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Abstract

Let U denote the unit ball in the
complex plane, the Hardy space H? is the

set of functions f(z) = if“(n) z"
n=0

holomorphic on U such that i ‘fA(n)‘z < oo
n=20
with £"(n) denotes the Taylor coefficient of
f.
Let v be a holomorphic self-map of
U, the composition operator C,, induced by

v is defined on H? by the equation
Cf=foy (fe H?)

We have studied the composition
operator induced by the bijective map A and
discussed the adjoint of the composition
operator .We have look also at some
known properties of composition operator
and tried to get the analogue properties in
order to show how the results are changed
by changing the map v in U.

In order to make the work accessible
to the reader , we have included some
known results with the details of the proofs
for some cases and proved some results.

Introduction :

This search consists of two sections.
In section one ,we are going study to the
map A and properties of A , and also
discuss A as inner map.

In section two, we are going study
to the composition operator C, induced by

adjoint of the operator C, induced by the map

A and also discuss the compactness of the
operator C, .

1. Section One

We are going study to the map A and
properties of A , and also discuss A is an inner
map.

Definition (1.1) : [4]

The set U ={zeC:|7 <1} is called unit
ball in complex C and oU={zeC:[z|=1 is
called boundary of U.

Definition (1.2) : B
For geu, define x(z)=[3z__[31 (zev).
Z_

Since the denominator equal zero only at z =,
the function A is  holomorphic on the
ball{ |z|<|p| }. Since geu. Then this ball

contain U .Hence A take U into U and
holomorphicon U .

Proposition (1.3) :

For BeU, |u(z)’ _l:%(l—\ﬁ\z)

z-B
Proof :
|x(z)|2—1=|BZ_1| _12\[32—{ —1=
|z-B| z—p|
Bz—1 ~lz—B _(z-1)pz-1)-(z—-p)z-B)
z—Bf 2B
|[3|2|z|2 —Bz—PBz +1—|z|2 +PBz+Ppz —|[3|2
2B’
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the map A and properties of C, , discuss the

b))

[z—pf

Proposition (1.4) :
If peu, then A take ou into ou.

Proof :

Let zeaU, then |z|=1, hence
2] =1. By (1.3) [a(z)" —1=0, therefore
A(z)? =1, hence [r(z)=1, hence
Mz)eau, hence A take suinto au.

Definition (1.5) : [7]

Lety:U—U be holomorphic map
on U,y is called an inner map if
w(z) =1almost everywhere onou .

Proposition (1.6) :

A isaninner map .
Proof :

From (1.4) a» take ou into suand
A(z)=1. By (1.5) 4 is an inner.

2. Section Two

We are going study to the
composition operator C, induced by the

map A , and it’s properties, also discuss the
adjoint of the operator c, , and the

compactness of C, .

Definition (2.1) : [4]

Let U denote the unit ball in the
complex plane, the Hardy space H?is the
f(z)= Zw:f“(n) z

n=0

holomorphic on U, where z € C such that

set of  functions

- 2
> [f*(n) <o with f*(n) denotes the
n=20

Taylor coefficient of f.

Remark (2.2) :[1]
We can define an inner product of the
Hardy space functions as follows:

Let f(Z) = ifA( z and g ZQ n, then

the inner product of f and g is defined by :

(1.0)=3(0) ')

Definition (2.3) :[9]
Let  aeU ,define K, (z)=

(ze V).

l-oz
Since o € U then |o|< 1 hence the geometric

series ~
2o
K, e H%and Ka(z):i(&)n z
n=0

|>" is convergent and thus

Definition (2.4) : [4]

Let w:U— U be holomorphic map on U,
the composition operator C,, induced by 1 is
defined on H?* by the
c, f=foy (feH?).

equation

Definition (2.5) : [2]

Let T be a bounded operator on a
Hilbert space H, then the norm of an operator
T is defined by |[T| =sup{[T#|:f e H,|f| =1}.

Theorem (2.6) : [10]
If yw:U— U is holomorphic map on U,

ten foy<H? and froy]< (2 |

for every f e H?.

The goal of this theorem C,_ :H?* — H?.

Definition (2.7) :
The composition operator C, induced by

A is defined on H? as follows C, f =fo .
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Proposition (2.8) :
For each f € H?> we have foxeH? and
1+\k( X

ut
1-7(0)
Proof :
Since A:U— U is holomorphic map

on U, then by (2.6) foreH®and
1+\x(01

1-[n(0)

and |ff o}/ <

If o< I . hence  Cy:

H? —» H?

Remark (2.9) : [4]
1) One can easily show that

c.C,=C,. and hence
Cl = C\I,Cw -C,,
- Cw0w0~~°w - C\un

2) C, is the identity operator on H? if
and only if y is identity map from U
into U and holomorphic on U.

3) Itissimple to prove that C_=C,, if
andonly if = .

Definition (2.10) : [3]

Let T be an operator on a Hilbert
space H, The operator T"is the adjoint of T
if <Tx,y>:<x,T*y> for each x,yeH.

Theorem (2.11) : [5]
{K,}._, forms a dense subset of H2.

Theorem (2.12) : [9]
If v:U—Uis holomorphic map on

U, then forall oo e U
C.K, =K

w(a)

Definition (2.13) : [10]
Let H” be the set of all bounded
holomorphic mapson U .
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Definition (2.14) : [6]
Let geH”, the Toeplits operator T, is

the operator on H? given by :
(Tngz): a(z) f(2) (f eH? ze U).

Theorem (2.15) : [6]
If w:U— U is holomorphic map on

U thenc,T,=T C, (geH")

Remark (2.16) : [8]
For each feH?, it is well- know that

T, f=T_ f,suchthat heH".

Proposition (2.17) :
If B € U, then C; = T, C T,,where

2)=(-B). o)= 75 )=

Proof :
By (2.16), T, f=T_f for each feH’.
Hence forall o.c U,

<T,j‘ f,Ka>:<TEf,Ka> =<f,Tg Kq> ------ @
On the other hand ,
<Th* f,Ka>:<f,ThKu>=<f,h(oc)Ka> ------ @)

From (1) and (2) one can see that
T’ k, =h(a) k,. Hence T; k, =h(a) k.
Calculation give

B 1 _ 1
1z, (pa-1)z
a—B
= 1 — &_B
a—P-P az+z (Z—B)—& (B z-1)
=
= 1 1
P z-B 1 (B z—lj
z-B

78



Ammar Ali Neamah and Ageel Mohammed Hussein

=T,C, T, k,(z) , therefore
C;k,(z)=T,C, T, k,(z2) zev).
But {K,J,., =H?,then C; =T, C T;

Definition (2.18) : [11]

Let T be an operator on a Hilbert
space H , T is called compact, if every
sequence (x,) in H is weakly converges to

X in H C ie. x,—Y>5x if
(x,,u)—>(x,u),YueH)) then Tx, & is

strongly converges to Tx ((i.e. x, —=— x
i x,, —x| —0))

Theorem (2.19) : [9]
If v:U— U is holomorphic map on

U, then C_, is not compact if and only if
take au into 6U.

Proposition (2.20) :

If Be U , then C,is not compact
composition operator.
Proof :

From (1.4), » take auinto au. By
(2.19) cC,is not compact composition

operator.

Theorem (2.21) :
If y:U—uU is holomorphic map on

U, then C C; is compact if and only if
C,C,is compact , where C; =T, C T;,
Bz-1
Z)= — .
v(2)="— 5
Proof :
Suppose thatC C is compact

Note that C,C;= c,T,C, T, ( since
C,=T,Cc, T, by (217) ) =
T.,CCT, (since c, T, =T ..C, by
(2.15)).

T ., and T, are bounded operators thenC,,C;
°w

Is compact by (2.18)
Conversely, Suppose that C C; is

c.c= c,le)=

Y

compact. Note that
CW(Tg C, T;) =C,T,C,T, =T, C,CT,
(sincec, T.=T cC, by(215)).
v howy ¥
SinceC C; is compact operator , T and T:
v howy g

are bounded operators by (2.13) and (2.14)
thenC,,C, is compact by (2.18).

Corollary (2.22) :
If w:U—U is holomorphic map on U,

thenC,,C; is not compact if and only if there
exist points z,,z, e sUsuch that(yoy)z, )=z,
foreach z,c 6U .

Proof :

By (2.21) C,C; is not compact if and
only if c ,c =cC_, is not compact. Since
y:U—U and y:U — U are holomorphics on U,
then also yoy. Thus by (2.19)C , is not
compact if and only if yoy take suU into oU .
So, there exist points z,z, e dU such
that(yoy)z, )=z, foreach z,e oU .

Theorem (2.23) :
If w:U— U is holomorphic map on U,

thenC;C, is compact if and only if C C,is

compact , where C; =T, C, Ty, y(z)= pz-1.
z-PB
Proof :
Suppose thatC C, is compact . Note
that
c,c,= T,C,T.C, ( since
C; =T,C, T, by (2.17))
=T,C, T.C, (by(2.16))
= T, T , C,C, (since
C,T,=T. C, by(2.15)).

Since Cwa IS compact operator , Tg and TE )

Y
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Since C,,C, is compact operator ,
are bounded operators then C;C, s

compact by ( 2.18)
Conversely, Suppose that C;C,is

compact . Note that
Cvcw: (C; )* C\v: (Tg C7» T:)*Cw
(since C; =T, C, T;)
=T,C; T, C,
Note that , by ( 2.11) it is enough to prove
the compactness on the family {k_}
Hence for each ze U we have
C,C,K,(z) =T,C, T, CK,(2)
=T, C, T, Ku(w(@) = T, C; g(a) K, (v(2))
(since T, K, =g(a) K,)
= g) T, C; K, (w(z))
= @ Th C; Cw Ka(z) Slnce C;C\u IS
compact ,T, is bounded and geH”, then
C,C,, iscompact by (2.18).

aeU’

Corollary (2.24) :
If y:U— U is holomorphic map on

U, thenC; C,, is not compact if and only if

there  exist  points  z,,z, e &Usuch
that(yoy)z,)=z, foreach z, OU .
Proof :

By (2.23) C;C, is not compact if and
only if C C, =C,., is not compact . Since
y:U—U and y:U— U are holomorphic on
U, then also yoy. Thus by (2.19)C, ., is
not compact if and only if oy take

suinto oU. So, there exist points
z,,2, € 8Usuch that (yoy)z,)=z,for each

z,e OU.
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tpalidiul)

Jsall JS de saan 8 H?2 ala sl () ol sgiwddl A oBaagll 58 ) e U oSd

Fal LS N 3 £7(n) s i f“(n)\2 coo Ol G U le Aldail £y if"(n) z"

n=0 n=20
JSEL H? gl slad o ipry o Gl (S Sisall ¢ U e Allas Al iy U oS
C,f=foy (feH?):

S iall (881 yall jigall LBl Caa ) AL DA (e o ymall (S ) el Canll 13 b Ly
O oSl 3kl il e Jgeanl) Wlgla 5 48 g prall il (amy ) Uk elld ) diLaYl A &AL Gyl
) (L e el gms ST {58 Aaga Jaa ol ey Alilaill DA a Lasie milil) s A4S Adaadla

) Giay iy SIS 5 Aliaie (pal s L ye 5 A€ Sl Ol igall (e 35 el
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