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Abstract: The estimation of statistical parameters for multivariate data leads to waste in the
information if the missing values are neglected, which will subsequently lead to inaccurate
estimates. Therefore, the incomplete data must be estimated using one of the statistical estimation
methods to obtain accurate results and thus obtaining good estimates for the parameters.

The aim of this paper is to estimate the missing values for the multivariate skew normal distribution
function using the Expectation Conditional Maximization (ECM) algorithm. After estimating the
missing values, the parameters are estimated using Maximum Likelihood Estimation (MLE) with

the Newton-Raphson algorithm, as well as using the Genetic Algorithm (GA). Using simulation, the
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Mean Squared Error (MSE) was calculated to find out which method is the best for estimation by
comparing the two methods using different sample sizes (400, 600, and 800). The (GA) that is based
on the (ECM) algorithm to estimate the missing values proved to be better and more efficient than
the (MLE) method in terms of the results.

Keywords: Multivariate skew normal distribution (MSN), Expectation Conditional
Maximization algorithm (ECM), Maximum Likelihood Estimation (MLE), Newton Raphson
algorithm, Genetic Algorithm (GA), Mean Squared Error (MSE).
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function 61 fz 011 021 0y ;\.1 ;\.z
1 8.0 5.0 3.0 0.0 1.0 2.0 1.0
2 9.0 6.0 4.0 0.0 2.0 3.0 2.0
3 10.0 7.0 5.0 0.0 3.0 4.0 3.0
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sday) ) dds ) v
Expected Conditional Maximization (ECM) s »ill aslasill o8 55 48 jla (3 5 82 ghiall all 085 o4y

A dl) dda jal) v
8 Ay yka coa Al e S5 8 A Bk A5 ¢ i) (S (g L) a5 Als lales 0
(GA) 4l 4y ) sall 5 ¢ (MLE) alae Y plSaY)

Al s al) v
ol 335k A =l 2 Y 235 (MSE) Uadl) il je o gia Jlne Jleniad Al all o283 o0y
A Aapally aa go LS 5 ¢y yla Juad) 46 jaa g

n

1 - 2
MSE = —Z[Y—Y]
n.
i=1
S sl apdall w5l Ay Ciladaad Al Y] 2l G S Ayt il Jlaty (e Al
olid) za ga LS 5 (9620) 5 (%12) (188 sl 53 shall al) 505 amy il yuaciall

psaal) A8l 5 12% 1888 caudy oY) Adlall Clalaall i cp 1(2) Josa

MethOdtlmatorS fl =8 fz =5 011 = 3 012 = 0 Oy = 1 A’l =2 A.z =1
N=400 MLE 8.0441790 5.2526765 2.8314646 -0.3351498 1.0629585 2.0206628 0.8894530
GA 8.8512536 5.0355592 2.4011825 -0.4991624 1.3915561 0.4804912 0.8607022
MLE 7.8693511 5.4455999 3.3255249 -0.6370371 0.9172098 2.1059666 0.6124373
N=600 GA 8.1678361 5.2807286 2.3827517 -0.5208845 0.9916469 1.9204198 0.7053029
MLE 8.0013733 5.2031714 3.0510936 -0.3223887 1.0360373 2.1771370 0.8744561
N=800 GA 8.3110395 5.0110056 2.3057102 -0.2000053 1.0851872 1.6209340 0.9076372

poaal A<l 20% (88 qudy A g¥) Aall cilalaall ol cpn 1(3) Jo2a
Estimators §&1=8 §, =5 6y =3 612=0 o, =1 A =2 A =1
Method
N=400 MLE 9.0517242 6.3225301 3.5442830 -0.3765316 1.8371492 2.3503017 1.5206025
GA 9.1892460 6.2267584 3.1090116 -0.3251702 2.0084950 1.9214479 1.5802468
MLE 8.8417782 6.7031423 4.1521574 -0.9952034 1.7710069 2.6766105 1.0087986
N=600 GA 9.0635829 6.4753784 3.1960073 -0.8638147 2.1208739 2.2263872 1.1684219
MLE 8.7943481 6.4204488 4.3433131 -0.5707985 1.7172992 3.7114204 1.5782344
N=800 GA 9.0211951 6.2436377 3.2210470 -0.4688219 2.0006601 2.8216746 1.6014685
psaal) 485 129 (¢))a88 Cuuady Al ANl Cilalaal) il G 1(4) Jsda

Mettll'r::)ators €1=9 fz= 6 01 = 4 0'12=0 0y = 2 )\.1= 3 )\.2= 2
N=400 MLE 8.9949590 6.3730277 4.2134981 -0.6120338 1.8087059 2.8449368 1.4286862
GA 9.6427144 5.6364878 3.2356237 -0.4128737 3.3770229 1.6182936 2.1336063
N=600 MLE 9.0524209 6.2040533 4.3284431 -0.6610244 1.9182807 2.8794026 1.5509901
GA 9.8068608 5.4674930 3.3955071 -0.7056098 3.4395166 1.5070209 2.5153355
N=800 MLE 8.9493776 6.2140330 4.1582952 -0.6431441 2.1906869 3.4550733 2.3018609
GA 9.0293573 6.1962990 3.1312098 -0.5865183 2.4056046 3.0295645 2.0472562
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pyaad) 43Sl 5 200/ ()88 qaudy AUl ANl cilalaal) a5 cpy 1(5) Jota

Mettlhm:tOI'S fl =9 fz =6 01 = 4 012 =0 Oy = 2 )Ll =3 )LZ =2
N=400 MLE 8.9537540 6.1011527 4.1424262 -0.4140544 2.1852189 3.7113977 2.2142177
GA 9.1389378 5.9888316 3.2152232 -0.3463338 2.3136926 2.9847227 2.0307128
N=600 MLE 8.595463 6.720478 5.351359 -1.085898 1.931245 3.791096 1.345967
GA 8.9284994 6.4489723 3.5320571 -0.9064192 2.4300682 3.1540896 1.4803259
N=800 MLE 8.9149455 6.2655659 4.0400540 -0.4303733 1.8425273 2.6978843 1.4047647
GA 9.0806569 6.1526523 3.2084572 -0.3932574 2.4006160 1.9886561 0.7767995
ej@;ﬁ\ &lﬁj 12% ()88 cacaly ABNEY A3)al cilalaal) AR :(6) Jeda
M::::‘)ators El =10 fz =17 g1 = 5 0'12=0 0'2=3 )Ll =4 )LZ =3
N=400 MLE 9.9880589 7.2435910 5.2767775 -0.6599032 3.2612750 3.8741777 2.4735168
GA 10.4490655 6.7591275 3.8995925 -0.5193386 5.5300774 1.8419337 2.4701777
MLE 9.9307731 7.7313203 5.3558665 -0.9416804 2.8487402 2.9724942 1.3497154
N=600 GA 10.2456402 7.1861074 4.2770381 -0.6962784 4.0474749 2.4079542 1.6730566
MLE 10.0936380 6.9977551 4.3432149 -0.4461771 3.6298138 4.4482180 3.5536604
N=800 GA 10.0118345 7.0307000 4.0217322 -0.4191516 3.9582871 3.8623788 2.9543135
agaal) A3 5200/ (3188 Cady ABNEY Ad)all ilalaall jua85 pan 2(7) Js>
Mett'}"‘;at“s £ =10 =17 0,=5 G12=0 o, =3 A =4 A, =3
N=400 MLE 10.1420961 6.8504839 5.2389760 -0.5590355 3.8477954 3.9410341 3.0531280
GA 10.2829169 6.7339789 4.2365709 -0.5019436 4.3005739 2.6975835 2.3706762
MLE 10.0672107 7.0748642 4.8588906 -0.2662033 3.1125129 3.4274634 2.4844980
N=600 GA 10.3643388 6.6905371 3.9256183 -0.1766377 4.8144253 2.0029790 2.3697741
MLE 10.2759258 6.7436216 4.1283472 -0.3824393 4.0660372 3.6702256 3.7682956
N=800 GA 10.3492189 6.7800959 4.0470181 -0.3572998 3.9783603 2.7704005 3.0234769
Al (MSE) Uadd) clay ya o g Jiag 1(8) Jg2a
Model Missing Rate N MLE GA_ Best
400 0.005019439 0.0005241275 GA
12% 600 0.0002547981 0.000362525 MLE
800 0.0002759635 0.000314884 MLE
Missing Rate N MLE_ GA_ Best
1 400 0.008693741 0.0001835651 GA
20% 600 0.004671554 0.0001537649 GA
800 0.003342661 0.0001476836 GA
Model Missing Rate N MLE GA Best
400 0.00988455 0.0002620756 GA
12% 600 0.007153127 0.0001866411 GA
800 0.00058510884 0.0001056634 GA
Missing Rate N MLE GA _ Best
2 400 0.009645271 0.0005963493 GA
20% 600 0.0071077278 0.0002074227 GA
800 0.0046906757 0.0001138706 GA
Model Missing Rate N MLE GA Best
400 0.006174455 0.0006173906 GA
12% 600 0.0051357847 0.0004087494 GA
800 0.004749128 0.00005017162 GA
Missing Rate N MLE GA Best
3 400 0.0064797482 0.0005515852 GA
20% 600 0.0043856181 0.00007204327 GA
800 0.0003705512 0.00004897988 GA
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