR =32, GOHK-1)

Theorem 6. If y(x)=x"" | then
Y (k) = 5(k —m) :{1 i k=m
0O if k=m
Theorem 7. If y(x)=exp(@.x) then Y(k)=a* / k!,
Theorem 8. If y(x)=sin(@.x+ A1) then Y(k)=(a* /k)sinfez/2+2).
Theorem 9. If y(x)=cos(@.x+A1) then
Y(k)= (X /K cos(kr )2+ ).

Theorem 10. If y(x)=exp@(x)) , then

k, 4 k2

yo-35 L ¥ 2 zklzouwl)wkz—kl) .

i—on=0 ™1 20

U(ky, 1 — ko )U(k =k, 1) (x —ko)*

4. Solving the linear circuit by DTM
To solve system (4) for the definitions in (5), the system of
recurrences equations is:
2k +1DVi(k+1D)+2(K+ 1DV, (k+1) = — I3(k)

2k + DL (k+D)+2(K+ DI, (k+1) = =V, (k) +
I5(k )- [6(k) +6(k—1)+ 5(’< 2) | 6(k3—3)]

I, (k) =15 (k) — [6(k) + 5(k -+ 6k —2)]

Vo (k) = Vy (k) + [S(k) +68(k—1)+ 5(’< 2) | 8Gk= 3)]

(11)
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Where the initial values are:
1, (0)=-81 ,I;(0) =-80
V,(0)=71 ,V,(0) =70

Solutions by DTM for system (4) by the recurrences equations in
system (11) are:

v, () =v,(0) + v, (Dt + v, Dt + v, )3 + ...
v,(t) = v,(0) + v,(Dt + v, At + v,(3)t3 + ........
i(t) =i3(0) + i; (Dt +i32Qt2 + i33)t3 + ...
i,()=i,0)+i,(Dt+i,(2t2+i,3)t3 + ........
For k = 0, system (11) becomes:
2V,(1) + 2V, (1) = — 15(0)
21;+21, = —V,(0) + I5(0)-1
L) =100 -1
V, (0)=V,(0)+1
and for k = 1, then
4V,(2) + 4V, (2) = — L(1)
AL,(2) + 41, (2) = -V, (1) + L,(1)-1
L)=51)-1
L= +1

When k = 2, then

Journal of Al Rafidain University College 170 ISSN (1681 — 6870)



Solution of Linear Electrical Circuit.. Dr. Anwar Ja'afar, Faris Ali Jasim Issue No. 32/2013

6V:(3) + 6V, ) = — I3(2)
61;(3) + 61, (3) = — V4 (2) + L;(2 )_%
L2Q)=52)-1
V@)=V, )+

While for k = 3, then
1
815(4) + 81, (4) + V1(3) — 15(3) =3
,3B)=13)-1
1
AORIAORS
Now a system of linear equations can be written as:

[A] [X] = [B] (12)
Where
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and

[X] = [v1(D, v2 (1), i3(), ia (D] for j=1,2,3,4
and

[B] = [80,-151,0,-1,-1,1,0,—,~1,-,0,- ,0,—,0,0]"
Solving system (12) by Gauss-Jordon elimination method then:
v(t) =70+ 19.5 t +4.40625 t*—1/6 t3+ 0.02034505 t*

v,(t) =71+ 20.5t+ 490625t %+ 1/6 t> + 0.02034505 t*

i5(t) = —80 — 37.25t — 6.65625 t2 — 0.3255208 t3 —
0.041178381 t* + ...

i,(t) = —81 — 38.25 t — 7.65625 t% — 0.3255208 t3 —
0.041178381 t* + ....... (13)
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Solutions in (13) by DTM for the variables v1(t), v2(t), i3(t) and
14(t) are represented by graphs in Figures 2 to 5 at various time
intervals.

140

—~— Exact solution
—-— DTM Solutin

120 —

60 \ \ \

0.00 0.40 0.80 1.20 1.60 2.00
t

Figure (2) represents Exact and DTM solutions for V(t).

140
—r— Exact solution

—&—  DTM Solutin

120 —

60 \ \ \

0.00 0.40 0.80 1.20 1.60 2.00
t

Figure (3) represents Exact and DTM solutions for V2(t).
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—O—  DTM Solution

-200
\ \ \ \ \

0.00 0.40 0.80 1.20 1.60 2.00
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-80 —¢

-120 —

l4(t)

-160 —
—A—  Exact Solution

—O— DTM Solution

-200 \ \ \ \

0.00 0.40 0.80 1.20 1.60 2.00
t

Figure (5) represents Exact and DTM solutions for 14(t).

5. Study of Time-Varying Linear Electrical Circuit

We applied DTM for the time—invariant electrical circuit
problem and the results are compared with exact solution for
studying the time-varying electrical circuit, which is represented by
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a singular system. Consider the electrical circuit depicted in Fig. 1 .
The following hybrid equation is obtained[18].

(2200 )[17, )

)

D 00O iy
..’/JHL.J

This is of the form:
KX () = Ax(f) + Bu(t)

0000 i 1 -1 0 0f/is

(=]

0

[
—

\

s |

(14)

(15)

In order to study the effectiveness of the time varying singular
system in electrical circuits, a hypothetical system is formed by
transforming the matrices K, A, and B, which are basically time

independent in (14) with time-varying components.

Hence, the singular system of the time-varying electrical circuit is

of the form

2t 2t 7, L]jo 0 t 0

000 0 i 0 0 t -t i

7, ViR |t o]t
00 0 0 |lis 1 -1 ool |is| |t ofleost

- - “ <

This is of the form K(t) x(t) = A(t)x(t) + B(t)u(t).

The singular system of equations is:
20,4+ 20,

= — I

2i34+2i,=i;— t

v,

Ly
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The exact solution of (15) is[16]

vl(t) _ _i 2 (4—t) cost + (4t+1) sint n 59(t—4) _t/4 n 255
12 34 17 17

v,(t) = vy (t) + t2
()= t+4+ 12—7 [sint + 4 cost] — g et/4
i,(t) = i3(t) — cost

(18)
With initial conditions
( vl(o)y UZ (0); i3 (0)! 1'4-(0))T = ( 1;1;1;0)T
To solve system (17) the system of recurrences equations is:
2k +DV(k+ D+ 2K+ 1DV, (k+1) = — I1(k)
2k+1DLGk+1)+21,(k+1) =1;(k)-65(k—1)
I, (k) = I (k) — —cos(kn/2)
V, (k) =V, (k) + 6k —2)
(19)

Where the initial values are:
,b0)=0 ,50)=1,V,0)=1,V,(0)=1

Solutions by DTM for system (17) by the recurrences equations in
system (19) are:

v, () =v,(0) + v, (Dt + v, Q2 +v,3)t3 + ...
v,(t) = v,(0) + v,(Dt + v,(2)t2 + v, 3)t3 + ........

i3(t) = i3(0) + i (Dt + i;(2)t? + iz (3)t3 + ........
i,(t) =i,(0) +i,(Dt+i,(2t* +i,(3)t3 + ........

(20)
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For k = 0, system (19) becomes:
2V, +2V, (1) = —1
21,(1) +2L,(1) =1
and for k = 1, then
4V,(2) + 4V, (2) = — I5(1)
415(2) + 41, (2) = I5(1)-1
L,(1) =13(1)
V, (D) =V (1)
When k = 2, then
6V,(3) + 6V, (3) = — I1(2)
615(3) + 61, (3) = I5(2)
,(2)=152)+1/2
V,(2) =V, (2)+1
While for k = 3, then
8V, (4)+8V,(4) + I53) =0
81,(4) + 81, (4) — I5(3) = 0
I,(3)=15(3)
vV, (3) =V, (3)

Now a system of linear equations can be written as:

[4] [X] = [B] (21)
Where
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and

[X] = [v1(D, v2 (1), i3(), ia (D] for j=1,2,3,4
and

[B] = [ _1 ’1’ _1l010101010’% l1;O;O;O;O;OJ - i]T
Solving system (21) by Gauss-Jordon elimination method then

1 17
v, () =1 ~2 t ~ 33 t2+11/384 t3+11/6144 t* + ... ...

1 15
v,(t) =1 ~2 t +§ t>+11/384 t3 +11/6144 t* + ...

i3(t) =1+ t == t2 —11/384 3+ 117/6144 t* + ...

1 5 11
i [ #2743 4
14(1:)_4 t+32 t 384 t°—139/6144 t* + .......

(22)
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Solutions in (22) by DTM for the variables v1(t), v2(t), i3(t) and

14(t) are represented by graphs in Figures 6 to 9 at various time
intervals.

6. Conclusion

The solutions obtained using the DTM gives more accurate
values when compared to the exact solutions of the electrical circuit
problem irrespective of whether they are time-invariant or time
varying cases,

1.00

vi(t)

—~A— DTM solution
—&— Exact solution

-1.00 —

-1.50 I

0.00 0.40 0.80 1.20 1.60 2.00

t
Figure (6) represents Exact and DTM solutions for V(t).
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2.80 —

2.40 —

—4— DTM solution
—&—>— Exact solution

v2(t)

0.80 I I I I \
0.00 0.40 0.80 1.20 1.60 2.00

t
Figure (7) represents Exact and DTM solutions for V,(t).

1.20 —

&
0.80 —
—
= _
>
0.40 — —~A~— DTM solution
——— Exact solution
0-00 \ \ \ \ \
0.00 0.40 0.80 1.20 1.60 2.00

t
Figure (8) represents Exact and DTM solutions for I5(t).
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0.80 —

—~A~— DTM solution
—— Exact solution

0.60 —

0.40 —

14t)

0.20 —

0.00 ~& \ \ \ \ \

0.00 0.40 0.80 1.20 1.60 2.00

t
Figure (9) represents Exact and DTM solutions for I,4(t).
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