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Abstract .

By using a linear integral operator , a
class of multivalent functions of power order
is introduced. Some important results of this
class such as coefficient estimates , integral
means inequalities and other property are
found.

2010MathematicsSubjectClassificaton:
Primary 30C45, Secondary 30C50,26A33.

Keywords and phrases: Multivalent
functions ,Linear integral operator , Integral
means.

Introduction
Let ¥,,be the class of functionsf of the
form:

) =P+ Y @k, <y <1ay
k=2
> 0) 1)
that are analytic in the unit disk
U={z€eC:|z| <1}

Let

9(z) = zP™" + Z bpzKtPH (0 <n < 1,by
k=2
>0,z€U). (2)
A convolution (orHadamard product) of two
power series f of the form (1) and a function
g of the form (2) is defined by :

(f * 9)(2) =
2P+ Y b = (g« f)(2), (2 € V).

Note that the authors defined and studied
some classes of analytic functions take the
form (1) in [1].

In this paper , we need to introduce a
generalized integral operator such that class
can be defined by means of this integral
operator. For a function f € ¥, , given by (1),
we define the integral operator K pn(c>
—(p+mn))and(0 <5 < 1pe€N)by:

Kepnf (@)
§ rz 5-1
=(C'[|"(P6—)';CTI)-L tet (logz) f(t)dt
)

‘Z’”"+Z[ e
ctk+p+n

whenn =0 the operator K2, , was introduced
by Komatu [7].

Clearly, (3) yields :
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S5
f € Zp,n = Kc,p,nf € ZD,U '

A function f €y, is said to be (p +n) -
valent starlike of orderp, (0 <p<p+n) if
and only if :

Re {Z;(S)} >p, (zel).
Let S,,(p)denote the class of all those
functions.
A function f ey, , is said to be (p +n) -
valent convex of orderp,(0<p<p+n) if
and only if :

Z]]:,(g)} >p, (zel).
Let C,,(p) denote the class of all those
functions.
A function fey,, is said to be (p +n) -
valent close — to — convex of orderp, (0 <
p <p+n)ifandonly if:

Re{%} >p, (zel).
Let K,,(p) denote the class of all those
functions.
We suppose L(p,n,8) denote the subclass of
Y»y consisting of functions f which satisfy :

Re{1+

uz (Kepnf' @) + @) (K2 f @)
H (K‘f_p,,,f’(z)) + (1 —pwz@Erm-t

1
B

-+l <v, (4)

where§ > 0,c>—-(p+1n),0<n<1,B€C\
{0}=Cc*"0<y<p+nand Kgp,nf given by
A3).

. Coefficient estimates

Theorem 1.

1z (Kepnf' @) + A=) (Kepnf @)

1
Bl (ks @) + (= pyztren-
- @+m|[<r,zel)

32

Let the function f € Y,,, be defined by (1).
Then felL(,ns) if and only if

c+p+n

Za (k+p+m[1+uk+yIpl—2)] (
“YIBIA— ) + 1Bl — Dul +n)

k=2
<1,

where 6 >0,c>—-(+1),0<n<1,BeC\
{0}=CandO<y<p+n.

Proof. Assume that inequality (5) holds true
and |z| = 1. Then ,we obtain

12 (Kepf' @)+ =) (K f @)
—p+mu (Kpnf' @) = (= (@ + )z
v 11| (Kpnf' @) + (1 = w)z®*0~1|

= | —plp +nz®*rm-1

C c+p+n \°
PSYALL L o
+kZ2< w40 () Wk D)

+ (1 = W]a,z P+t
V1B (uCp + 1) + (1 = p))z@+m=1

c+p+n 8
+ E k ( ) k+p+n-1
k_zﬂ( p T]) c+ k p+7 arZz

< Z(k +p+ M1+ ulk +yI8] - 2)]
k=2

( c+p+n 8

m) D
<yIBIA—w + @IBl— Dul+n),

by hypothesis.

Hence , by maximum modulus principle , we
have f € L(p,n,6). Conversely, let f €
L(p,n,6). Then

That is

= | —u@+mz®*rm-?

c+k+p+n

(5)

)

8
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c+p+n ¢

+k2:2 (k+P+77)<m) [u(k — 1)

+ (1 = Wlayz P

+|(u@ +m) + (1= )z

+i plk +p
k=2

8

c+p+
+n)(—p 0 )az

k+p+17—1|
ctk+p+n

<vIBl, (6)

since |Ref (2)| < |f(2)| for all z , we have

| Re{[—u(p + n)z®+m-1

- c+p+n \°
+Z (k+P+T])(m) [uCk —1D+ (1 -]

X aka+p+n—1]

+[(up +m) + (1 = @)z®*rm1

c+p+n \°

k+p+n—1
+3 wletp ) () @l

k=2

<vIBl, (7)

choosing z on real axis and allowing z —» 1,
we have

pm+ Y Gtp+m (Z2) - 1)+ (1 -l

ctk+p+n
k=2

o0

(H(P +n)+(0- H)) Z ulk+p+ 77) c+p+11 )6 o

ct+k+p+n
=2

<vIBl
which gives (5).

Finally , the result is sharp with extremal
function f given by :

f(2)

= ZbH1

YIBIL—w) + (Bl — Dplp + 1) Slerpin

(k +p+ ML+l + 1Bl - 2] (S )’

ctk+p+n

k= 2.

Corollary 1. Let the function f defined by (1)
be in the class L(p,n, §). Then

Ak
YIBI(A—w) + IBl — Dul +1n)

< - 5
(e +mIL+uk +vI8l - 2] (Z5)

k> 2. 9

The equality in (9) is attained for the function f

given by (8).

Definition l.Let0<A<1and§ { €R.
Then in terms of Guass's hypergeometric
function ,F; , the generalized fractional
derivative operator of order A of the function
f is defined by:

1 d

DEEAf(2) = d
f& = T(1—A)dz

x{z’l'ffz(z—t)"lzlzl (f-21-g1-21
0
t
- ;)f(t)dt}, (10)

where the function f* is analytic in a simply
connected region of the z - plane containing the
origin , with the order

f(z) =0(z))¢ ,(z - 0) for

e > max{0,¢ — ¢} — 1 and the multiplicity of
(z — t)~* is removed by requiring log(z — t) to
be real when (z —t) > 0.

Note that
uzf(z) =D}(2) ,(0<A< 1), (11)
where
R 1 d (7 f®
Dif @ =rqana), G
(o <1< 1) (12)

)
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is the Riemann — Liouville fractional derivative
of order A.

Definition 2. Under the hypothesis of
Definition 1, the fractional derivative of order
n + A is defined , for a function f , by

n

DIMAf(2) =d—le(z) (0<A<1;neN
Z dzn z ) = ’ 0
= Nu {0}).

It readily follows from Definition 1 that

Dél Zk+p+n
_ Ftk+p+n+1) P2 (0 <
Ftk+p+n—-1+1)
< 1), (13)
we shall need the concept of subordination
between analytic functions and subordination
theorem of Littlewood [2].

Definition 3.If the functions f and g are
analytic in the open unit disk U, then f is said
to be subordinate to g in U if there exists a
function w analytic in U with w(0) = 0 and
lw(z)| < 1suchthat f(z) = g(w(z))(z e U).
We denote this subordination by f < g.

Theorem 2.

If the function f and g are analytic in U with
f <g,then

2 ) r 27 ] 7:
f |f(re”9)| dﬁﬁf |g(re”9)| do,(t
0 0

>0,0<r<1). (14

3. Integral means inequalities
Theorem 3.
Let g be of the form (2) and f € L(p,n, 5) be

of the form (1) and let for somei € N,

ﬁ = minﬁ
bi k=2 bk ’

where

34

Py
_ (k+p+m[1+ulk+ylBl —2)](
vIBI(A—w) + IBl = Dulp +1n)

c+p+n f

ctk+p+n

Also , let for such i € N, the functions f; and
gi be defined respectively by

fi(2)
= PH1
YIBIA—w + ¢IBl — Dulp +n) D
+p+n \8 ’
@+ p+mIL+pG+y181 - 2] (L)
gi(z) = zP¥ + b; Z1HPHN (15)

If there exists an analytic function w defined
by
w@)}'
S5
G+p+m+pi+yIBl-2)] (SEL) &

c+i+p+n X
IBI(1 —w) + (vIBl — Dup + n)1b; ; Qpbrz",

then,for t>0and z=re?(0<r<1),

2m

2T
f I(f*g)(z)lfdﬁsf \(fy * g) @I a9,
0 0

(t>0).

Proof. Convolution of f and g is defined as:

(f * g)(2) = zP*1 + ayby zK¥PHN
k=2

= Zp-H7 (1 + Z akbkzk> .

k=2
Similarly, from (15) , we obtain
(fi * ) (2) = zP™7"

Y1811 — @) + (vIBl — Dulp +m)] b;
i+ p+ ML+l + gl - 2] (22’

c+i+p+n
= ZzP*N <1

[yIBI(1 — ) + (1Bl — Dulp + M b; ,t
i+ p+mL+uG + 18l - 2] (Z2)°

ZL+p+‘l]

c+i+p+
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To prove the theorem , we must show that for
t>0andz=re?(0<r<1),

2 had
f 1+ z akkak
0

k=2

21
Sf |1+
0

[y1B1(1 — ) + (VIBl — Dulp + m] b;
G+ p+m)+ui+vIBl - 2] (2L

c+i+p+n

T
dy

< z!|7dY.

Thus , by applying Theorem 2, it would suffice
to show that

1+Zakbkzk <1+
k=2

IBI(1 —w) + (I8l — Dulp + m] b;
+p+n 8
(i +p+m1+puG +vIBl - 2)] (=)

c+i+p+n

z4. (16)

If the subordination (16) holds true , then there
exist an analytic function w with w(0) = 0
and |w(z)| < 1 such that

1+ Z akkak =
k=2

[y1B1(1 — ) + (vIBl = Dulp + M1 b;
G+ p+mL+pl+yIBl - 2)] (2L )

cti+p+n

1+

sw@}.

From the hypothesis of the theorem , there
exists an analytic function w given by

w2}
S5
CGHp I+ ul gl -1 (50T
T IR = w) + 1Bl = Dulp + n)b;

(oo}

X Z aybz*,

k=2

which readily yields w(0) = 0. Thus for such
function w , using the hypothesis in the
coefficient inequality for the class L(p,n, ) ,
we get

Vol.2, No.1, may 2014, pp 31-38

lw(2)|!
+p+ §
@+ p+mIL+uG +y1 - 2] (S22 i“ ol
VIl — ) + (VI8 — Dup + b e

c+p+n s

G p L+l +yIBl -] (L) & .
IBIA — ) + (18] — Dulp + m]b; Zak «

|z

<|z| < 1.

Therefore ,the subordination (16) holds true ,
thus the theorem is proved.

Theorem 4.
Let f € L(p,n, 6),p(2) be given by

p(z) = 2P

m
* Z bsj-(s-npamz* TCTREID (17)

s=1

(p+n)>4A, j=2,m=2,and suppose that

[ee)

D et p+n—Dane s
k=2

= Isj—G—2)p+m+DIp+n—-2+1-v)IB—-1—n+p+1n)
ZF(sj—(s—Z)(p+71)—/1+1—U)F(Z+p+n—l)l"(p+77—l+1—n)

X bsj—(s=1)(p+m) (18)
fora=0o0r1l
O0<nv<land2<i1<k(0<nv<l),

where (k + p + n — 1) ;44 denotes the
pochhammer symbol defined by

(ktp+tn—MDpp1=k+p+n—Dk+p+
n—21+1)..(k+p+n).

Then forz = re® (0 < r < 1),

2T T
f D2+ f (2)| 9
0
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Tp+n—-1+1-v)
p+n—-2A+1-n)

T
zV"DMVp(2)| av,

27
<f
0

(t>0).

(19)

Proof. By means of the fractional derivative
formula (13) and Definition 2 , we find from
(1) that

Fp+n+1)
Fp+n—21+1-—n)

DZA+nf(Z) — p+n—-A-n

S T(k+p+n+DIip+n—21+1—n)

1 k
* 21“(p+n+1)1“(k+p+n—/1+1—n)a"zl
n=

X

Fp+n+1)

— Zp+11—l—n
p+n—-21+1-n)
- Fp+n—A+1-
X (14 (et p+n =D v F(Z D ™) cp(k)akzk]
k=2
where
o(k) =

Fk+p+n—-24) {/1=00r 1(0<n<1)
Fk+p+n+1-21-n2<1<k (0<n<1)

k>2keN.
Since (k) is a decreasing function of k , we
have

0<o) <e2)=

FrC+p+n-24) {/1=00r 1(0<n<1)
FrB+p+n—-21—-n)2<A<k (0<n<1)y

k>2keN.
Similarly , by using (17) ,(13) and Definition 2,

we obtain
Fp+n+1)
Tp+n—-—1+1—-v)

p+n-A-v

D}*vp(z) =

CI(sj—(5—2)@+m+ DI +n—A+1-7v)

[1+s:1r(p+’7+1)1"(51'—(s—2)(p+n)—,1+1—v)

X byj—(s-1)pem 2™ TCTHEI]
Thus , we have

p+n—-21+1-v)

v—nD/1+v .
F(p+n—/1+1—n)z 2P
Fp+n+1)

= p+77_/1_n
Fp+n—21+1-—n)

C(sj—(—2)P+m+ DI +n—A+1-7v)

X[1+S=1F(p+r]+1)F(sj—(s—2)(p+n)—l+1—v)

X bsj—(s—1)(p+n)ZSj_(s_1)(p+n)]

For z = re®(0 < r < 1), we must show that

J-ZT[
0

2T
< [T
0

C(sj—(—2)P+m+DI@+n—21+1-7v)
S=1F(p+n+1)F(sj—(s—2)(p+n)—)l+1—v)

T

p+n—A+1-
(7 " oagzt| a9

Fp+n+1)

L+ ) (k+p 41 = Da
k=2

X bsj_(S_1)(p+n)ZSj_(S_1)(p+n) ITdﬁ, (1’ > 0).

By applying Theorem 1. It suffices to show that

F'p+n—21+1—n)
Fp+n+1)

1+ ) (k+p+0-Din ()0, 2"

k=2

- Isj—(G-2)p+n)+DI(p+n—21+1-v)
<1+2;Hp+n+1ﬁ@f—@—2Xp+n)—A+1—m

X bsj_(s—)pem2*/ TCTHEH, (20)
By setting
- Tp+n—21+1-n) K
1+ D (kP = Daa e 0(az

k=2

CI(sj—(5—2D@+n+ DI +n—1+1—1v)
S=1F(p+r)+1)F(sj—(s—2)(p+77)—/1+1—17)

X bsj—(s—l)(p+n){W(Z)}Sj_(s_l)(p+n)
we find that

{w(z)}s/-(s—D@+m)
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Tp+n—242+1-—n)

k k

=Ykt p+n=Dan
k=2

1

X
m

Z I(sj—(s=2)(p+1)+ D (p+n-A+1-v)

T'(p+n+1)I(sj—(s—-2)(p+n)-2+1-v)

sj—=(s=1)(p+n)
s=1

which readily yields w(0) = 0. Therefore ,
we have

lw(z)|s/~-DE+n) <

Ip+n—-242+1-n)

k k

D k+p+n=Din

k=2

1

X
m
[(sj=(s=2)(p+m)+ DI (p+n-A+1-v)
sj—(s=1)(+n)

T(p+n+1DI(sj-(s-2)(p+n)—-1+1-v)
s=1

< |z|?

( ) I'(p+n—-1+1-n)
r(p+n+1)

X
m
Z L= (D@D p4n=A+1-0) |
T(p+n+D)I(sj—(5-2)(p+m—-A+1-p) S~ (=D(@+m)
s=1

X Z(k +p+n—Dip1ax
k=2
= |z|?

r(2+p+n-1) T(p+n—-A+1-n)
r@+p+n-1-n) T(p+n+1)

X
m
Z T(sj=(s=2)(p+m)+ DI (p+n-A+1-v)

T(p+n+1)Ir(sj-(s-2)(p+n)—-A+1-v) bsj—(s—l)(p+n)

s=1

XY (et p+n=Dana <22 <1,
k=2

by means of the hypothesis (18) of Theorem 4.
Now , we prove the following property by

using the definition of f; which given by

fi(z) = zP*" + z Ay ; Zk+p+n, 21
k=2

Theorem 5.

Let f of the form (1) be in the class L(p,n, §)
such that £(U) is convex. Assume that f
satisfies the inequality (5). Then , for the
Cesaro operator [3-6] of f defined by the
relation

k

o1
Uk(Z)=Zk—+1 Zak,i zZktptn
k=2

i=0
r=12..,0sn<1,z€0)
with o,(2) = 0,0,(2) = zP*" , we have
ox(z) € L(p,n, ).

Proof. Since f; which is defined by (21)
satisfies (5) then in view of Theorem 1, we
have

o)

> i+ p+ I+ plk +y18] - 2]
k=2

x( c+p+n )5
ctk+p+n
<vIBIA =W + ¢IBl = Dulp +n).
Forall k € N, , we have

ox(z) = 0 + zP*"

o k
1
+ R ai, ; Zk+l7+77,
zk+1 z ol

k=2 i=0

(zeU).

Hence

D e+ p+ L+ ule + 181 - 2)]
k=2

k

c+p+n |
d ) il 2o
ctk+p+n/ k+1\« '
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n o k
1
=T QG+ +uk+yIB =D)<Y (GBI~ ) + (18]~ Dutp + )
i=0 k=2 i=0
X( ct+p+n )‘5 N =yIBI(1 =W + 1Bl = Dup + ).
ctk+p+n)

This implies that oy (2) € L(p,n,5) .
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