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Abstract  
 

Let U denote the unit  ball in the 

complex plane, the Hardy space  2H
 
 is the 

set of functions 





0n

n^ z)n(f)z(f  

holomorphic on U such that 




2

0n

^ )n(f  

with )n(f ^  denotes the Taylor coefficient of  

f . 

   Let  be a holomorphic self-map of 

U, the composition operator
C  induced by 

 is defined on 2H  by the equation  

)Hf(ffC 2 
 

  We have studied the composition 

operator induced by the bijective map  and 

discussed the adjoint of the composition 

operator .We have look also  at some 

known properties of composition operator 

and tried to get the analogue properties in 

order to show how the results are changed 

by changing the map  in U. 

 In order to make the work accessible 

to the reader , we have included some 

known results with the details of the proofs 

for some cases and proved some results. 

 
 

Introduction : 

            This search consists of two sections. 

In section one ,we are going study to the 

map  and properties of   , and also 

discuss  as inner map.          

             In section two, we are going study 

to the composition operator 
C  induced by 

 
adjoint of the operator 

C  induced by the map 

 and also discuss the compactness of the 

operator
C . 

 

1. Section One 
           We are going study to the map  and 

properties of  , and also discuss  is an inner 

map.          

   

Definition (1.1) : [4]  
          The set U = }1z:Cz{   is called unit 

ball in complex C and U = }1z:Cz{   is 

called boundary of  U.  

  

Definition (1.2) :   

          For ,U  define 





z

1z
)z(    Uz . 

Since the denominator equal zero only at z , 

the function  is  holomorphic on the 

ball }z{  . Since U . Then this ball 

contain U .Hence  take U into U and 

holomorphic on U .  

 

Proposition (1.3) :  

            For ,U   
   

2

22

2

z

1z1
1z




   

Proof :   

           








 1

z

1z
1

z

1z
1z

2

2
2

2  

     
22

22

z

zz1z1z

z

z1z









 

2

2222

z

zzz1zzz




  
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the map  and properties of 
C , discuss the  

   
2

22

z

1z1




  

   

Proposition (1.4) : 
            If ,U  then   take U  into U .  

Proof :   
         Let Uz  , then 1z  , hence 

1z
2
 . By (1.3)   01z

2
 , therefore 

  1z
2
 , hence   1z  , hence 

  Uz  , hence   take U into U .  

 

Definition (1.5) : [7]  
          Let UU:   be holomorphic map 

on U,  is called an inner map if 

  1z  almost everywhere on U .  

       

Proposition (1.6) :   
            is an inner map .  

Proof :   

          From (1.4)   take U  into U and 

  1z  . By (1.5)   is an inner. 

  

2. Section Two 

          We are going study to the 

composition operator 
C  induced by the 

map  , and it’s properties, also discuss the 

adjoint of the operator 
C  , and the 

compactness of 
C . 

 

Definition (2.1) : [4]  
           Let U denote the unit ball in the 

complex plane, the Hardy space 2H is the 

set of functions    





0n

nznfzf  

holomorphic on U, where z ∈ C such that 

  






2

0n

nf  with  nf   denotes the 

Taylor coefficient of  f .  

 

Remark (2.2) :[1]  
          We can define an inner product of the 

Hardy space functions as follows:  

Let f(z) =       n

0n

n

0n

zngzgandznf 









  , then 

the inner product of  f and g is defined by :          

   zgnfg,f
0n






 . 

 

Definition (2.3) :[9] 

          Let    Uz
z1

1
zKdefine,U 


 

. 

Since   U then  > 1 hence the geometric 

series 





0n

n2  is convergent and thus 

2HK 
and     n

0n

n

zzK 




  .  

 

Definition (2.4) : [4]   
        Let UU:   be holomorphic map on U, 

the composition operator C  induced by    is 

defined on 
2H  by the equation 

 2HfffC   . 

 

Definition (2.5) : [2]  
            Let T be a bounded operator on a 

Hilbert space H, then the norm of an operator  

T is defined by   1f,Hf:TfsupT  .  

 

Theorem (2.6) : [10]   
           If UU:   is holomorphic map on U, 

then 2Hf   and 
 
 

f
01

01
f




   

for every 2Hf  . 

  

         The goal of this theorem  22 HH:C 
. 

 

Definition (2.7) :  
         The composition operator 

C  induced by 

  is defined on 2H  as follows  ffC .  
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Proposition (2.8) :  

For each 2Hf   we have andHf 2   

 

 
f

01

01
fand




 . 

Proof :    

         Since UU:   is holomorphic map 

on U, then by (2.6) andHf 2  

 

 
f

01

01
f




  , hence  

C : 

22 HH    

 

Remark ( 2.9) : [4]  
1) One can easily show that 

  CCC  and  hence 

  CCCCn      

n
CC     

2) C  is the identity operator on 2H  if 

and only if   is identity map from U 

into  U and holomorphic on U.  

3) It is simple to prove that    CC  if 

and only if   .  

 

Definition (2.10) : [3] 
          Let T be an operator on a Hilbert 

space H, The operator T is the adjoint of T 

if yT,xy,Tx   for each Hy,x  .   

 

Theorem (2.11) : [5]  
         

U
K

  forms a dense subset of 2H .  

 

Theorem (2.12) : [9]  
           If UU:  is holomorphic map on 

U, then for all U  

 



  KKC   

 

Definition (2.13) : [10]  
              Let H  be the set of all bounded 

holomorphic maps on U .  

 

Definition (2.14) : [6]  
           Let Hg , the Toeplits operator 

gT  is 

the operator on 2H  given by :  

        Uz,HfzfzgzfT 2

g  . 

 

Theorem (2.15) : [6]  
            If UU:   is holomorphic map on 

U, then )Hg(CTTC
gg



 


  

         

Remark ( 2.16) : [8]  
          For each 2Hf  , it is well- know that 

,fTfT
hh  such that Hh .  

 

Proposition (2.17) :  
        If   U , then 

C  = ,TCT *

hg 
where 

     



z

1
zg,zzh ,  






z

1z
z .   

Proof :   

         By (2.16), fTfT
hh   for each 2Hf  . 

Hence for all U ,   



  K,fTK,fT
hh )1(KT,f

h


  

On the other hand , 



  KT,fK,fT hh
  )2(Kh,f   

From (1) and (2) one can see that 

  

  khkT
h

. Hence   

  khkTh
.  

Calculation give   

 zkC 




 =   zk 

 

   









z1

1

1

z1

1  

=  

   1zzzz

1










 

=  






















z

1z
1

1

z

1  

=           zkhTzkTh gg  
 

   zkChTg   =    zkhCTg    
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=  zkTCT hg 




 , therefore 

 zkC 



    UzzkTCT hg  




 . 

But  
U

K


2H , then 

C 

 hg TCT  

 

 

Definition (2.18) : [11] 
             Let T be an operator on a Hilbert 

space H , T is called compact, if every 

sequence 
nx  in H is weakly converges to 

x in H  (( i.e. xx W

n   if 

Hu,u,xu,xn  )) then 
nTx  is 

strongly converges to Tx  (( i.e. xx S

n   

if 0xxn  )) 

 

Theorem (2.19) : [9] 
             If UU:   is holomorphic map on 

U, then C is not compact if and only if   

take U  into U . 
 

Proposition (2.20) :  
          If  U , then 

C is not compact 

composition operator.  

Proof :  

           From (1.4),   take U into U . By 

(2.19) 
C is not compact composition 

operator.  
 

Theorem (2.21) :  
          If UU:   is holomorphic map on 

U, then 

CC  is compact if and only if 

CC is compact , where 

C 

 hg TCT , 

 





z

1z
z . 

Proof :  

           Suppose that
CC  is compact . 

Note that 

CC = 

 hg TCTC  ( since 



C 

 hg TCT  by (2.17) ) = 



 hg
TCCT


  ( since 

  CTTC
gg 

 by 

(2.15) ). 



 hg
TandT


 are bounded operators then 

CC  

is compact by ( 2.18)  

           Conversely, Suppose that 

CC  is 

compact. Note that 
CC =  

 CC = 

 

 hg TCTC  = 

 gh TCTC  = 

 gh
TCCT


  

(since 
  CTTC

hh 
  by (2.15) ). 

Since 

CC  is compact operator , 

 gh
TandT


 

are bounded operators by (2.13) and (2.14) 

then
CC  is compact by ( 2.18). 

 

Corollary (2.22) :  
           If UU:   is holomorphic map on U, 

then 

CC  is not compact if and only if there 

exist points 21 z,z U such that    21 zz    

for each 2z U .    

Proof :  

          By (2.21) 

CC  is not compact if and 

only if 
  CCC  is not compact. Since 

UU:   and UU:   are holomorphics on U, 

then also   . Thus by (2.19)
C  is not 

compact if and only if    take U into U . 

So, there exist points 21 z,z U such 

that    21 zz    for each 2z U . 

 

Theorem (2.23) :  
            If UU:   is holomorphic map on U, 

then




CC  is compact if and only if 
CC is 

compact , where 

C 

 hg TCT ,  





z

1z
z . 

Proof :  

            Suppose that
CC is compact . Note 

that  

                




CC = 




 CTCT hg
  ( since 



C 

 hg TCT  by ( 2.17) ) 

                            = 
 CTCT

hg
 ( by (2.16) )  

                             = 



CCTT

h
g


 (since 




  CTTC
hh 

 by(2.15)). 

Since
CC  is compact operator , 

h
g TandT   
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Since 
CC  is compact operator ,  

are bounded operators then 




CC  is 

compact by ( 2.18)   

             Conversely, Suppose that 




CC is 

compact . Note that  

CC =   



 CC =   




 CTCT hg
    

(since 

C 

 hg TCT ) 

                                = 




 CTCT gh
  

Note that , by ( 2.11) it is enough to prove 

the compactness on the family  
U

K


. 

Hence for each Uz  we have  

 zKCC 
 =  zKCTCT gh 




  

=   zKTCT gh 




 =     zKgCTh  




      

(since   

  KgKTg
)   

   =   g   zKCTh 




  

    =  g  zKCCTh 




 Since 





CC  is 

compact ,
hT  is bounded and Hg , then 

CC  is compact by ( 2.18 ).  

  

Corollary (2.24) :   
            If UU:   is holomorphic map on 

U, then




CC  is not compact if and only if 

there exist points 21 z,z U such 

that    21 zz    for each 2z U .    

Proof :  

          By (2.23) 




CC  is not compact if and 

only if 
  CCC  is not compact . Since 

UU:   and UU:   are holomorphic on 

U, then also   . Thus by (2.19)
C  is 

not compact if and only if    take 

U into U . So, there exist points 

21 z,z U such that    21 zz   for each 

2z U . 
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   :المستخلص

2H َسمز إنً كسة انىحدة فٍ انمستىي انعقدٌ، إن فضاء هازدٌ  Uنُكه   هى مجمىعت كم اندوال  

n

0n

^ z)n(f)z(f 




   ًانتحهُهُت عهU   بحُث أن




2

0n

^ )n(f و)n(f  .fنهدانت َسمز إنً تُهس  ^

:UUنتكه    عهً هُتتحهُ دانت U  انمؤثس انتسكُبٍ انمعسف بـ ،  ٌ2َعسف عهً فضاء هازدH  بانشكم

Hf(ffC( انتانٍ : 2  

حُث واقشىا انمؤثس انمسافق نهمؤثس انتسكُبٍ  دزسىا فٍ هرا انبحث انمؤثس انتسكُبٍ انمعسف مه اندانت انمتقابهت 

. بالإضافت إنً ذنك وظسوا إنً بعض انىتائج انمعسوفت وحاونىا انحصىل عهً وتائج مىاظسة نىتمكه مه انمعسف باندانت 

كثس سهىنت، عسضىا بعض انىتائج . ومه أجم جعم مهمت انقازئ أملاحظت كُفُت تغُس انىتائج عىدما تتغُس اندانت انتحهُهُت  

 .انمعسوفت عه انمؤثساث انتسكُبُت وعسضىا بساهُه مفصهت وكرنك بسهىا بعض انىتائج 


