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Abstract.In this paper, we studied the
geometric structure of one important
class of almost Hermitian manifold
which is called Viasman-Gray manifold.
This manifold is a generalization of the
classes nearly Kahler manifold and the
locally conformal Kahler manifold. We
provedthat, if Mis Viasman-Gray
manifold with flat conformal curvature
tensor, then M is a manifold of class
R,if and only if,Mis a manifold of flat
Ricci tensor. The necessary condition
that M is of zero scalar curvature tensor
has been found. Finally, we proved that,
ifM is VG-manifold of class W; and of
flat Ricci tensor then Mis Kahler

manifold.
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1 Introduction.

The studyof conformal invariant properties
of Riemannian manifold with other structure
playanimportant place in modern geometry.
This study began by the work of Gray and
Hervalla[2] which were classified the almost
Hermitian manifold into sixteen classes,
between these classes there are eight
invariant under the conformal transfor-
mation metric. One of these classes is
Viasman-Gray manifold that is denoted by
W, @W,which is represents a generalization
of the classes WjandW,. The class Wjis
called a nearly Kahler manifold. This class
defined by Tachibana [9] under the name K-
space which is not invariant under conformal
transformation metric but it belongs to the
class locally conformal nearly Kahler
manifold which is invariant under conformal
transformation. The class W, is called a
locally conformal Kahler manifold which is
invariant with respect to the transformation

metric.
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The

differentialgeometric properties and it is

class W,;®W, has rich
represents interesting study. So there are
many researchers are studied this class, in
Vanheke[3],
Viasman[11] and Kirichenko [6], [7].

particular Gray and

2Preliminaries.

Let M be a smooth manifold of
dimension2n(n > 1),C*(X) be an algebra
of smooth functions on M, X(M)be a Lie
algebra of vector fields on M. An almost
Hermitian structure (AH —structure) on M is
a pair of tensors {J,g =<>}, where Jis an
almost complex structure, g =<.,.> is a
Riemannian metric, such that < JX,JY >=
<X, Y>; X,Y eX(M).A smooth
manifold M with AH —structure is called an

almost Hermitian manifold (AH —manifold).

In the tangent space Tp(M)there exist a
basis of the form {e4, ..., €, &, ..., E 1t
corresponding frame

is{p,&1,--,&n, & -, Ex}. Suppose that the

indexes i,j,kl in the
range 1,2, ...,2n and the
indices a,b,c,d,e, f,g,h in the

range 1, 2, ...,n.Denoted = a + n.

It is known [5]

AH —structure on M is equivalent to the

that the setting an
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setting of anG-structure in the principle
fiber bundle of all complex frames of
manifold M which contains G-structure
group that is the unitary group U (n)which is
called an adjoined G-structure. In the space
of the adjoined G-structure, the following
define  matrices  which

forms give

components of tensor fields g and J:

(91) = [12 13]

)_l\/—_un 0
1 o

—\/—_unl’ &

(i

where I,, is the unit matrix of order n.

Recall that [4] an AH- structure (J,g =<>)
is called astructure of class W, @W,or
Viasman- Gray structure if,

-1
2(n-1)
X, Y > 8F(X)—< JX,JY > 6F(X)}, (2.2)

V(F)(X,Y) = (< X,Y > 6F(Y)-<

where V is the Riemannian connection of
g, FX,Y)=<]JX,Y> is the Kahler
form,§ is acoderivativeand X,Y € X(M).
An AH- structure (J,g =<>) is called a
structure of class W; or nearly Kahler if its
Kahler form is

aKilling form, or

equivalently,
Vi(J) =0 ,X € X(M)(2.3)

An AH- structure (J,g =<.,.>) is called a

structure of class W, if
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Vx(F)(Y,2) = 5=

X,Z>06F(Y)—< X,]JY > 8F(JZ)+<
X,JZ > F(JY)}(2.4)

A manifold M with Viasman-Gray structure
is called a Viasman-Gray manifold (VG-
manifold). For each AH- manifold, in
particular for VG- manifold defined a Lie

form by the formula
! OF
*= n—1 J

It is well known [4] that the structure
equations of Riemannian connection of the
VG-structure on adjoined G-structure space
which are called the structure equations of

VG- structure have the forms

1) dw® = wiAw’ + B®wAw, +
B¢ w,Aw,;

2) dw, = —wblAw, + By fwAw? +
Bapcw?AwS;
3) dwf = wiAwf + (2B*"B,. +
$2)wAwg + (B Bajpn + Ajeq)wAw® +

(Byy B + ASY) w Awg,

where {w'} ar the components of the solder
form, {wj}are the components of the
connection form for Riemannian metric,
w, = w%nd {A%, A% ., A%%are  some
G —structure

functions on  adjoined

space.The functions {A%¢} defined a tensor

field on the manifold M, this tensor field is
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called a tensor of holomorphic sectional

H aad _ Ab
curvature. It is known that A% = AJS

The tensors {B%’‘} and {B,,. } are called the
structure tensors and the tensors {B%?.} and
{Bsy} are called the virtual tensors. It is

obvious that B*¢ = B, and B*_ = B¢

Remark 2.1. By the Banaru's classification
of AH —manifold [1], the VG- manifold

satisfies the following properties

Blabel = Babe; Blanc) = Babc;Babc =

a6 Bab _a 617

where {a,,a® = az}are the components of

theLie form «.

Lemma2.2[4].The components of Riema-
niancurvature tensor R of VG-Manifold in
the adjoint G —structure space are given as

the following forms:

1) Rabed = 2(Babjcd] + %[aBbicad) ;

2) Rapca = 2A%cq

b
3) Rapea = 2(—B2MByeq + o(283)) ;

4) Ry g = A2 + BadhB,, . — BB,

where  {a% ,al,aq,a®} are some
functions on adjoined G —structure space

such that

b

da, + aywl = alw, + agw®

and
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da® — abwf = afw? + a® w,

The others components of Riemannian
curvature tensor R can be obtained by the

property of symmetry for R

Lemma2.3[4].The components of Ricci

tensor of VG-manifold in adjoined G-

structures space are given as the following

forms:

1) Tap = 1_Tn(aab + apa + agap)

2) Tap = 3B"Bey, — AGE + nT_l(“aab -
atay) — %ahhc?{} + (n—2)a%

Definition 2.4. Ascalar curvature tensor of

an AH-manifold is denoted by K and defined
as:

Lemma2.5. For any almost Hermitian

manifold.In the adjoinedG-structure space,
the scalar curvature tensor satis-fies the

following equation
K = 2rf

Proof. In the adjoinedG-structure space, the

equation (2.5) becomes:

K = gabrab + gabrdb + gabraf)

+ 99745
By using equation (2.1) we get:

K =29%ra, = 26814y = 2744

59

Therefore, = 2r2 . |

3Main results.

Definition3.1[8]. As for as the Riemannian
space, the conformal curvature tensor or
Weyl's tensor {W = Wj,;} of type (3,1) is
defined by the form:

Wijki = Rijia + ﬁ(rikgjl + TGk —

K(gizgjk—gikgjl)(3 1)

Tu9jk — rjkgil) + (m-2)(m-1)

where R;jare the components of the
Riemannian curvature tensor, r;; are the

components of Ricci tensor, g;; are

components of the Riemannian metric g and
K is the scalar curvature tensor. This tensor
is invariant under conformal transformation

metric.

According to our case, the AH —manifold
which we have, dim M = 2n, then the
conformal curvature tensor is redefinedby

the following form:

1
Wijki = Rijri + m(ﬂkgﬂ + 119k —

K(gizgjk—gikgﬂ)(3 2)

Tudjk — Gkgiz) 2(n—1)(2n—-1)

This tensor has similar properties to those of

the Riemannian curvature tensor.

Lemma 3.2. In the adjoinedG-structure

space, the components of the conformal
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curvature tensor of theVG-manifold are

given by the following forms:

1) Wabcd = Rabed ;
2) Wapca = Rabea + z(n_1_1) (Tpa®% — Tpc83)
3) Wabca = Rapea + ﬁﬁ[ca@?]] -
k&%
2(n-1)(2n-1)’
4) Wapca = Rapea + ﬁ (r2o5 +

K&45¢

dcay _
Tp 6C) 2(n-1)(2n-1) '

where 6% = 5352 — §%65P.

Proof.1) For=a, j=b, k =c, and

[ = d , the equation(3.2) becomes:

1
Wabcd = Rabea + m (racgbd

+ I'bdGac — TadY9bc
- I.bcgad)

K(gbcGad — IbdTac)
2(n—1)2n-1)

According to the equation (2.1), we get that

Wabed = Rabed

2)Fori=a, j=b,

we have

k=cand [=d,

1
Wabca = Rapca + 2= (TacIpa

+ Tpa9ac — Taa9nc
- Tbcgdd)

K(9vc9aa — 9vraJac)

T m—Dan-1
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1
Wabca = Rabea + =1 (Tpa6¢
- rbcdfil)
3) Fori=a, j=b k=c andl=d,
we have
Wa

dbcd = RdEcd + m(rdcgﬁd

+ Tpa9ac — Taa9bc
- rﬁcgdd)

K(95c9aa — 9ba9ac)

* 2n—-1)(2n-2)

2 ash b ca
= Rapea T m(rc 8aq + 8q6¢

ashb b sa
- dac_rcad)

* 2n—-1)(2n-2) (8253

—6468)

2
— [a ¢b]
- RdlA)Cd + (n _ 1) T[C 6d]
N K§%
2(n—1D(2n-1)

4) Fori=a, j=b, k=cand [=d,
we have
1
Wabca = Rapca + 2m=1 (Tacpa
+ Tpa9ac — Taa9nvc
- rbcgd&)

K(gbcgd& - gb&gdc)
2(n—1)2n—-1)

Vol.2, no.1,may ,2014,pp. 56- 63
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= Rapea + [rcaglgl +

_r
2(n-1)

K546 .
(2n-1)(2n-2)’

5 6¢] -
Lemma 3.3 [10]. In the adjoined G-structure
space, an AH- manifold is manifold of class:
Ry ifand only if,Rypca = Ravea = Rapeq =
0,

R, ifand only if, Rypea = Rapea = 0,
R;(RK-manifold) if and only if,Rz,.4 = 0.

Theorem 3.4.1f MisVG- manifold with flat
conformal curvature tensor, then M is a
manifold of class R, if and only if,Mis a

manifold of flat Ricci tensor.
Proof. Suppose that M is VG-manifold with
flat conformal curvature tensor.

Making use of Lemma 3.2 we get:
Rapca + 50— (de5 —1c0q) = 0(3.3)

Since M is manifold of class R;, So by the

Lemma 3.3 we have

—— (1pq0¢& — 1pc0q) = 0(3.4)

2(n 1)

Contracting the equation (3.4) by the indices

a and ¢, we obtain

m(rbd&(zl — Tpa0gq) = 0

Or equivalently,
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1
m(n —Drpa =0

Therefore, 1,; = 0 and this complete the

proof. |

Theorem 3.5. Suppose that M is flat VG-
manifold with flat conformal curvature
tensor, then M is of zero scalar curvature

tensor.

Proof.By using Lemma 3.2 we have

b
Wabca = Rapea + 77— ( 6d]] +
k8%k
2(n-1)(2n-1)

(3.5)

Suppose that M is flat VG-manifold with flat
conformal curvature tensor. This means that
the Riemannian and conformal curvature

tensors are vanishing. Thus equation (3.5)

becomes — (rC“(Sd + 1082 — P85S —

K(8¢85-6859)

ash —
ri8e) + 2(n-1)(2n-1) 0 (36)

Contracting (3.6) by the indexes (b, d) and

(a, ¢) we get:

(r §P + 1P 8¢ —rPS8F —rtst)

K(8465 — 8365)
2(n—1D(2n-1)

=0

Ara + nk _
@ T oon—1)

By using Lemma2.5 we get

(2+ 5= K =0
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Hence, K =0

Therefore, M is of zero scalar curvature

tensor. |

Similarly to the Lemma 3.3 we can
construct the three special classes of AH-
manifold depend on conformal curvature
tensor, which are embodied in the following

Lemma.

Lemma 3.6. In the adjoined G —structure

space, an AH- manifold is manifold of class:

W, ifand only if, W,pca = Wapea =
Wapea = 0,

W, if and only if, W pca = Wapea = 0,

W5 (WRK —manifold) if and only
if,WC’ide = O

is VG-

manifold of class W, and of flat Ricci tensor

Theorem 3.7. Suppose thatM

then Mis Kahler manifold.

Proof.In the adjoined G-structure space, the

components ofconformal curvature

tensorcan be written as follows

W&Ecd = W(Ed' €pr€cr gd)

= W(Sa, SB,JSC,]Sd)

W(ea, £p) \/—_180, \/—_Lsd)
= (\/—_1)(\/—_1) W(eg, €5, €cr €q)

—W (&g, Epr€cs £q) = —Wabca
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Thus,
2Wapea = 0
Suppose that M is VG-manifold of class W;.

By using Lemmas 2.2 and 3.2, it follows that
bh [a ob] 4 _[acb]
K8
(n-1)(2n-1)

= 0(3.7)

Contracting (3.7) by indexes (a, ¢) and
(b, d)we get:

—4B"By gy, + 4a

4

[a ob] [a ob]

[0 + 7 "a %]
2K 5%

T m—Dan-10

Or equivalently,

2nrd
+
(2n-1)

—4B"By gy, + 4nafd +

7

n—1
=0
Since M is manifold of flat Ricci tensor, then we

get

—4B%hB,, . + 4nal =
0(3.8)Symmetrizing (3.8) by the indexes
(a, b), it follows that

dnag =
Thus, ag =

(3.9)

Making use of the equations (3.9 )and (3.8),
it follows that
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BBy, =0 & ZIBhablz =0

(=4 Bhab :0

According to theBanaru's classification we

get that M is Kahler manifold. |
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