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Abstract

In this paper we proved a common fixed point theorem by using ®- contraction condition and also provided an

example which supports our main result.
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l.introduction

In 1989, Bakhtin [1] submit the connotation of quasi-
Metric Space as a popularization of Metric Spaces
(M.SP). in (1993),czerwik [2, 3] propagated many
remarks referred to the b—metric spaces (b-M.SP). in
(1994),matthews [4] admitted the connotation of
partial metric space (P.M.SP) in which the self -
distance of every point of space does not equal 0. in
(1996), o'neill popularized the notion of Partial metric
space (P.M.SP) by introduced non positive distances.
in (2013),shukla [5] generalized both the concept of
(b-M.SP) and (P.M.SP) by submitting the partial b-
metric spaces (P.b-M.SP).For example, many of
researchers recently studying this axiom and its
popularization in various types of (M.SP)
[61.[7].[8].[9].[10].[11], [12].

In this this paper we proved a common fixed point
theorem for four maps in partial — b — metric space
and also provided an example which supports our
main result.

Definition 1.1 [13] Let M be asetand letr > 1 be a
real no. A mapping d: M X M — [0,0) is called a
(b-M.SP) if vV u,v,w € M the following conditions are
holding:

i) d(u,v) =0 iff u=v

ii) d(u,v) = d(v,u);

i) d(u,v) < r[d(u,w) + d(w,v)]:

The pair (M, d) is called a b-Metric space (b-M.SP). r
> 1 is called the factor of (M, d).

Definition 1.2 [4] Suppose M be a nonempty set. A
mapping p:M X M — [0,) is called (P.M.SP) if ¥
u,v,w € M the next terms are satisfied:

i) u=v iff p(u,u) = p(u,v) = p(v,v);

i) p(u,u) < p(u,v);

i) p(u,v) = p(v,u);

Iv) p(u,v) < p(u,w) + p(w,v) - p(w,w):

The pair (M; P) is called (P.M.SP).

Remark 1.3 It is clear that the (P.M.SP) need not be
a (b-M.SP), since in a (b-M.SP) if u = v, then d(u,u)
=d(u,v) = d(v,v) = 0. Butin a (P.M.SP) if u = v then
p(u,u) = p(u,v) = p(v,v) maybe not equal to zero.
Therefore the (P.M.SP) maybe not a (b-M.SP).

At the different side, Shukla [18] admit the concept of
a (P.b-M.SP) as follows:

Definition 1.4 [5] Suppose M be a nonempty set and
r>1beareal no. P,:M XM — [0,00) is called a
(P.b-M.SP) if V u,v,w € M the next terms are hold:

i) u=viff Py(u, u) =Py (U, v) = Py (v, Vv);

ii) Pp(u, u) < Py(u, v);
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iii) Py (u, v) =Py (v, u);

iv) Py (U, V) <[Py (u, W) + Py (W, V)] - Py (W; w):

the pair (M; Py) is a (P.b-M.SP). r > 1 is called the
factor of (M, Py).

Remark 1.5 The class of (P.b-M.SP) (M, Py) is surely
greater than the grade of (P.M.SP) , because a
(P.M.SP) partial metric space is a particular kind of a
(P.b-M.SP) (M, P,) when r = 1. Also, the grade of
(P.b-M.SP) (M, Py) is surely greater than the grade of
(b-M.SP), because a (b-M.SP) is a particular kind of a
(P.b-M.SP) (M, Py) while the self - distance p(u; u) =
0

the next examples discern that a (P.b-M.SP) on M
need not be a (P.M.SP), nor a (b-M.SP) on M see also
[14], [18].

Example 1.6 [5] Suppose M = [0,1). Let P,: M X
M — [0,0) be a function whereas P, (u; v) = [max
{u, v}]*+ Ju— v, v u, v € M. Then (M, Pp) is a (P.b-
M.SP) on M and the coefficient r = 2 > 1. But, Py, is
not a (b-M.SP) nor a (P.M.SP) on M.

Proposition 1.7 [14] Every partial b-metric Py
defines a b - metric dp, , where

dp, (U, V) =2Py (U, V) - Py (U, u) -Py (V, V),V U,V E
M.

Definition 1.8 [14] A sequence {u,} in a (P.b-M.SP)
(M, Py) is called:

i) P, -convergent to a point u € M if
lim,, . P, (w,u,) = P, (w,u)
ii) a P, -Cauchy sequence (C. Seq.) Iif

limy, ;00 Py (Uy, Uy, ) defined and is restricted;

iii) A (P.b-M.SP) (M, Py) is called P,-complete if any
Py-(C. Seq.) {u,} in M is P, approaches to a point u
€ M provided

lim P, (uyuy,) =
n,m-oo

lemma:1.9 [14] A seq. {u,} is a Py-(C. Seq.) in a
(P.b-M.SP) (M, Py) if and only if b--(C. Seq.) in the
(b-M.SP) (M, dp, ).

Lemma 1.10. [14] A (P.b-M.SP) (M, Py) is Py-
Complete if and only if the (b-M.SP) (M, dp,) is b-
Complete. Moreover, lim,, ;oo dp, (Up, Uy,) =0 iff

lim P, (upy,v) = lim P, (u,,u) = P, (u,u)
n,m-oo n-oo

Definition 1.11 [15]: The pair of the self-mapping A
and S of a (M.SP.) (M, d) are said to be weakened
Compatible if they commute at coincidence points.
i.e., if Au=Su= ASu=SAuforuinM.

lim P, (u,,u) = P, (y,u)
n—-oco
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2. Main Results
Theorem2.1: Suppose (M, P, ) be a (P.b-M.SP) with

the factor r>1. Suppose A BC.,D:M —>M be
mappings satisfying the following
,B, (Cu,Dv )H

(2.1.1)

uveZ and ®@:[0,0)—>[0,00) be
monotonically non-decreasing continuous function
with @ (t)<t for t>0.

(21.2) A(M)cD(M), B(M)cC (M)

(2.1.3) either C(M) or D (M) is Complete
subspace of M.

(2.1.4) One of (A, C) and (B, D) is weakened
Compatible.

So the mappings A, B, C and D have a single mutual
fixed point in M.

Proof:- Choose Ug,Vy€U.

R, (Cu,Au)-P, (Dv,Bv)
1+P, (Cu,Dv)

rp, (Au,Bv)s@[max{

For all

From (2.1.2), 3
sequences {un} and {Vn} in u provided

AUy, =Dujn,y =V,

0,1,2,..

LetV,, =V, for somen.

BUgny =CUgp,p =Vopyy V=
Case—1:

Claim:  Vpq,1 =Van,o

Suppose Vo1 #Von o
From (2.1.1), we have that

r.B, (V2n+1:V2n+2)
=r.R (AU2n+2’ BUjp.1)

{max{Pb (Cu2n+2 Au2n+2) Pb (Du2n+1 Bu2n+1)

<O
1+P, (Cuzpans Duzm)

Pb (CuZn+2Y DUZMI)H

Po (V2ns1:Vans2) Po (Von Vonsa)
R ,
{ { 1+P, (Vans1:Van) b Vania:Van)
V2n+1rV2n+2)
<o R, (v v
|: {l+ Py V2an2n+1) ° ( 2 2n+2)}jl

(Pb V2n+1!V2n+2))

< Pb (V2n+1'V2n+2)
Which is contradiction.

Hence Von.1 =V an+2
Continuing in this way we can conclude that

Von =Vaonsk

{V on } is a Cauchy sequence in M.
Case—2: V, #V,,4 Vn,putpP, =P, (v
From (2.1.1), we have

R Au,, )-R, (D B
r.Pb(AUZH,BUZM)s@[max{ y (Upn Ay )Py (D501, BUgy.g)

14R, (Uzy, Dugysr)
=D [max{

n’Vn+1)

Po (VaniaV2n ) Po (Vo Vanaa)
14+P, (Von1:Von)

+Po (Vans1Van )H

Py (Cugy, DUZM)H
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if PoVanaVon) P VonVana) i maximum, then
1+P, (Von-1.Y2n)

I"l:)n (V2n 'V2n+l)
S(I{Pb( 2n-1Y ) Pb( 2n 1V2n+l)
1+PR, (VZn—l!VZn )
< P (V2n—lvv2n)'Pb (V on VY 2n+l)
1+R (V 2n—1'V2n)
It follows that
1
1+h (V on-1:V 2n ) <§Pb (V2n—1!V 2n ) <R, (V2n—llv2n )

Which is a contradiction.
Hence P, (v ) is a maximum.

Thus

r. Pb (V 2n 'V2n+1)
< I:’b (V 2n—11V2n )
It follows that

P

2n-1:V 2n

(Pb (V2n—1'V2n ))"'(1)

=RV, ’V2n+l By (V 2n—l’V2n) P (V2n—l’v Zn)

_-,{PZH} is non-increasing sequence of positive
numbers. Hence it converges to some limit point
k>0.

Suppose k > 0.

Letting N —> 0 jn (1), we have that

r-k s@(k)<k

which is a contradiction

Hence k=0.

Thus |im P,, = lim R, (V2an2n+1):0' ....... 3)
n—oo n—o0

Now we prove that {V on } isa (C. Seq.).

For n,m € R with m >n. We have

P (VanVom)

<r |:Pb (VanVansa) ¥ Py (VonaaVon )]_ Py (V 2041V 2n41)

2 m-2
SER (Von Vanaa )+ Py (VopeaVansg )+t TR (Vo 1V ) (B)
Letting N — o0, we have that

i By (4303 ) =0 ++(4)

Therefore {V Zn} isa (C. Seq.) in M.

we can also prove {V 2n+1} isa (C. Seq.) in M.
Therefore {V n} isa (C. Seq.) in M.

From Lemma (1.9), conclude that {v 1} isa (C. Seq.)
in (b-M. SP.) (M 'de)'

Suppose D (M ) is Complete subspace of M.

Since {v,, } isa (C. Seq.) in composition with (b-M.
SP.) (D(M).dy )

It follows that {V on } approaches to x at D(M).
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Thatis jim d,, (v,,,x)=0 for some x eD (M), there

exist t eM such that D (t)=x .

Since {v,} is (C. Seq.) and v 5, — X, it follows that

Vonua X

From Lemma (1.10) and (3), we have that

R (x,x)=1lim B (v, X )= lim By (V5,,4,X )=0 *
n—o n—o0

Now we prove that jim p, (At,v,,)=P, (At,x)

n—o0

Since by definition of de ,

(5

dp, (At,V,)=2R, (At,V,,) =R, (At AL) =R, (V2 Vo0 )

By def. to dpb ,and (3), (5), see that

limdp (Bt,v,, )= lim B, (Bt,v ,, )P, (At, At)
n—oo

n—o0

Implies that
lim B, (Bt,vy, ) =R, (Bt,x)
n—oo

From Py, we have that
R, (Bt,x)<r [Pb (Bt,Vy, )+PRy (v ons X )]—Pb (V 2041V 2n41)
Letting N —> 00, we have that
P (Bt.X)  <iimp, (Bt.v,,)
n—o

=s-lim B, (Au,, ),Bt
n—oo

[max{

[max{

,P, (Cuy,, Dt )H
Py (Vong, X )}]
= d(max{0,0}) =0.
Itis clear that Bt =x =Dt .
Since (B, D) is weakly compatible pair, we have
Bx =Dx .
Now we claim that BX =X .

Suppose Bx =X .
Consider

Py (BX,X )< TPy (BX, Vo )+Py (V2. X )] =P (V2n Vn)
Letting N —> 00, we have that
P, (Bx,X) < limr-R, (Bx, Auy, )

n—oo

[max{Pb (Cuyy, AUy, )-P, (Dx,Bx)

1+P, (Cuy,, Du)
[max{

= ®(max {0, B, (x,Bx)})
=®(R, (x, Bx))
<P, (Bx, x),

which is a contradiction.
Hence Bx =x =Dx
Therefore, x is common fixed point of B and D.

P, (Uzn, AUy, )- P, (Dt,Bt)
1+P, (Cuy,, Dt)

Py (Von-1V2n )Py (X, Bt)
1+P) (Von, X)

< lim o

n—oo

=lim®

n—oo

<limo

n—ow

/P, (Cuyy, DX )H

Py (Von 1. BX )}J

Py (Von-1Vaon )Ry (X,BX)

<lim®
1+P, (V0. BX)

n—o
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Since B(M )<C (M) we have that x =Bx =Cy
forsome y eM .

From (2.1.1), we have that

rR, (Ay,Bx)

s@[max{
Ry (X, Ay )-Ry (x,x)

Py (Cy,Dx )H
=cl{max{ 1+P, (x,x)
=®(max{0,0}) =0.

By (XX)}]
Itis clear that Ay =x =Cy
Since (A, C) is weakly compatible pair, we have
Ax =Cx .
Now we prove that Ax = X.
Suppose that AX =CX .
From (2.1.1), we have that
rR, (Ax,x)=r-R, (Ax,Bx)

< ®| max Pb(CX'AX).Pb(DX'BX),Pb(Cx,Dx)
1+PR, (Cx,Dx)

< ®| max Ry (x,AX)-Ry (X’X),Pb (x,Ax)

1+P, (x,Ax)
=®(max{0,R, (x, Ax )})
=®(P, (x,Ax)) <P, (x,Ax),
which is contradiction.
Hence AX =X =CX ... (8)
From (7) and (8), we have
Therefore, x is mutual fixed point of A, B, C and D.
To prove singularity let z is another mutual fixed
point of A, B, Cand D. suchthatX #Z .
From (2.1.1), we have that
rP,(x,z)=r-R, (Ax,Bz)

R, (x,Ax)-P, (Dz,Bz)

1+P, (Cx,Dz) Py (Cx.D2)

ax "',Pb(x,z)}]

f o]
= ®(max{0,R, (x,2)})

=®(PR, (x,2))

<R (x,2),

And that represent a contradiction.

Hence x is single mutual fixed point of A, B, C and
D.

The following example illustrates our main theorem
Example2.2: Suppose M =[0,1) be (P.b-M.SP) with

R, (Cy,Ay)-P, (Dx,Bx)
1+P, (Cy,Dx)

P, M xM —[0,00) defined by p, (u ,v)=[max{u v }]2
vu,v € M Clearly (M,R,) be complete (P.b-M.SP)
with r =2. Define that mapping A,B,c,D:M —M by

J=5 D(M)=7

u_.c(M
61+u

A(M) = =

3

u ,
=3\/1+_u B(M)
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Also @:[0, ) - [0,0) by @(t) =§ Then A, B, C
and D satisfies all conditions of
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