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1. Introduction

In 1968, Lam.T., [1] proved a sharp form of Artin’s theorem, he
determined that least positive integer A(G) such that A(G)y is an
integral linear combination of the induced principle characters of
cyclic subgroups for any rational valued character y of G, A(G) is
called the Artin exponent of G.

In 1978, David Gluix, [2] considered integral Linear
combinations of any arbitrary characters induced from cyclic
subgroups of G, he determined a(G)y is an integral linear
combination of characters induced from cyclic subgroups, for all %
of G.

Recentely, Mohammed Serdar and Simaa Hassan introduced
and discussion new concept of Artin’s exponent for any arbitrary
character of finite linear group in 2008, [3], and Mohammed Serdar
and Lemia Abd Alameer are find Artin’s exponent of special linear
group SL(2,2K), k is an natural, k > 1 in 2009, [4].

This paper concentrates on the constructing of the character
table of the irreducible rational representation and Artin’s character
induced from all cyclic subgroups of SL(4,p) where p is prime
number, p =5, 7.

2. Some Basic Concepts of SL(4,p)

We give some basic concept of SL(3,p), p is prime number, p >
3 with some properties of these set and some theorems.

Definition 2.1 : [5]

The general linear group of degree n is the set of nxn
invertible (non-singular) matrices, together with the operation of
ordinary matrix multiplication.

Definition 2.2 : [2]

The general linear group over the field F is the group of
invertible nxn matrices denoted by GL(n,F). The determinant of
these matrices is a homomorphism from GL(n,F) into F*. Thus

Journal of Al Rafidain University College 233 ISSN (1681 — 6870)



The Artin’s Exponent of Special Linear .. D. Taghreed Hur Majeed Issue No. 32/2013

SL(n,F) is the subgroup of GL(n,F) which contains all matrices of
determinant one and it is called special linear group.

Theorem 2.3 : [5]

The order of SL(2,p), where p is prime number, p > 3 is p ( p>— 1)
denoted by |SL(2,p)| =p (p?-1).

Lemma?2.4:
|SL(4,p)| =p (p?-1), pis prime number, p > 3.

Proof :
1000
010 0
SL(4.p)= 00 x X XX Xg X, €F &pr4_X2X3:1},p=5,7
00 x, x,
1 0 0 O
01 0 O
Where SL (4, p) generated by
0 0 x; X,
0 0 x; X,

One can now count the element of SL(4,p)
Thus two cases: the sum of which will five the required result

Case 1:

X3 = 0

Then X1X4-XoX3=1
X1X4=1

If x,#0 is fixed
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and x, is determined is the multiplicative inverse of x;. Then there
are p-1 choices for x; & non for x, on the order hand x, can be
chosen arbitrary,

i.e. p choices for x, in total we have counted p(p-1) element for
case 1.

Case?2:

X320

from X;X4-XoX3=1
hence X2:( X1X4-1) /X3 .

Now we have p-1 choices for x; . One may choose x; & X4 arbitrary
and x, can then be determined hence we have p choices for X, p
choices for x4 & non for x, then case 2 covers ¢?(p-1) element of
SL(4,p),p=5,7.
Sum (1) and (2)
p(p-1) + p(p-1) =p*—p +p’ —p’
=p’-p
=p(p°-1)

Examples 2.5 :

The order of SL(4,5) = 5(5° — 1) = 5(24) = 120.

The order of SL(4,7) = 7(7° — 1) = 7(48) = 336.

Theorem 2.6 : [4]

Let G=SL(2,p) has exactly p + 4 conjugacy classes namely 1, z,
p3 p1
c,d zc,zd,a,a% ...,a 2 ,bb% ....b 2

o v be the generator of the cyclic multiplicative group F~
o 1<¢<(p-3)/2
° ISmS(p—l)IZ.

Thus this conjugacy classes which we denoted by C,.
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So table (2.1) represented these conjugacy classes.

Table (1). conjugacy classes of SL(2,p¥), k> 1

geG Notation Cq | Cq | | Co(9) |
10 2
(o J 1 Cy 1 p(p°-1)
-10 2
[0 _J Z C, 1 p(p*-1)
10 )
(1 J C Ce (p"—-1)2 2p
10 2
(V J D Cq (p"—-1)2 2p
-1 0 )
11 Zc Ce (p"—-1)2 2p
-1 0 )
1 Zd Cu (p"—-1)2 2p
' 0
a’ Ca’ | p(p+1) p-1
0 v’
et | v e se-y | e

Example 2.7 :

To compute the conjugacy classes of the group G = SL(4,5)
|SL(4,5)| = 5(52 - 1) = 5(24) = 120.

This group has exactly 5 + 4 = 9 conjugacy classes, v = 2,
1<6<(5-3)2 = 1<(<1
So these conjugacy classes are: 1, z, ¢, d, zc, zd, a, b, b2,

1<m<(5-1)/2 = 1<m<2.

These conjugacy classes are given in table (2).

Journal of Al Rafidain University College

236

ISSN (1681 — 6870)



The Artin’s Exponent of Special Linear .. D. Taghreed Hur Majeed

Issue No. 32/2013

Table (2). conjugacy classes of SL(3,5)

ge G Notation Cq | Cq | | Ce(9) |
100

010 1 C: 1 120
0 01

100

040 z C, 1 120
0 0 4

100

010 c Cc 12 10
011

100

010 d Cq 12 10
0 21

100

0 40 ZC Cy 12 10
0 4 4

100

040 zd Cu 12 10
0 3 4

100

020 a Ca 30 4
0 0 3

100

0 3 2 b Cp 20 6
0 4 3

100

022 b? Cp? 20 6
0 42
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Example 2.8 :

To compute the conjugacy classes of the group G = SL(4,7)

This group has exactly 7 + 4 = 11 conjugacy classes, v =3,
1<6<(7-3)2 = 1<¢<2 , 1<m<(7-1)/2 = 1<m<3.

So these conjugacy classes are: 1, z, ¢, d, zc, zd, a, a2, b, b?, b,
These conjugacy classes are given in table (3).

Table (3). conjugacy classes of SL(4,7)

Notation

%!
m
(0]

Cq

| Gl

| Ce(9) |

C

336

336

24

14

Cq

24

14

ZC

24

14

zd

24

14

56

AZ

O O O PO O O rIOO O RFPOOOPRPR OO O PP OO OoOPRrR oOOoOOoOUPRr ooOo
O O P OO0 O Fr OO0 O Fr OO0 0O FPr OO0 FrPr OO0 FPr OO0 0 Fr Ol o PFr o

O N O OO WO Ofd o OO0 O O|lW HFF O Ok, P OO0 O O O|lO L OO
A O O OJlU1 O O OO O O OO O O O|Fkr OO O|Fkr OO OO0 O O Ol O O O

C.

56
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b Co 42 8

B2 Cp2 42 8

B® C. 42 8

P A O OlWw O O OO » O O

O O O PO O O Fr o o o
O O P OO0 O P OO0 O Fr O
O OO O O|lFr A O O|lWw OO O O

3. Artin Exponent of SL(4,p), p =5,7

In this part we study the method to find Artin exponent of
induced any arbitrary characters from cyclic subgroup of the finite
special linear group and denoted by A(G) the least integer.
Definition 3.1 : [6]

Let H < G and y a character of G, well-known that xJH is a
character of H by restriction we consider now the process, where
charcters of G are induced from characters of H.

Definition 3.2 : [2]

The character induced from the trivial character of a subgroups
of G is called Artin character.
Definition 3.3 : [6]

Let G be a finite group and let y be any rational valued
character on G. The smallest positive integer number n is such
that:

=Y A0,

where ac € Z and ¢c is Artin’s character, is called the Artin
exponent of G and denoted by A(G).

Theorem 3.4 : [1]

Let G be a finite group of order pg, where p and g are primes
(not necessarily distinct). Then:
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1 if G is cyclic
AG) =1 " he BEEIE
min(p,q) if G is not cyclic
Example 3.5:
For the finite special linear group SL(4,5):

27i
=1 = ©-1=0 ie. ®=¢°
o'+’ + 0’ +o=—1.

In addition, this group has exactly 5 + 4 = 9 conjugacy classes and
V=2, 1<6<1,1<m<2.

Therefore these conjugacy classes are: 1, z, ¢, d, zc, zd, a, b, b2,

Now:

1 000

0100
1) 1= = |1l =1

0 010

0 0 01
Orderof I: o(l) =1
(2)
1 000 1 000 1 00 0y1 000 100
0100_0100201000100_010
0010 0 040 00 40/0040 0 01
0 001 0 00 4 0O 00 4\0 0 0 4 0 0O
~0(2)=2
I=1,z=1

1 000
(3)c=0100

0010

0 001
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100021000y (1000) (100 0Y1
01000100_0100301000
0010f0010[|002120 j0010/0
0011001110021 (0011)0
1000yY1000) (1000} (100 0}1
01000100_0100301000
0010/0010[(002120 j0010/0
001100031 (0041 (0011)0
o(c)=5
Ll [x [x’ |y
111 |1 |1 |1
llo |00 |0
llo°|o|o |0
1o’ |o [0 o
llo' |’ ||
=1
cCzo+o’+o’+nt=-1
1 00O 1 00O
01 0 0100
(4) d= =
O 010 0 010
0 0 v 1 0 0 21
1000y1000) (1000 (100 0}1
01000100_0100301000
0020/0020/ /0021000100
00210021/ (0041) (00210
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10001000 (1000 (1000
0100[0100 0100 0100
001000100010 J0010
002100110031 loo21

. o(d)=5

O O O -

=
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w

=
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W
N
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(

elele e |+
ele|e e |+

IRERERER R L a2
Flele e |e |~
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=1, d=0+0’+0’+o
0 0 O

(5) zC=

o O O -
o O o -
o O . O
A ~ O O

1
0 -1 0
0

o O o -
o O o
| o
H
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o
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g 12 1t [ 1 18
101 |1 (11 2111 1 |1
1o |0|o|o|-1le ||| o
1’|l |lo |08 1 |eolo | o
11 °|lo o010’ |lo |0 o
1o’ o | 1| ool o
1=1,z=1
d=o+te’+o’+e=-1
W=+’ +0°+0'=-1
1 0 0 0 1 0 0O
, 101 0 0 0100
0 0 vl 0 0020
00 0 v-I 0O 00 3
10002000, (1000 (2100O0Y1000),(100°0
01000100_0100301000100_0100
0020/0020[(0040/ 002000400030
00030003 (0004 (00030004 (0002
1 0 0 Oy1 0 0 O 1 0 0 O
01000100_0100
002 0(0030||0010
O 00 30 0 0 2 0 0 01
. o(@) =4
Ly (%12
111 |1 |1
1o | 0o
10’1 |
110’ |o |o
1=1,z=1
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a’=2 = a=2(-1)=-2.

1 0 0O
0100
8) b"™ =
0 0 30
0 0 4 3
10002000y (2000), (10002000, ¢(100°0
0100/0100/ /01200 (0200J0200,(0200
= :> =
0032003210022 (0032|0022 (0040
00430043 (0042 (00430042 (0004
10002000y (2000) (2000y1000)(100°0
01000100, /012100/ (02O00(01200[|010°0
= j =
0032/0040/,/0023 (0032(0023]/00133
0043000410012 (00430012 0013
1 0 0 0yY1 0 O O 1 0 0O
01000100_0100
0032|0033/ |0010
O 0 4 30 0 1 3 0 0 01
. o(bM=6
Ly 122 12° (a1
111 (1 |1 |1 |1
1lo |00’ ot -1
1’| 0o |
1o’ |o |0 o |-1
1o 0|0’ |o |1
I=1,z=1

"=+’ +o’+0'=—1

=>b=2(-1)=-2,, b*=2(-1)=-2
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Then the Artin character table for SL(4,5) is:
Table (4). Artin Character of SL(4,5)

Cy 1 z c | d |z |z | a| b |b
Gl | 1 | 1 | 12|12 |12|12]30|20]|20
1Ce(@)] | 120 [ 120 | 10 [ 10 |10 10] 4 | 6 | 6
0, 120 0 0 0 0 0 0 0 0
0, 60 60 60 0 0 0 0 0 0
03 24 0 -2 0 0 0 0 0 0
0, 24 0 0 | -2 0 0 0 0 0
05 12 12 | -1 0O |-1| 0 0 0 0
0 12 120 | -1]o0o]-1]0]o0]o0
0, 30 30 0 0 0 0 |-2] 0 0

0g 40 40 0 0 0 0 0 |-2|-2

Now, from the Artin character:

_198_%97—96—95+92=1 P11 11101

2
1
—568 : =20 =20 0 0 0 O O 1 1
1
—597 =15 =150 0 0 0 1 0 O
0, : -12 -12 01 01 0 0 O
-0, : -12 -12 1. 01 0 0 0 O
40, : 60 60 0 0 0 0 0 O O

1 1 1111111

Now, from the above result we get, the Artin exponent of SL(4,5) is
equal to 2

A(SL(4,5)) = 2.
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Example 3.6 :

On the same way to compute the Artin’s exponent of SL(4,7),
see table (5)

Table (5). Artin Character of SL(4,7)

Cy 1 z |c|D|z|zd|a|a]|b|b|Db°

| Cq | 1 1 24 1 24 | 24 | 24 | 56 | 56 | 42 |42 | 42
ICo(g)| | 336 | 336 |14 |14 |14 14| 6 |6 | 8|8 | 8
0 336 0 O] 0|0]0] 010 0
(0 168 | 168 O] 0|0]0] 00 0
0s 48 O |-2/ 01 0]0]0|0]0]0 0
(ON 48 0 0O|-2/ 00|00 0]O0 0
05 24 24 |-11 0 |-2{ 0|0 |0]0]O0 0
(05 24 24 0O|-1{0|-2,0 (0] 0]O0 0
(0% 112 | 122 | 0O | O | O | O |-2|-2] 0 |O 0

(OF 126 (126 | O | O ] O | O] 0|0 |-2]|-2|-2

Now, from the Artin character:

—198:—63—63000000111

2
—% 0, : 56 56 0 0 0 01 1 0 0 O
-0, : 24 2401 01 0O0O0O0O0
-0, : 24 241 01 00O0O0O0O0
+0, : 168 168 0 0 0 0 0 O O O O

1 1 111111111

Now, from the above result we get, the Artin exponent of SL(4,7) is
equal to 2

A(SL(4,7)) = 2.
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4. Result:

The Artin's exponent of the special linear group SL(4,p), p > 3 is
equal to 2.

5. Open problems:
We suggest some open problems

1- We can found the Artin's exponent of the special linear group
SL(3,3,k > 1.

2- We can found the Artin's exponent of the special linear group
SL(5,p),p > 1.

3- We can found the Artin's exponent of the special linear group
SL(n,p"),k>1,n>6.
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