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      The Gull Alpha power transform (GAPT) is a family which introduces a single 

additional parameter to classical continuous probability distribution. 

The parameter increases the flexibility of classical distribution. This  family is used to 

make the standard Weibull distribution which is called a Gull Alpha Power transform  

Weibull (GAPTW) distribution more flexible in application  .Some statistical properties 

of GAPTW distribution , median ,quartiles ,moments and mode have been discussed. 

Maximum Product of Spacing (MPS) and Cramer _Von Mises (CVM) method of 

estimation is used to estimate the parameters of the distribution .It is concluded that the 

GAPTW is a heavier tailed than weibull distribution and its (hr) function can be 

increasing,  decreasing or bathtube when the shape parameters is defined  on sub intervals 

of their sample space. From the application side, the GAPTW  distribution has a flexible 

application in medical field , specifically  in modeling cancer data and an  engineering 

field .  
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Introduction 
 

    Weibull distribution is one of commonly distribution used in modeling many data sets taken from various experiments in 

different fields of life time test ,engineering ,reliability, medical ,biological ,hydrological  studies , weather forecasting, and 

insurance systems, extreme events,  economics , finance , banking  sciences and many other sciences . Weibull distribution 

does not provide a good fit for study sample when the empirical curve of probability density function (p.d.f)  is a bimodal ,  

positive skewed ,heavy tailed ,long tails , high peak or the empirical hazard rate (hr) rarves   is non-monatonic . To 

overcome these weakness in Weibull distribution ,many modifications have been done by adding one or more shape 

parameters to a baselive Weibull distribution and many lifetime distributions .These additional parameters increase the 

flexibility of modified distribution in fitting samples that have positive or negative high skewness measures or high 

kurtosis measure, are also it gives a good fit to increasing decreasing ,constant , monatomic and non- monatomic (hr) 

curves .Because the above weakness in classical lifetime distributions many authers have been interested in suggesting 

many generated families  ,the first one was the exponeniated family of distribution ( Mudhalkar and Srivastava (1993) 

),Marshall-Olkin  generated family ( Marshall and Olkin(1997) ),Beta generator (Eugene et.al(2002)),Kumaraswamy 

generated family (Jones (2009)),which is based on Kumaraswamy distribution as an alternative to Beta family Quadratic 
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transmuted family (S haw, Buckley , (2009)) T-X family (Al-Zaatreh et al(2013)) ,Topp –Leone family (AlShomrani et 

.al(2016)) six years ago a lot of literatures have been published dealt with the different forms of generators have been 

introduced called alpha power transformed families .These families require a closed  form of (c.d.f) for a baseline 

distribution . The first family of APT suggested by (Mahdavi and Kundo(2017)).Many modifications on the first APT is 

family have been done by changing some terms in that family such that the (A.P.T)functions satisfy the properties of c.d.f  

. Many A.P.T families of distributions  have been presented different  form the  Mahdavi and Kundo family and its all 

modifications.  Ijaz et .al (2020) produced a new family named a Gull A.P.T family symbolized a (GAPT) . 

For a continuous random variable (r.v) x follows a (GAPT) family of distribution whose c.d.f  is:- .  Ijaz et .al (2020) 

 

                                                                                                               (1) 

 

Where G(x) is a c.d.f of baseline distribution and  (a) is a shape parameter. It is known that G(x) is a c.d.f and it is clear that 

F(x) is right continuous function , increasing , differentiable these results proved as : 
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Therefore the increasing property is proved.  For the differentiability of F 
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Therefore F(x) is differentiable function . The P-th quintile    of GAPT distribution with condition     is a solution of 

the following equation below with respect to    : 
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It is well known that          
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The solution of either eq (2) or eq (3) with respect to    represent  P-th quantile . 
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Taking the derivative for both sides of eq (1) with respect to x , the p.d.f of GAPT is :- 
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                                                                      (4) 

f(x) must satisfies the conditions f(x) >0 and    
0

1f x dx



  

f(x) to be greater than zero ,the expression               must be greater than zero so that         
The survival and hazard rate functions of GAPT family are respectively given below : 

 

                                                                                                                (5) 

                           

  (6) 

 

The aim of this paper is to generalize a standard Weibull distribution using GAPT family .Some statistical properties will 

be discussed and parameters of new distribution will be estimated using MPS and  CVM methods . 

 

This paper is organized as section (2) dealt with a Gull Alpha power transform standard Weibull  GAPTW distribution 

section (3) discusses the different shapes of (hr) function .The tail of GAPTW discussed in section (4) , some important 

statistical properties given in section (5) ,section (6) contain two methods of estimation used to estimate parameters of the 

distribution  .The application is based on two real data sets and conclusions contained in sections (7) and (8) respectively . 

 

2- Gull Alpha Power transform weibull distribution  

Let           and           be the (C.D.F) and (p.d.f) of baseline weibull distribution given by :(Ashraf & Khan (2021)) 
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This distribution is symbolized as                where(     ) are shape parameters and    ) is a scale parameter . 

The survival and  hazard rate functions of GAPTW are  

                                                                                                        (11) 

             (12) 

3. Shapes of density hazard rate functions of GAPTW distribution . 

Shape of distribution reflects symmetric asymmetric skewness- tails of the distribution .All the above can be checked 

mathematically depending on theorems given by Glazer (1980) Define :- 

                                                                                        (13) 

Where  ̅    and       defined in eq's ( (11) and  (10)) respectively V(x) must be differentiable and continuous ,this can be 
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Taking the derivative to both sides of eq (13) with respect to x, we have  
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Taking the first derivative to both sides of       with respect to x , we get :- 

 
     

 

 

 

   

β β βx x xβ 2 β 1
β 1 β β 1 x ln βxβ 2 β 1α α α

1 x e x e e
2 β β

x α α

β βx x x
ln β 2 β 1α α α

1 ln 1 e β 1 x e x e
2

βx
β α

α (1 ln 1 e

x


 




     
     
     

     
    
     

 
 
 

      
     

  
 

   











 
 
 
 

  
  
          

  
   

a

a
a

a

 

β

β βx x β 1
βx1 α α

1

l

α

ne e
β

x

ax










   
   
   

 









  
  
  
  

 
 
 








                                                                                                                                                                  

(19) 

Making some mathematical simplification  ́    becomes as :- 
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Making discussions  in the following cases :- 
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i. For  
´

1 , 1  ,  0      0 x for all x   a <  

Therefore  the (hr) function is increasing :  

ii. For 1,      1      a e  

for all     so that (hr) curve is increasing . 

The (p.d.f) f(x) and  ̅    , F(x) , h(x) have been plotted in different values of parameters . 

Graph (1) the p.d.f in eq (10)  , c.d.f in eq (9) , sf in eq  (11) hrf in eq(12) ,of GAPTW distribution at different values of 

      and      . 

 

 

  

We notice from the figure that the distribution has a heavy tail 

4-  Heavy tailed distribution  

The distribution of a continuous random variable has a light tail if it doesn’t have a heavy  tail . The heavy tailed 

distribution is a  probability distribution whose tails are not exponentially bounded where they have heavier tails than 

exponential distribution .In many applications there is a right tail. 

A random variable x with (c.d.f) F(x) has a heavy tail if moment generating function (m.g.f) of x is infinite or the limit as 
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Therefore a (GAPTW) is a heavy tail distribution. Another method for testing the heavy tail in the distribution is based on 

the limit of (hr) function as     if it equals to zero , the distribution has a heavy tail . 

It is possible to compare the right tails of two distribution by the limit as     of the ratio of  two survival functions if the 

result approaches to     so that the distribution on the numerator is heavier than the other . This ratio is defined as  

                                                                                                                                         (21) 

Where  ̅     ,  ̅     be the survival functions of first and second distribution A comparison between (GAPTW) with 
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So that (GuAPTW) is heavier tail than Weibull distribution  

5. Statistical properties of (GAPTW) distribution  

In this section some important statistical properties of the distribution have been presented as :- 

5.1 Quintile function  

The quintile function    of q-th quintile a solution of the following nonlinear equation with respect to     

                                                                                              (22) 

so that eq (5-1) becomes : 
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Eq (23) is very important in simulating samples from (GAPTW) by replacing (      with         for i=1,2,…n 

where (n) is the sample size and    a random observation generated from U(0,1) . Also it is used to obtain the 

median of (x) where  

The median and quantiles were computed at different of  parameters values of (GAPTW) distribution . The result 

is shown in table (1). 

 

It is seen that from table (1) above that the additional parameter( ) has an opposite effect on the values of 

quantiles and mode .Also it is seen that the mode is smaller than median at all parameter values of the distribution 

which indicates a positive skew . 

5.2 Mode  

The mode is a numerical solution of the following equation with respect to x  
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Table (1): Quantiles and mode of (GAPTW) distribution at different values of parameter : 

      Q1 Q3 Me Mo 

1 0.5 0.25 0.4804671 4.588197 1.699874 0 

  
0.75 0.1326779 2.518494 0.698367 0 

  
1.5 0.03901163 1.108443 0.03901163 0 

1 1.5 0.25 0.7832147 1.661671 1.193454 1.068268 

  
0.75 0.5100646 1.360551 0.8872139 0.6289186 

  
1.5 0.3391544 1.034917 0.6258829 0.3386085 

1 2 0.25 0.8325546 1.463565 1.141837 1.116567 

  
0.75 0.6035548 1.259752 0.9141584 0.828462 

  
1.5 0.4444399 1.026083 0.703667 0.5533789 

 

 

The second derivative of  f(x) with respects  to x less than zero ,so that the solution represent the mode . 

5.3 r-th moment around zero  

The r-th moment around  zero is  
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By using the relation    ∑
         

  

 
      and making mathematical simplifications ,the r_th moment around zero  

of x is  
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The r_th moment above is infinite for all values of r ,so that the distribution is a heavy tail . 

6- Estimation methods  

In this section the parameters of GAPTW have been estimated by maximum product of spacing (MPS) and 

Cramer _von mies (CVM) methods .These two methods of estimation are discussed below: 

6.1 Maximum product of spacing (MPS)Method 

This method was introduced by cheng and Amin (1979) [2].this method based on maximization of the 

following function . 

                                                                                                           (26) 
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 For i=1,2,…n be the sample ordered observation in an assending pattern . 

After arrangement the sample observations on ascending order and substituting the c.d.f of GAPTW defined on (9) in to 

eq(26) the function          becomes : 

                        (27) 

The function (27) can be maximized  by methods of restricted non –linear optimization methods or by soliving the 

following non –linear equations  

                                                        (28) 

where 

 

1

1

1
p log

1

n

i

i

D
n









 

       1 1
1

1

1
, , 1 1  

1

x xi ii ix x
n

e e

i

P log e e
n

  

  
 

        
   
   

   
    
   
   



    
    

                

a a a

     , , , , , ,
0   , 0     , 0 

P P P     

 

  
  

  

a a a

a

 
       

   

 
 

   

1 1

1

1

1

, , 1 1

1

1 1

* * ln 1

x xi ii i

x xi ii i

n

x x
i

e e

x x

ie e

P

n

e e

x
e e

  

 

 

 

 



 



 







        
   
   

   
   
  
   



        
   
   

   
    
   
   






      
    

  
    

        

 
 
 

 
 
 


a

a a

a a a

 

 

   

 
 

     

 

1 11 1 1

1

1 1

1 1

*

* * ln 1 *

i

x xi ii i i

x

i

x x x

i ie e

x
e

x x
e e e



   

 







 

  

 





 

 




          
   
   

 
 
 
 



     
       
           

 

 
 

 
  

  
  

    
     

a a a



Iraqi Journal of Statistical Sciences, Vol. 21, No. 1, 2024, Pp (112-126) 
 

121 

 

         

  
 

 

   
∑

 

[  
 (

    
 )

 

(   
 (

    

 
)
 

)    
 (

      
 )

 

(   
 (

      

 
)
 

)]

   

   

 {[  
 (

    
 )

 

  
 (

    

 
)
 

 ( (
    

 
)

 

)   (
    

 
)(   

 (
    

 
)
 

)           
 (

    
 )

 

 
 (

    

 
)
 

 ( (
    

 
)

 

)   (
    

 
)]

 [  
 (

      
 )

 

  
 (

      

 
)
 

( (
    

 
)

 

)   (
      

 
)(   

 (
      

 
)
 

)           
 (

      
 )

 

 
 (

      

 
)
 

 ( (
      

 
)

 

)   (
      

 
)]} 

 

 

 

 

 

6.2 Cramer-von Mises (CVM)Method 

This method was introduced by MacDonald  (1971) [1].It is  based on the  minimization  the following function . 

                                                      (29) 

 

The  function is defined in eq (29) on be minimized by using either one of methods of non-linear optimization or by solving 
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7. Application   

This section deals the illustration of flexibility and effeciency of GAPTW on two read data sets . The  first 

represents the remission times of (128) bladder cancer patients ,and the second contains (40) times to failure of 

torbo charger . 

These two data sets are taken from Al sabhi (2022). These two data sets fitted by GAPTW , Weibull and another of 

alpha power transform family (Elbatal et.el(2019).The comparison has been made by Akaike information criterion 

(AIC) minus log likelihood (-lnL) and Kolmogorov  Smirnov  statistic . (Ijaz (2020) ) , (Ahmad (2021)) 

Table (1) :Goodness of fit criteria for canser data  

Distribution  AIC -lnL K. S 

Weibull  832.0256 414.0128 0.897625 

ELAPTW  834.7151 414.3576 0.896625 

GAPTW  785.0783 389.5391 0.8936625 

Table (2) Goodness of fit criteria for time to failure data 

Distribution  AIC -lnL K.S 

Weibull  170.1854 83.09271 0.7035 

ELAPTW  183.8567 88.92833 0.6591 

GAPTW  157.9303 75.96514 0.6559 

 

It is seen from two tables (1) ,(2) that the GAPTW distribution is the best fit to two real data sets also it is the better 

fit than the odd-logistic –lindly  weibull distribution which is proposed by Al sobhi(2022) . 
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Graph (1) The fitted p.d.f ,c.d.f survival function of cancer data  

 
 

  

Graph(2) fitted p.d.f, c.d.f survival for time to failure data  
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It is seen from two graphs above that all plots are support to results in tables (1),(2).The parameters of the best distribution 

to two real data sets have been estimated by (MPS) and (CVM) methods and the comparison of two methods have been 

done by mean square error criterion  

Table (2) MPS and CVM estimators of GAPTW distribution  

Data 
MPS CVM 

            

Cancer 1.22055 0.50224 0.00298 1.00000 1.00000 1.00000 

MSE 0.53274 0.02700 

Time to 

failure 
5.9352103 2.7811926 0.3546080 1.00000 1.00000 1.10000 

MSE 0.9374941 0.2856714 

8)-Conclusions:- 

In theoretical study of the GAPTW distribution it is concluded that the GAPTW is the heavier tail than Weibull and 

the (hr) function can be increasing ,bathtube or decreasing curve when the two shape parameters defined on 

different sub-intervals of their sample space  .In practice it is concluded that the GAPTW distribution is the best fit 

to canser and failure times data since they have the smallest goodness of fit criteria .It is seen that the CVM is 

better than MPS method of estimation CVM estimators is better than MPS estimators . 

References  

1. Ahmad, Z. 2020. The Zubair-G Family of Distributions: Properties and Applications. Annals of Data. Annals of data 

science. 2020, p. 7(2). 

2. Ahmad, Z.Elgarhy ,M.Hamedani,G.G,&Butt,N.S. 2020. Odd generalized NHgenerated family of distributions with 

application to exponential model. pakistan journal of statistisics and operation Research. 2020, pp. 53-71. 

3. Ahmad, Z.Mahmoudi,E & Hamedani, G.G. 2018. A new extended alpha power transformed family of 

distributions:properties characterzations and application to a data set in the insurance sciences. Communications for 

statistical Applications and method. 2018, p. 28(10. 

4. Al_Shomrani, A.,Arif,O.Shawky,A.Hanif,S.& Shahbaz,M.Q. 2016. Topp_Leone family of distributions:Some 

properties and application. Pakistan journal of statistics and Operation Research. 2016, p. 12(3). 

5. Alotaibi, R,Nassar M. Rezk, H, & Elshahhat,A. 2022. Inferences and Engineering Applications of Alpha Power 

Weibull Distribution using progressive Type_II Censoring. Mathematics. 2022, p. 10(160. 

6. Alotaibi, R.Nassar,M.,Rezk,H. & Elshahhat ,A. 2022. Inferences and Engineering Applications of Alpha Power 

Weibull Distribution using progressiv Type_II Censoring. Mathematics. 2022, p. 10(16). 

7. Alzaatreh, A.,Lee,C. & Famoye ,F. 2013. A new method for generating families of continuous distributions. Metron. 

2013, p. 71(1). 



Iraqi Journal of Statistical Sciences, Vol. 21, No. 1, 2024, Pp (112-126) 
 

125 

 

8. El_Sherpieny, E. S.A ,&Hwas ,H.K. Alpha Power Transformed Generalized Lomax Distribution with Application. 

International journal of Mechanical Engineering. p. 7(1). 

9. Eugene, N.Lee,C. & Famoya,F. 2002. Beta-normal distribution and its application . Communications in 

statistics_Theory and Method . 2002, p. 31(4). 

10. Glaser, R.E. 1980. Bathtub and related failure rate charactrizatrions . Journal of the American Statistical Association. 

1980, p. 75(371). 

11. Ijaz, M.Asim,S.M,Alamgir ,Farooq,M,Khan,A. & Manzoor ,S. 2020. A gull alpha power weibull distribution with 

applications to real and simulated data. plos one. 2020, p. 15(6). 

12. Jones, M.C. 2009. Kumaraswamy's distribution:Abeta _type distribution with some tractability advantages. Statistical 

Methodology. 2009, p. 6(1). 

13. Mahdavi, a. & Kundu,D. 2017. A new method for generating distributions with an application to exponential 

distribution. Communications in statistics_Theory and Methods. 2017, p. 46(13). 

14. Mandouh, R.M,Sewilam,E.M,Abdel_Zaher,M.M & Mahmoud,M.R. 2022. Anew family of Distributions in the 

Class of the Alpha Power Transformation with Applications to Income . Asian Journal of probability and Statistics. 

2022. 

15. Marshall, A.W, & Olkin ,I. 1997. Anew method for adding a parameter to family of distributions with application to 

the exponential Weibull families. Biometrika. 1997, p. 84(3). 

16. Maurya, S.K,Singh,S.K ,& Singh, U. 2020. A new Righr_Skewed upside down bathtub shaped Heavy _tailed 

distribution and its Application . Journal of Modern Applied Statistical Method. 2020, p. 19(1). 

17. Mudholkar, G.S ,& Srivastava .D.K. 1993. Exponentiated Weibull family for Analyzing Bathtub Failure _Rate Dats 

. IEEE Transaction on Reliability. 1993, p. 42(2). 

18. N.Amin, R.Cheng and. 1979. Maxmum product of spacings estimation with application to the longormal distribution 

. Communications in statistics _Theory and Method ,math. 1979, p. p.791. 

19. P.Macdonald. 1971. An estimation procedure for mixtures of distrbutions. Journal of the Royal statistical Society . 

1971, pp. vol.20,pp.102-107. 

20. Shaw, W.T ,& Buckley ,I.R. 2009. The alchemy of probability distributions:beyond Gram_Charlier expansions and a 

skew_kurtotic_normal distribution from arank transmutation map. arxiv preprint arxiv. 2009. 

21. Ashraf-Ul-alam, M., & Khan, A. A. (2021). Generalized topp-leone-weibull aft modelling: A bayesian analysis with 

mcmc tools using r and stan. Austrian Journal of Statistics, 50(5). https://doi.org/10.17713/ajs.v50i5.1166 

 

 

 
 
 
 
 



Iraqi Journal of Statistical Sciences, Vol. 21, No. 1, 2024, Pp (112-126) 
 

126 

 

 التطبيقدراسة توزيع الفا بور وايبل مع 
 

 هيفاء عبد الجهاد سعيدمدركة حدين مخمف و 
 .العراق ، المهصل ،جامعة المهصل، كمية عمهم الحاسهب والرياضيات قدم الإحراء والمعمهماتية 

 
تزيد المعممة من مرونة  ( عبارة عن عائمة تقدم معممة اضافية واحدة الى التهزيع الاحتمالي المدتمر الكلاسيكيGull Alpha powerان تحهيل ) :الخلاصة

( اكثر مرونة في التظبيق .تمت مناقذة بعض الخرائص GAPTWالتهزيع الكلاسيكي .تم استخدام ىذه العائمة لجعل تهزيع وايبل القياسي والذي يدمى تهزيع )
( والثانية طريقة CVMهزيع الاولى الحد الاقرى لمتباعد )الاحرائية لمتهزيع ومنيا الهسيط والربيعات والعزوم والمنهال وتم استخدام طريقتين لتقدير معممات الت

(Cramer _ Von Mises( وقد تم استنتاج ان )GAPTW( ذو ذيل اثقل من تهزيع وايبل ويمكن زيادة دالتو )hr( المتناقرة ووجد  ان تهزيع )GAPTW لو )
 تظبيق مرن في المجال الظبي وتحديدا في بيانات الدرطان والمجال اليندسي .

 تحهيل قهة الفا كهل ، طريقة اقرى ناتج لمتباعد ، طريقة كرامر _ فهن ميزس ، تهزيع وايبل  . :الكلمات المفتاحية
 

 

 

 

 

 

 

 

 

 

 
 
 

 

 


