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Abstract— Let & = (V.E} be a simple graph. A
set ! © V' is a dominating set of &, if every vertex in
V" — D is adjacent to at least one vertex in . Let K;, be
complete graph with order n. Let K’ be the family of
dominating sets of a complete X, with cardinality i, and
let d(k,.i) = k.| . In this paper, we construct X, and
obtain a recursive formula for d(&,.il. Using this
recursive  formula, we consider the polynomial
DK, x) = L. d(K, x', which we call domination
polynomial of complete graphs and obtain some
properties of this polynomial.

I. INTRODUCTION

et G=(V,E) be a simple graph of order

[VV]= n. Aset D =V is a dominating set of G,
if every vertex in I — D is adjacent to at least one
vertex in 2. The domination number ¥ (&) is the
minimum cardinality of a dominating set in &. For a
detailed treatment of this parameter, the reader is
referred to [6]. It is well known and generally
accepted that the problem of determining the
dominating sets of an arbitrary graph is a difficult
one (see [5]). Alikhani and Peng found the
dominating set and domination polynomial of
cycles and certain graph [1],[2]. Gehet, Khalaf and
Hasni found the dominating set and domination
polynomial of stars and wheels [3][4]. Let &, be
graph with order n and let G: be the family of
dominating sets of a graph G, with cardinality ¢ and
let d(6G,.©) =|G.]. We call the polynomial
D(G,,x) = XL, ; d(k, i)« the domination

polynomial of graph G [2]. Let k7 be the family of
dominating sets of a complete graph #, with
cardinality i and let 4(x,.:) = k.. We call the
polynomial D(x,.x) = I, d(K,.:)x", the domination

polynomial of complete graph. In the next section
we construct the families of dominating sets of &,
with cardinality i by the families of dominating sets
of ¥,_. with cardinality i and i — 1. We investigate
the domination polynomial of complete graphs in
section 3. And we study dominating sets and
domination polynomial of some cases of complete
graphs with missing edges in section 4.

As usual we use ["} for the combination n to £, and

we denote the set {1, 2,..., n} simply by [n], and we
denote p(v) to degree of the vertex v, and let
A(G) = max {p(v)|¥v € V(G)] and
§(G) = min {p(v)|¥vv € V(G)]

II. DOMINATING SETS OF COMPLETE GRAPHS

Let #.,, n = 3, be the complete graph with = vertices
V (K,)=[n]and E(k,) = {(v,u): vo.u € V (&)}
Let & be the family of dominating sets of &, with
cardinality i. We shall investigate dominating sets
of complete graph. To prove our main results we
need the following lemmas:

Lemma 1 [3] The following properties hold 8
graph G.

(DGR =1 (D)6 =n (i)|GL| = 0ifi =n

(iv)|G]| =0
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Lemma 2 [3] The following properties are hold by

definition of combination[ (%) = ;-;r:_:y.;)fw all
ne _ ) _
O =1 ®HCL)=n @) =n

(iv) [E} = 1(v) ["} =0ifi = n

Theorem 1 Let &, be complete graph with order
n, then d(k,.i) =(7)¥n e Z7 and i 1,2,...n
Proof.

Let %, be a complete graph, since every vertex
v € K, it is adjacent with every other vertex u € &,
then every subset of k&, with cardinality
W 1=i =n is dominating sets of ¥, therefore
ik, 0 =(") m

Theorem 2 Let &, be complete graph with order 7,
then

dK, ) =d(K,_,,0+d(K,_,,i—1}) Vi=1 n>1.

Proof.
(i) We have(]:)=J

:'iJ: - 1:' ...{:: —i+1 :":J: —:':l.

in—i)

nin-L.in—i+1l) _ (n-1)in-2).dn—i+1)
1 = 1 'ﬂ-'
fm—1y  m—11n =2} .. 0 — i}
L, )= : =
m—1ln -2} in—i+ 1}
Jdm =10
fm—1 ] m—11n—2) .. (n -l
| = =
Mi—1 {i—1y
n—1ln-2)..n—i+1}
(n=-1)¥n-2)..n—i+1)! .
Let m = - , then dik,.il=

[“}: mr, and d(x,_.. I+ d(Ky_pi—1) =m(n—i)
d(k,.i) m

+mi =mn —mi + mi =mn

Using Theorem 1 and Theorem 2, we obtain the
coefficients of 0 (x,.x) for 1 < n <15 in Table 1.
Let d(k,.) = k.. There are interesting relationships
between the numbers d(x,.:} (1 =i=mn) in the

table.

1 1 2 3 4 5 5] 7 8 9 10 11 12 13 14 15
n

1 1

2 2 1

3 3 3 1

4 4 8 4 1

5 5 10 10 5 g

5} 53 15 20 15 (5] 1

7 7 21 35 35 21 7 1

] 8 28 56 70 56 28 8 1

9 9 36 84 126 126 84 36 9 1

10 10 45 | 120 | 210 | 252 | 210 | 120 | 45 10 1

11 1 55 165 330 462 462 330 165 55 11 1

12 12 66 220 495 792 924 792 495 220 66 12 1

13 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1

14 14 91 364 1001 2002 3003 3532 3003 2002 1001 384 91 14 1

15 15 105 455 1365 3003 5005 6535 6535 5005 3003 1365 455 105 15 i |

Table 1. d(x,,.:JThe number of dominating sets of &,

with cardinality :

In the following theorem, we obtain some properties
of dl&,. 1)

Theorem 3 The following properties hold for
coefficients of D(k,.x), ¥ neE Z7:

(i) d(K,.1) = n.

(i) d(K,.1) = d(K,.n—1).

(iii) If n is even number, then d(&,, =) = d(&., =)
EH:) J:;(‘:{“::I 1

Proof.

Let &, be a complete graph, then

()By Theorem 1 d(k,. 1) = (¥) = n, then d(k,. 1)

T,

(ii) We have (1) = ("), then

d(K,.i} =d(K,.n—i) (by Lemma 2 and Theorem 1)
(1if) It is hold from (ii)

(iv) since {v}vv € V(K,)is dominating set of
(H.":)’then T’J[‘:{t) 1.3

111. DOMINATION POLYNOMIAL OF A COMPLETE
GRAPHS

In this section we introduce and investigate the
domination polynomial of complete graphs.
Definition

Let & be the family of dominating sets of a
complete &, with cardinality £, and let d(x,. i) = &} |,
and since ¥ (,) 1. Then the domination
polynomial D(x,.x! of &, is defined as

D(K, . x) = i d(K,, i)x"

Theorem 4 The following properties hold for all
DK, x) ¥nx=3

(1) (&,.x) = D(K,_,.x) + xD(K,_;.x) + x
(i0) D(K, ) = Ziy(7)x

Proof.

(i) from definition of the domination

polynomial and Theorem 2, we have
D(K,x)=2 %,d(K, i)x'=X" d(K, _, i)x
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+ X, d(K,_,, i —1)x" we have d(K,, i) =0 if
=nori=0(Lemmal), then 2", d(K,_,.i)x' =

Tf‘id(ff,,_ij )1 —3(m %) and (since
Ak, i—Dxt=(")=("1)=1if i=1
and  Xio,d(K, i — DT =EI0 N d(K, D),
then

Xl d(K, i — D' =x X d(K, 4,1 — 1)«
=x[XtdiK, g, i)xt—1] —13[-1 x) +ox
therefore D(k,.x} = DK, _..
(i) D(k,.x) = Ty d(K, D)x' = T, (7 )«
Theorem 1) .

¥+ ox

(by

) + xD(K,_,.

Example 1
Let K. be complete graph with order 6,

then,y( K;) = 1and D(x,0=Z,(%)x'=
+15x°

6x + 15x7 + 20x° + 6x° + x® (see Fig-l)

Fig-1: G=K6 has ('I’) dominating set with cardinality i

IV. DOMINATING SETS AND DOMINATION
POLYNOMIAL OF COMPLETE GRAPH WITH
MISSING EDGES

Let K, be complete graph with order =, and let # be number
of missing edges from K., we denoted by &, (—:) to
complete graph with number of missing edges.

We mine trail if el,e2.¢3...., ek missing edges, then el

adjacent ¢2. 2 adjacent €3..... and ek — [ adjacent ek
To prove our main results in following theorems we need the
following proposition

Proposition 1
Let G,, = K, (—=) the following properties hold for all graph

G,.. The following properties are clear see figure (2,3,4,5).
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(i) 5 (67 =n — 2 ifall missing edges are independent
(ifh 6 &y =n — 3Jifall missing edges are trail

i) 6lel=n-1-=¢
(iv) n—1-§8(6)

if all missing edges are adjacent.

=

n—1iz z+1if all

.'l.l'.

() Number of vertices with degree
missing edges are adjacent
n—1lizs+1ifall

.'I.I'.

(i) Number of vertices with degree
missing edges are trail

2z if all
missing edges are independent (©iii) Number of vertices
with degree = —2is 2z if all missing edges are
independent (ix} Number of vertices with degree
n —3is z—1land number of vertices with degree

{wii} Number of vertices with degree = n —1is

n — 2 is 2 if all missing edges are trail
(x) Number of vertices with degree n — 2is= and
number of vertices with degree n —1 — = is 1 if all missing

edges are adjacent.

Theorem 5 LetG,, = K, (—<)
properties hold for G:

, then the following

(i) d(G,.0) = " vizn—1—3§(G)

(it) dle,.0 = (7)—(5) vi= gif all missing edges
are adjacent

(iti) d(Guid = () Vize

(iv) d(G,. 00 = (7) ¥ i>1if all missing edges are
independent

(v) d(G,. 1)=n — 2 if all missing edges are independent
(vi)d(G,. 1) = n — (£ + 1) if all missing edges are
adjacent

(vii)d(G,. 1) = n — (£ + 1) if all missing edges are
trail

(wii)d(6,.2) = (7

trail

} — (£ — 1) ifall missing edges are

(ix1d(G,. 1) = () ¥ 1> 2 if all missing edges are trail

(x) d(G,.1) = n — £ if all missing edges are trail such that

$
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formation C;

(xi) d(G,.2) = [;} — ¢ if all missing edges are trail such
that formation C.

Proof.

By the properties in Proposition 1, we prove the following
proposition:

(] Let v be vertex with degree &(G), then it has

n — 1 — &(&) of missing edges, then we have n — 1 — & (&)
vertices are nonadjacent with 1, hence every subset of &, with
cardinality i = n — 1 — &(G) is dominating set of &,, then
d(Gy i) = (7] vi>n-1-6(G) (see Fig 2,3,4,5)

(it} since all missing edges are adjacent, then we have =
vertices are nonadjacent with one vertex, then we have only

[} % i = £ are not dominating set of ,, therefore

d(G,.t) = (1) = (5) ¥ i = 2 (see Fig-2).

[iiiWehave s =n—1— G{G) andsincei = £ then
tzn—1-8(6) andd(G,. 0 =(7)¥i=z by(i) (see
Fig-2,3,4,5)

(v} since all missing edges are independent, then

60G) =n — 2. therefore d(G,. 1) = (7) Wi>1 by (1) (see
Fig-3)

() since all missing edges are independent, and we
have = number of missing edges, then we have 2=
vertices with degree n - 2, and since {v}¥ v vertices
with degree n -2 is not dominating set of G,, therefore
d(G,. 1)=n — 2&. (see Fig-3)

(v} since all missing edges are trail, and we have = of missing
edges, then we have = + 1 vertices with degree <n -1,
and since {v}v v vertices with degree < n - 1 is not
dominating set of G,,, therefore d(G,.1) =n — (¢ + 1)
(see Fig-4)

{wit) since all missing edges are adjacent, and we have = of
missing edges, then we have =+1 vertices with degree <
n -1, and since {v}¥ v vertices with degree <n - 1is
not dominating set of of &, therefore

d(6, 1) =n — (g + 1) (see Fig-2)

(vit) vv € Vi G)if o(v ) =n — 3, then there exist set

with cardinality 2 is not dominating set of &, since all
missing edges are trail, then we have (£ - 1) vertices with
degree n - 3, hence we have (£ - 1) sets are not dominating set
of G, therefore d(G,.2) = [:} — (£ —1) (see Fig-4)
(ix) since all missing edges are trail, then 5 G} = n — 3,
therefore d(G,. i} = (7) ¥ i>2 by (1) (see Fig-4)

(=) Since all cycle V(C)=E(C), then we have £ vertices with
degree < n -1, therefore d{G,. 1) = n — = by (i) (see Fig-
5)

(xi) p(v) =n—3VveC thend(6,2)=(3) -«
by (viii]}) (see Fig-5) « [~

Theorem 6 Let 6,=k, ( - =),then the following
properties hold for G:

(1) D, (-£),%) = (n-1- epx+ Zre((7) — ()t if
all missing edges are adjacent

(if) D, (- £), %) = (0 -2 )x+ Zre,(T)xtif all
missing edges are independent

(1i6) D(, (- £), X) = (n -L-eper(()-(e-1))* +
Zra(7)x" if all missing edges are trail

(1) D(&: (- 2), %) = (n -+ ((3)-)* +
E;"-:E[_?}xf if all missing edges are trail such

that formation ..

Proof.

(i} Since all missing edges are adjacent by Theorem 5 in (ii)
and (vi) D(%,.(- £),X)=

d(K, (—&),x+ X, d(K, ( —&) i) =(n-I- £)x
+ Za((7) - ()

(it} Since all missing edges are independent by Theorem 5 in
(iv) and (v) D(k, (=), x) =
d(K,(—s), Dx+ X, d(K,(—=),i)x" = (n -2 &)x
+ E“::["}:L

(it Since all missing edges are trail by Theorem 5 in (vii),
(viii) and (ix) D(%, (—e)x) = d(K, (—¢), 1)x
+d(K, (—&), 2)x? + X d(K, (—&), i)x'=
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(n _1_8))(_'_(['?«.}_(8_1))1.: T Ti”_,["’_’}f Fig-4: =K (-4)all missing edges are trail

(iv) Since all missing edges are trail such that
formation C_ by theorem 5 in (ix),(X)

and  (vi) D(K, (—£).x) =d(K,(—=), 1)x
+d(K, (—&), 2)x? + X d(K, (—&), i)x°

=(n-ep+((5)-8)x + Zieg(Dx'. =

Fig-5: &G=K;(-4) all missing edges are trail formation Cg
Example 2
Let G, =K ( - 4), be complete graph with four missing edges
are adjacent, then Domination Polynomial of (G) is
D(; (—4),0=@x + ZE((F) — ()x'=3x+
22x% + 52x% +69x* + 56x° + 28x° + 8X” + x° by
Theorem 6 (see Fig-2)
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