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Abstract

In this paper ,we will find the solution
of some kinds of homogeneous non-linear
ordinary differential equations of second
order which are defined as the following
"The equation that each degree of any term
in it is equal in the degree with the other
terms in its dependent variable and
derivatives ".Specific assumptions is used
to find the general solution of these kinds
of equations, this assumption transforms
the non-linear differential equations of
second order to the simple formula of

differential equations of first order .

Introduction

Non linear equations are usually more
difficult to solve than linear once and the
number of classes of these equations are
very large ,so we will choose some kinds
of homogenous non-linear O.D.Es. of
second order which are homogenous in y
and its derivatives .

The researcher Kuder [5] .2006 studied the

linear O.D.Es. of second order which have
the formy” + p(x)y’ + q(x)y = 0 and

used the assumptiony = el z(x)dx

to find the general solution .

The researcher Abd Al-Sada [1] .2006
studied the linear P.D.Es. of second order
with constant coefficients and which have

the form AZyy + BZy, + CZyy +

DZy +EZ, +FZ =0,
where A,B,C,D,E and F are arbitrary
constants ,and used the assumption
y = e u@dx+[v()dy o find the
complete solution of it .
Finally,the researcher Hani [4 ] ,2008 ,
studied the linear P.D.Es. of second order,

which have three independent variables,

and which have the form

AZyy + Blyy + Cly + DZyy + EZy +
Fily +GZy + HZy + 12, +]J2 =0,
where A,B,C,...,] are arbitrary constants,

and used the assumption

y = eJuax+[v(yay+fwt)a

to find the complete solution of it .

In this paper ,we will find the solution of
some kind of second order nonlinear
0.D.Es. which are homogenous of degree

two and the general form is
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filey,yy)y + fo(x 3.y, ym)y +
fs(xy.y,y")y =0,

where f;, f, and f5 are linear of

dependent variable y and derivatives .The

[ z(x) dx

assumptiony = € help us to find the

general solution of this kind of equations .

Definitions
Def. 1:Bernouli Equation [7]

The form

y = fx)y + g(x) yk (D)
is the general form of Bernouli Equation .
There are several special cases

a — f(x) and g(x) are constants .The
equation is separable .

b —k =0 .The equation is linear .
c—k=1.The equation is separable .

d — Kk is neither zero nor unity (it is not
necessary an integer) .The solution is
given by

y0 =y, —y, (2

st y, =ce®y, =(1—
k)e® [e Pg(x)dx ;

d(x) = (1 - k)ff(x)dx

This result can be derived by three
different ways

i - let y®=1 =y therefore

u'(x) = (1—k)[g(x) + f(x)u Jthisis
linear equation and the solution is (2) .
ii — An integrating factor of (1) is
Ixy) =y e™®

The solution follows with two quadratures.

iii —Lety = uef, F(x) = | f(x)dx and get

u'(x) = uk g(x) ek~ DF
The equation is separable .Restore y after
it has been solved and the result is
equivalent to (2) .
Def. 2: Riccati Equation [ 8]
The general form of Riccati equation is
written as
y + h(x)y? + gx)y +f(x) = 0...(3)
where h(x) , g(x) and f(x) are given
functions of x ( or constants ) .
Def. 3: The Non-Linear Equation of
Second Order [ 2]
The general equation is
fx,y,y,y") =0
but terms like yy',y’y",xy’ etc,will
occur when it is given in explicit form .
Def. 4 :Non-Linear Homogeneous O. D.
Es. Of Second Order

The equation that each degree of any
terms in it is equal in the degree with the
other terms of it in its dependent variable
and derivatives is called homogeneous
non-linear O. D.E. with degree n if any
terms of it is of degree n.

The Solutions of Riccati Equation [6]
To find the general solution of the
equation

Z'(x) + Z%(x) + P(x)Z(x) + Q(x) =0

(4

Which is similar to Riccati equation ,we
go back to the forms of the function P(x)
and Q(X) ,by the following cases :

1-1If P(x) and Q(x) are constants ,say
P(x) = a and Q(x) = b then the equation (4)



Journal of Kufa for Mathematics and Computer

Vol.2, No.1, may 2014, pp 6-13

becomes

Z/(x) +Z*(x) +aZ(x) +b =0
and the general solution of the last
equation is given by

i-Z(x) = dtan(dc-dx) =2 ;

2 2
d>=b—-=, ifbhz#=,
4 4
where c is an arbitrary constants.
1 a a?
i-z(x)=———, ifb=—,
x+c 2 4

where ¢ is an arbitrary constants

2—If P(x) and Q(x) are not constants ,
then there are three cases
i —If Z; is a known solution to it , then
the general solution of equation (4) is
given by

— [(P+2Z1)dx
Z(X) = fee— ff(P+2211)dxdx

+ Z;

...(5)
ii — If Z; and Z, are two known solutions

to it ,then the general solution of
equation(4) is given by

Zy—c Z,e~J(Z1-Z2)dx
1—cef(Zl_ZZ)dx

Z(x) =

where ¢ is an arbitrary constants .

iii — If Z,,Z, and Z; are three known
solutions to it ,then the general solution of

equation(4) is given by

_Zi—c]J(x)Zp _Z3—Z4
20 ="ge =3,

where ¢ is an arbitrary constants .

To see proofs of the above formulas for

the general solution of equation (4) ,see[4]

Special Kinds of Non-Linear
Homogenous O.D.Es. of Second
Order [3].

There are two kinds
1 — Variable is Missing .

i - The independent variable is missing.
The general equation is given by

fyy,y") =0,

ii - The dependent variable is missing .
The general equation is given by

fxy,y") =0,
2 - The general case .No variable is
missing so that the given equation has the

form

fxyy,y") =0,
and there are two cases .

i -The exact non-linear equation [9] .

Suppose that the given equation is

®(xyy,y)=0, ...(6)
. . dy

using the abbreviations p = Ix and

2
p = d—szl ,the necessary and sufficient

conditions for exactness are

o0 d (00 d? (oo
2oL+ -0,
dy dx \dp dxZ \dp
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If y” in equation(6)appears to a degree
higher than one ,then the equation can

not be exact.

ii - Non-linear homogenous equation in 'y

and its derivatives [ 6 ] .In this case
Fxty, ty, ty") = tkF(xyy’y")

(7

where k is a constant .
Note 1:

We will chose the non-linear O.D.Es
of second order which are homogenous of
degree two only ,and the general form it is
given by

A0y y,y)y + Ry y,y)y +
f(x,y.y,y)y =0, ...(8)
where f;, f, and f; are linear of

dependent variable y and derivatives .

As the number of classes of non-linear

homogenous O.D.Es. of second order

are very large, so we will choose some
kinds to find the general solution of it ,
while the other kinds are solved by the

same methods .

Solving Special kinds of Non-Linear
Homogeneous O.D.Es. of Second
Order .

To solve the equation (8) so we will
choose some kinds of the non-linear

O.D.Es of second order.

1) A"y + A, (v + Ay =0

2) Ayxy"y + Aox (¥)? + Asyy' =0

D AXA(Y')? + AX2Y"y + Asy? =
In order to find the general solution of the
above equations ,we search a function Z(x)

such that the assumption

y = efzdx ..(9)

represents the general solution of the
required equations ,through finding y’ and

y"” from the equation (9) ,we get
y = Z(x)ef z(x)dx

y' = (200 + 22 (0)e/ 0%

by substituting y, y’ and y” in the above
equations , we get :

1) [AL(Z'(x) + ZX(x)) + AZ(X) +
As ] ez [z(0dx 0

2) [A1x(Z'(x) + Z*(X)) + Az X
Zz(x) +AsZ(X) ] ezJ 2x)dx =

3) [Ax* (Z'(x) + Z3(X))* + A, X
(Z() +Z° (0)° +AgJe? 0% =
0

since

y = erz(x)dx

, SO

1) [AL(Z'(x) + ZA(X)) + AgZ*(x) +
As] =0

2) [A1x(Z'(x) + Z*(X)) + Az X
ZA(x)+AsZ(x)] =0

3) [ALx* (Z'(x) + Z2(X))* + A, X2
(Z() +Z° (x)* +As] =0
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The last equations are of the first order
O.D.Es. and contain independent variable
x and dependent variable Z.

The General Solution of Non-Linear
Second Order of O.D.Es . of
Homogenous Degree .

To find the general solution of non-linear
second order of O.D.Es . of homogenous
degree ,we follow the following

1) A"y +A (Y)Y +Agy* =0
..(10)

where A; A, and A; are arbitrary
constants and not identically zero .Then
the general solution of equation (10) is
given by

y(x) = Acos(K; - K, X)B ,

where A, B, k; and k, are arbitrary

constants .

2) Acxy"y +A; X(Y)’ +Asyy' =0
(1)

Where A; ,A; and A; are arbitrary

constants and not identically zero .

Then the general solution of equation (11)
is given by

BxlB

y(x) = k1[ +k2]B2

where k; and k, are arbitrary constants .

3) A x* (y")+A Xy'y+Az y2 = 0
.(12)

10
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where A; ,A, and A; are arbitrary
constants and not identically zero .Then
the general solution of equation (12) is
given by

y(x) = AeJ 7210% [ g=J2214x gy g = of

where A isan arbitrary constant .
Solutions

1) Solution : since

[A1 (Z'(x) + Z*(x)) + AZ(x) + Ag]= 0
This equation is variable separable

equation ,we can solve it as follows

Z'(x)+B?+ B2Z%(x) =0

3
\KBZ + 2

= —dx

B1=

dz
B2+ B2Z(x)

tanh™? <%Z(x)> =k, — kyx:
2
kl = CBle ,kz = BlBZ
By
z(x) = —tanh(k; — kyx)
2

Then ,the general solution of equation (10)

is given by

y(x) _ efg—;tanh( kqi—k3x) dx

_ eszZ —k2X)+C .

; cos(k;-ky,x) >0
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= A cos (k; — kp x)?

..(13)

By
k;B;

where k; =e¢ | B = . kyand k,
are arbitrary constants .

2)  Solution : since
A; x(Z'(x) + Z7(X)) + Ay X Z3(x) +
A;Z(x) =0

This equation is similar to Bernouli

equation (1) and we can solve it as follows
B
z’(x);lz(x) + B,z%(x) =0 ;

A1+A,
Aq

_ A3

B, =
1 Ay

;BZ=

Then by equation (2) we get

—fﬂdx
z(x) = ——

_B1
[ Bye 5dx gy

So the general solution of equation (11) is

given by

—f%dx
JI—
y(x) =e

Sy v L
[Bye I Fax

1 In BzX_B1+ 1
-B1+1 2

A Ay, +A
where Ble—3 , B, = 2A L
1 1

ki =e

14)

and k, are arbitrary constants .

3) Solution : since
A X (Z(x) + ZA(X)? + A X

(ZXK)+Z2 () +As =0

Therefore

x*(Z0) +2%()) =

-A,+ /Ag— 4A,A3

244

This equation is similar to Ricati equation
and it has a particular solution Z; ,then the
general solution is given by equation (5) ,

therefore

e—f(Zzl)dx
Z(X) = —fe—f(zzl)dxdx + Zy

so the general solution of equation (12) is

given by

e~ f(ZZl)dx

Y(x) = ¢ Te TomE gt Al

— eln(fe‘fzzldxdx)+f21dx+ c

11
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— Aeledxfe‘fzzldxdx;A = ef

...(15)
where Aisan arbitrary constant .
Examples

Example (1) : To solve the non-linear
homogenous O.D.

Y'Y +30"" +4y* =0

which the independent variable is missing,
we will use the formula as given in (13),

then the general solution of it is

y(x) = A cos(4B — 4x)%
where A and B are arbitrary constants .
Example (2) : To solve the equation
xy"y +2x(y')* = 2yy' =0

which is exact non-linear equation since
the sufficient and necessary conditions are
holds ,we will use the formula as given in

(14) ,then the general solution of it is

1
y(x) = ki (x® + ky)3
where k; and k, are arbitrary constants .

Example (3) : To solve the non-linear

homogenous equation
X'y - 4 y"y +4y* =0
we can see the Ricati equation

z'(x) + z%(x) —% =0 ;

Vol.2, No.1, may 2014, pp 6-13

which is product through solving the

original equation and it has a particular

_ 2
solution Z; = e

We will use the formula as given in (15) ,

so the general solution of it is given by

y(x) = Aefidxfe_%dxdx

_A4 3_1
_X(Bx 3)

where Aand B are arbitrary constants .
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