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Introduction 

Optimal control problem (OCP) means 

endogenously controlling a parameter in a 

mathematical model to produce an optimal (cost) 

output. The problem comprises an objective (or cost) 

function, which is a function of the state and control 

variables, the constraints on the control, and the 

dominating system. The problem seeks to optimize 

the objective function subject to the constraints 

construed by the model describing the evolution of 

the underlying system. Optimal control problems 

play an important role in many practical applications, 

such as in medicine1, aircraft 2, economics3, robotics 
4, weather conditions 5and many other scientific 

fields. There are two types of optimal control 

problems; the classical and the relax type, each one 

is either continuous or discrete, also each one of them 

is dominated either by ODEqs 6-8 or by PDEqs9.   

The study of the continuous classical type began with 

the continuous classical boundary optimal control 

problems dominated by nonlinear parabolic or 

elliptic or hyperbolic PDEs. Then, these studies were 

generalized to deal with systems dominated by 

coupling nonlinear PDEs of these three types10,11, and 

then were generalized also to deal  systems 

dominated by triple nonlinear PDEs of these three 

types 12 . In each type of these classical continuous 

boundary optimal control problems, the problem 

consists of; an initial or a boundary value problem 

(the dominating eqs.), the objective (cost) function of 

the classical continuous control vector, and the 
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constraints on the state vector (equality and 

inequality state constraints). The study in each one of 

these problems included; the state and proof for the 

existence theorem of a continuous classical boundary 

optimal control that satisfies the state constraints 

under suitable conditions, the derivation of the 

mathematical formulation of the adjoint eqs. 

associated with the state eqs. , the derivation of the 

Freichet derivative of the cost function and the state 

constraints functions, and the state and proof of the 

necessary (conditions) theorem and the sufficient 

(conditions) theorem for optimality. All these studies 

encouraged us to study the generalization of these 

problems to include the quaternary continuous 

classical boundary optimal control vector problem 

dominated by quaternary nonlinear parabolic 

boundary value problem. According to this idea of 

generalization, it is necessary to find a mathematical 

model for the dominating eq. , as well as the cost 

function and the constraints on the state function, the 

spaces of definition for the control, and the state 

vectors, all of which need to be generalized. Hence 

all the theorems and the results included in the above 

studies for the continuous classical boundary optimal 

control dominated by the couple and the triple 

nonlinear PDEs of the parabolic type must be stated 

and proved for the “new” proposed quaternary 

continuous classical boundary optimal control 

problem.   

In this paper; the quaternary continuous classical 

boundary optimal control vector problem dominated 

by quaternary nonlinear parabolic boundary value 

problem is proposed, it starts at first with some given 

principles and mathematical concepts, and then the 

description for the problem is given, the main results 

of this work consist of; the existence theorem of a 

quaternary continuous classical boundary optimal 

control vector (minimizing the cost function and 

satisfying the equality and inequality state 

constraints) is stated and demonstrated under 

suitable assumptions. The mathematical formulation 

for the adjoint quaternary eqs. associated with the 

quaternary nonlinear parabolic boundary value 

problem is discovered and then the Fréchet 

derivative for the cost function and the state 

constraints functions (equality and inequality state 

constraints) are obtained. Finally, the necessary 

(conditions) theorem for optimality and the sufficient 

(conditions) theorem for the proposed problem are 

stated and demonstrated under suitable assumptions.   

 

Materials and Methods 

The following mathematical concepts are important 

and are used next in this paper. 

Definition 1 13: Let Ω ⊂ ℝ𝑛 , a function 𝑔: Ω ×
ℝ4 → ℝ is called of  the Carathéodory Type, if it is 

continuous w.r.t. 𝑦 and 𝑢 for fixed 𝑥 ∈ Ω and 

measurable w.r.t. 𝑥 if it is fixed (𝑦, 𝑢). 

Definition 2 13: Let 𝜓: Α → Β be a function from an 

open set Α in a normed space Ε into a normed space 

Β, and 𝑟 ∈ Α. If there is a bounded linear operator  

𝐿: Ε → Β such that: lim
ℎ⟶0

‖𝜓(𝑟+ℎ)−𝜓(𝑟)−𝐿ℎ‖Β

‖ℎ‖Α
= 0.  

Then, 𝜓 is called Fréchet differentiable at 𝑟. 
Moreover, 𝐿 is called the Fréchet derivative of 𝜓 at 

𝑟. 

Definition 3 14: Let (Ε, ‖ ∙ ‖) be a real normed space, 

Β(≠ ∅) ⊂ Ε, and let 𝜓: Β → ℝ be a given functional. 

The functional 𝜓 is called weakly lower semi 

continuous if every sequence (Κ𝑛)𝑛∈ℕ in a set Β 
converges weakly to some Κ̅ ∈ Β , i.e.: 

lim
𝑛→∞
inf 𝜓(Κ𝑛) ≥ 𝜓(Κ̅).  

Definition 4 15:  Let 𝐿 be a bounded linear operator 

on a Hilbert space 𝐻. The operator 𝐿𝑎: 𝐻 → 𝐻 is 

defined by: (𝐿𝑟, 𝑧) = (𝑟, 𝐿𝑎𝑧) for any 𝑟, 𝑧 ∈ 𝐻 is said 

to be the adjoint operator of 𝐿. 

Theorem 1 13: Let 𝐷 be a measurable subset of ℝ𝑑 , 
and  𝜓:𝐷 → ℝ with 𝜓 ∈ 𝐿1(𝐷,ℝ), if ∫ 𝜓(𝑣)𝑑𝑣 ≥ 0

 

𝑆
 

(or ≤ 0,= 0), for each measurable set 𝑆 ⊂ 𝐷. Then, 

𝜓(𝑣) ≥ 0 (or ≤ 0,= 0), a.e. in 𝐷. 

Theorem 213: Let 𝑈 be a convex subset of a vector 

space 𝑋, 𝐾 be a positive cone in a normed space 𝑍 

with 𝐾° ≠ ∅ be a convex, 𝐺0: 𝑈 → ℝ , 𝐺1: 𝑈 → ℝ
𝑚  

𝑚 ≥ 0 , 𝐺2: 𝑈 → 𝑍,  𝑊 =
{𝑢 ∈ 𝑈|𝐺1(𝑢) = 0, 𝐺2(𝑢) ∈ −𝐾}. 

If 𝐺𝑙, 𝑙 = 0,1,2, are (𝑚 + 1) −locally continuous at 

𝑢 ∈ 𝑈, and have (𝑚 + 1) −derivatives at 𝑢, and if  

𝐺0(𝑢) has a minimum at 𝑢 in 𝑊, then 𝑢 satisfies the 

“Kuhn-Tucker-Lagrange’s Multipliers” , i.e. 

There exist 0 ≤ 𝜆0 ∈ ℝ, 𝜆1 ∈ ℝ
𝑚, 0 ≤ 𝜆2 ∈ ℤ

∗, 

with ∑ |𝜆𝑙| = 1
2
𝑙=0  s.t., ∀𝑤 ∈ 𝑊   

𝜆0𝐷𝐺0(𝑢, 𝑤 − 𝑢) + 𝜆1
𝑇𝐷𝐺1(𝑢, 𝑤 − 𝑢) +

〈𝜆2, 𝐷𝐺2(𝑢, 𝑤 − 𝑢)〉 ≥ 0,  and  〈𝜆2, 𝐺2(𝑢)〉 = 0.  
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Proposition 1 16: Let 𝑓:𝐷 ⊂ ℝ𝑑 × ℝ𝑛 → ℝ𝑚 be of 

the Carathѐdory type, 𝐹(𝑦) = ∫ 𝑓(𝜒, 𝑦(𝜒)) 𝑑𝜒
𝐷

, 

and  ‖𝑓(𝜒, 𝑦)‖ ≤ 𝜁(𝜒) + 𝜂(𝜒)‖𝑦‖𝛼,∀(𝑥, 𝑦) ∈ 𝐷 ×
ℝ𝑛,𝑦 ∈ 𝐿𝑝(𝐷 × ℝ𝑛), where𝜁 ∈ 𝐿1(𝐷 × ℝ),𝜂 ∈

𝐿
𝑝

𝑝−𝛼(𝐷 × ℝ), and 𝛼 ∈ 𝑁, if 𝑝 ∈ [1,∞). Then 𝐹 is 

continuous on 𝐿𝑝(𝐷 × ℝ𝑛). 

Proposition 216: Let 𝑓 and 𝑓𝑦: 𝐷 ⊂ ℝ
𝑑 × ℝ𝑛 → ℝ𝑚 

be of the Carathѐdory type, let 𝐹: 𝐿𝑝(D) → ℝ s.t. 

𝐹(𝑦) = ∫ 𝑓(𝜒, 𝑦(𝜒)) 𝑑𝜒
𝐷

, and ‖𝑓(𝜒, 𝑦)‖ ≤ 𝜁(𝜒) +

𝜂(𝜒)‖𝑦‖
𝛽

𝑞, ∀(𝜒, 𝑦) ∈ 𝐷 × ℝ𝑛,𝑝, 𝑞 ≠ 0,𝑦 ∈ 𝐿𝑝(𝐷 ×
ℝ𝑛). 

where 𝜁 ∈ 𝐿𝑞(𝐷 × ℝ), 𝜂 ∈ 𝐿
𝑝𝑞

𝑝−𝛽(𝐷 × ℝ), 𝛽 ∈ [0, 𝑝] 

and 
1

𝑝
+
1

𝑞
= 1 , if 𝑝 ≠ ∞, and 𝜂 = 0, if 𝑝 = ∞.  

Then the Fréchet derivative of 𝐹 exists and is given 

by 𝐺′(𝑦)𝑘 = ∫ 𝑓𝑦(𝜒, 𝑦(𝜒))𝑘(𝜒) 𝑑𝜒𝐷
, ∀𝑦 ∈ 𝐿𝑝(𝐷 ×

ℝ𝑛). 

In the following section, the description of the 

proposed problem is given; it includes the 

mathematical formulation for the model which is 

represented by the dominating boundary value 

problem, the cost function, the state constraints 

functions, the constraints on the control, and the 

weak form for the dominating eqs. 

Problem Description: 

Let Γ be a boundary of the open bounded regionΩ ⊂
ℝ2, 𝑄 = 𝐼 × Ω , Σ =  Γ × 𝐼 , and 𝑥 = (𝑥1, 𝑥2). The 

quaternary continuous classical boundary optimal 

control vector problem consists of the state 

quaternary eqs. , which are considered as (in Q): 

𝑦1𝑡 − ∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎1𝑖𝑗

𝜕𝑦1

𝜕𝑥𝑗
) + 𝑏1𝑦1 − 𝑏5𝑦2 + 𝑏6𝑦3 +

𝑏7𝑦4 = 𝑓1(𝜒, 𝑠, 𝑦1),                                                  1  

𝑦2𝑡 − ∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎2𝑖𝑗

𝜕𝑦2

𝜕𝑥𝑗
) + 𝑏2𝑦2 + 𝑏5𝑦1 − 𝑏9𝑦3 −

𝑏11𝑦4 = 𝑓2(𝜒, 𝑠, 𝑦2),                                                2  

𝑦3𝑡 − ∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎3𝑖𝑗

𝜕𝑦3

𝜕𝑥𝑗
) + 𝑏3𝑦3 + 𝑏9𝑦2 − 𝑏6𝑦1 +

𝑏15𝑦4 = 𝑓3(𝜒, 𝑠, 𝑦3),                                                3  

𝑦4𝑡 −∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎4𝑖𝑗

𝜕𝑦1

𝜕𝑥𝑗
) + 𝑏4𝑦4 − 𝑏7𝑦1 +

𝑏11𝑦2 − 𝑏15𝑦3 = 𝑓4(𝜒, 𝑠, 𝑦4),                                  4  

With the following conditions: 

𝜕𝑦𝑟

𝜕𝑛𝑟
= ∑ 𝑎𝑟𝑖𝑗
2
𝑙,𝑗=1

𝜕𝑦𝑟

𝜕𝜒𝑗
cos(𝑛𝑟, 𝜒𝑖) = 𝑣𝑟(𝜒, 𝑠), on Σ, 5  

𝑦𝑟(𝑥, 0) = 𝑦𝑟
0(𝑥), on Ω,                                          6                      

where 𝑓 ∈ (𝐿2(𝑄))
4
= 𝑳𝟐(𝑸), is a vector of 

function for each 𝑥 = (𝑥1, 𝑥2) ∈ Ω, 𝑦⃗ ∈

(𝐻2(𝛺))
4
= 𝑯𝟐(𝜴) is the quaternary vector state 

solution corresponding to quaternary continuous 

classical boundary control vector  𝑣⃗ ∈ (𝐿2(𝜮))
4
= 

𝑳𝟐(𝜮). 𝑎𝑖𝑗(𝜒, 𝑠),  𝑏𝑖𝑗(𝜒, 𝑠),  𝑐𝑖𝑗(𝜒, 𝑠),  𝑑𝑖𝑗(𝜒, 𝑠), 

  𝑏𝑟+3(𝜒, 𝑠),   𝑏2𝑟+3(𝜒, 𝑠),  𝑏3𝑟+3(𝜒, 𝑠) and 

𝑏4𝑟+3(𝜒, 𝑠) ∈ 𝐶
∞(𝑄), and 𝑛𝑟 (for 𝑟 = 1,2,3,4) is an 

outer normal vector on the boundary Σ and (𝑛𝑟, 𝜒𝑗) 

is the angle between 𝑛𝑟 and 𝜒𝑗 − 𝑎𝑥𝑖𝑠. 

The objective function and the state constraints 

are considered as:    

𝐺0(𝑣⃗) = ∫ [𝑔01(𝜒, 𝑠, 𝑦1) + 𝑔02(𝜒, 𝑠, 𝑦2) +𝑄

                     𝑔03(𝜒, 𝑠, 𝑦3) + 𝑔04(𝜒, 𝑠, 𝑦4)]𝑑𝜒𝑑𝑠 +                                                    

                 ∫ [𝑘01(𝜒, 𝑠, 𝑤1) + 𝑘02(𝜒, 𝑠, 𝑤2) +Σ

                      𝑘03(𝜒, 𝑠, 𝑤3) + 𝑘04(𝜒, 𝑠, 𝑤4)]𝑑𝜎 ,        7  

𝐺1(𝑣⃗) = ∫ [𝑔11(𝜒, 𝑠, 𝑦1) + 𝑔12(𝜒, 𝑠, 𝑦2) +𝑄

                    𝑔13(𝜒, 𝑠, 𝑦3) + 𝑔14(𝜒, 𝑠, 𝑦4)]𝑑𝜒𝑑𝑠 +                                      

                 ∫ [𝑘11(𝜒, 𝑠, 𝑤1) + 𝑘12(𝜒, 𝑠, 𝑤2) +Σ

                     𝑘13(𝜒, 𝑠, 𝑤3) + 𝑘14(𝜒, 𝑠, 𝑤4)]𝑑𝜎 = 0 ,  8  

𝐺2(𝑣⃗) = ∫ [𝑔21(𝜒, 𝑠, 𝑦1) + 𝑔22(𝜒, 𝑠, 𝑦2) +𝑄

                   𝑔23(𝜒, 𝑠, 𝑦3) + 𝑔24(𝜒, 𝑠, 𝑦4)] 𝑑𝜒𝑑𝑠 +                                 

               ∫ [𝑘21(𝜒, 𝑠, 𝑤1) + 𝑘22(𝜒, 𝑠, 𝑤2) +Σ

                  𝑘23(𝜒, 𝑠, 𝑤3) + 𝑘24(𝜒, 𝑠, 𝑤4)]𝑑𝜎 ≤ 0 ,    9  

The set of admissible quaternary continuous 

classical boundary control vector is considered as: 

𝑈𝐴⃗⃗ ⃗⃗ ⃗ = {𝑣⃗ = (𝑣1, 𝑣2, 𝑣3, 𝑣4) ∈ 𝑳
𝟐(𝜮)| 𝑣⃗ ∈ 𝑈⃗⃗⃗ ⊂

ℝ4 𝑎. 𝑒. 𝑖𝑛 𝛴, 𝐺1(𝑣⃗) = 0, 𝐺2(𝑣⃗) ≤ 0 },𝑈⃗⃗⃗  is a convex 

set. 

Let 𝑊⃗⃗⃗⃗ = 𝑊1 ×𝑊2 ×𝑊3 ×𝑊4 

            = {𝑤⃗⃗⃗ ∶  𝑤⃗⃗⃗ = (𝑤1, 𝑤2, 𝑤3, 𝑤4) ∈ 𝑯
𝟏(𝜴) }. 

The weak form of the state quaternary eqs. (when 

𝑦⃗ ∈ 𝑯𝟐(𝜴)) is: 

(𝑦1𝑠, 𝑤1) + 𝑎1(𝑠, 𝑦1, 𝑤1) + (𝑏1(𝑠)𝑦1, 𝑤1)Ω −
(𝑏5(𝑠)𝑦2, 𝑤1)Ω + (𝑏6(𝑠)𝑦3, 𝑤1)Ω +
(𝑏7(𝑠)𝑦4, 𝑤1)Ω = (𝑓1, 𝑤1)Ω + (𝑣1, 𝑤1)Γ ,            10  
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(𝑦1(0), 𝑤1)Ω = (𝑦1
0, 𝑤1)Ω ,                 11  

(𝑦2𝑠, 𝑤2) + 𝑎2(𝑠, 𝑦2, 𝑤2) + (𝑏2(𝑠)𝑦2, 𝑤2)Ω +
(𝑏5(𝑠)𝑦1, 𝑤2)Ω − (𝑏9(𝑠)𝑦3, 𝑤2)Ω −
(𝑏11(𝑠)𝑦4, 𝑤2)Ω = (𝑓2, 𝑤2)Ω + (𝑣2, 𝑤2)Г ,           12  

(𝑦2(0), 𝑤2)Ω = (𝑦2
0, 𝑤2)Ω ,                                   13    

(𝑦3𝑠, 𝑤3) + 𝑎3(𝑠, 𝑦3, 𝑤3) + (𝑏3(𝑠)𝑦3, 𝑤3)Ω +
(𝑏9(𝑠)𝑦2, 𝑤3)Ω − (𝑏6(𝑠)𝑦1, 𝑤3)Ω +
(𝑏15(𝑠)𝑦4, 𝑤3)Ω = (𝑓3, 𝑤3)Ω + (𝑣3, 𝑤3)Г ,           14  

(𝑦3(0), 𝑤3)Ω = (𝑦3
0, 𝑤3)Ω ,                                   15  

(𝑦4𝑠, 𝑤4) + 𝑎4(𝑠, 𝑦4, 𝑤4) + (𝑏4(𝑠)𝑦4, 𝑤4)Ω −
(𝑏7(𝑠)𝑦1, 𝑤4)Ω + (𝑏11(𝑠)𝑦2, 𝑤4)Ω −
(𝑏15(𝑠)𝑦3, 𝑤4)Ω = (𝑓4, 𝑤4)Ω + (𝑣4, 𝑤4)Г ,           16 

(𝑦4(0), 𝑤4)Ω = (𝑦4
0, 𝑤4)Ω ,                                   17 

where ∀𝑟 = 1,2,3,4,  

𝑎𝑟(𝑠, 𝑦𝑟, 𝑤𝑟) = ∫ ∑ 𝑎𝑟𝑖𝑗(𝜒, 𝑠)
𝑛
𝑖,𝑗=1𝛺

𝜕𝑦𝑟

𝜕𝜒𝑗

𝜕𝑣𝑟

𝜕𝜒𝑖
𝑑𝜒. 

Assumptions (A):  

(i) 𝑓𝑟, ∀𝑟 = 1,2,3,4 is of the Carathѐdory type, and 

satisfies 

     | 𝑓𝑟(𝜒, 𝑠, 𝑦𝑟) | ≤  𝜂𝑟(𝜒, 𝑠) +  𝑐𝑟|𝑦𝑟|, where  

(𝜒, 𝑠) ∈ 𝑄, 𝑢𝑟, 𝑦𝑟 ∈ ℝ, 𝑐𝑟 > 0 and  𝜂𝑟 ∈ 𝐿
2(𝑄,ℝ). 

(ii) 𝑓𝑟, ∀𝑟 = 1,2,3,4  satisfies the Lipchitz conditions 

w.r.t. 𝑦, i.e. 

        | 𝑓𝑟(𝜒, 𝑠,  𝑦𝑟) −  𝑓𝑟(𝜒, 𝑠, 𝑦̂𝑟)| ≤  𝐿𝑟| 𝑦𝑟 − 𝑦̂𝑟|, 
where 𝑦̂𝑟, 𝑦𝑟 ∈ ℝ and 𝐿𝑟 > 0, 

(iii)| 𝑎𝑟(𝑠,  𝑦𝑟 ,  𝑤𝑟) | ≤  𝛼𝑟‖ 𝑦𝑟‖1‖ 𝑤𝑟‖1, 

       |(𝑏𝑟(s) 𝑦𝑟,  𝑤𝑟)Ω | ≤  𝛽𝑟‖ 𝑦𝑟‖0‖ 𝑤𝑟‖0, 

      𝑎𝑟(𝑠,  𝑦𝑟,  𝑦𝑟) ≥  𝛼̅𝑟‖ 𝑦𝑟‖1
2, 

(𝑏𝑟(s) 𝑦𝑟,  𝑦𝑟)Ω ≥  𝛽̅𝑟‖ 𝑦𝑟‖0
2, ∀𝑟 = 1,2,3,4, 

|(𝑏𝑟+3(s) 𝑦𝑟,  𝑤1)Ω | ≤ 𝜖𝑟‖ 𝑦𝑟‖0‖ 𝑤1‖0,  

∀𝑟 = 2,3,4, 

|(𝑏2𝑟+3(s) 𝑦𝑟,  𝑤2)Ω | ≤ 𝜖𝑟̅‖ 𝑦𝑟‖0‖ 𝑤2‖0 ,  

 ∀𝑟 = 1,3,4, 

|(𝑏3𝑟+3(s) 𝑦𝑟,  𝑤3)Ω | ≤ 𝜖𝑟̂‖ 𝑦𝑟‖0‖ 𝑤3‖0 , 

∀𝑟 = 1,2,4, 

|(𝑏4𝑟+3(s) 𝑦𝑟,  𝑤4)Ω | ≤ 𝜖𝑟̃‖ 𝑦𝑟‖0‖ 𝑤4‖0 , 

∀𝑟 = 1,2,3,                                                               

𝑐(𝑠, 𝑦⃗, 𝑦⃗) =  𝑎1(𝑠,  𝑦1,  𝑦1) +  (𝑏1(s) 𝑦1,  𝑦1)Ω +
                       𝑎2(𝑠,  𝑦2,  𝑦2) +  (𝑏2(𝑠) 𝑦2,  𝑦2)𝛺 +
                       𝑎3(𝑠,  𝑦3,  𝑦3) +  (𝑏3(s) 𝑦3,  𝑦3)Ω +  

                      𝑎4(𝑠,  𝑦4,  𝑦4) + (𝑏4(s) 𝑦4,  𝑦4)Ω 

    𝑐(𝑡, 𝑦⃗, 𝑦⃗) ≥ 𝛼̅‖𝑦⃗‖1
2 , ‖𝑦⃗‖1

2 = ∑ ‖ 𝑦𝑟‖1
24

𝑟=1 , With 

𝛼𝑟 ,  𝛽𝑟,  𝜖𝑟 (𝑟 = 1,2,3,4)and 𝛼̅ are real positive 

constants. 

Theorem 312: With Assumptions (A), for each fixed 

quaternary continuous classical boundary control 

vector 𝑣⃗ ∈ 𝑳𝟐(𝛀) , Eq.10 – Eq.17 has a unique 

quaternary vector state solution 

 𝑦⃗ ∈ (𝐿2(I,W))
4
=  𝑳𝟐(𝐈,𝐖), 𝑦𝑠⃗⃗⃗⃗ ∈ (𝐿

2(I,𝑊∗))
4
=

𝑳𝟐(𝑰,𝑾∗).   

Theorem 412: With Assumptions (A), the following 

two cases are held:  

a- Let 𝑦⃗, 𝑦⃗ + ∆𝑦⃗ be the quaternary vector states 

solution corresponding to the bounded quaternary 

continuous classical boundary control vectors 𝑣⃗ 
,𝑣⃗ + ∆𝑣⃗ ∈ 𝑳𝟐(𝜮) resp., then ( with 𝜿 denote for 

various cosntants):                                             

‖∆𝒚⃗⃗⃗‖
𝑳∞(𝑰,𝑳𝟐(𝜴))

≤ 𝛋‖∆𝒗⃗⃗⃗‖𝚺 , 

‖∆𝒚⃗⃗⃗‖𝑳𝟐(𝑸) ≤ 𝜿‖∆𝒗⃗⃗⃗‖𝚺, 

‖∆𝒚⃗⃗⃗‖𝑳𝟐(𝑰,𝑽) ≤ 𝜿‖∆𝒗⃗⃗⃗‖𝚺 . 

b- The operator  𝑣⃗ → 𝑦⃗𝑣⃗⃗  from 𝑳𝟐(𝜮) into 

𝑳∞ (𝑰, 𝑳𝟐(𝜴))or into 𝑳𝟐(𝑸) is continuous. 

Assumptions (B): 

The functions 𝑔𝑙𝑟 , 𝑘𝑙𝑟(∀𝑙 = 0,1,2, and  𝑟 = 1,2,3,4) 
are of the Carathѐdory type on (𝑄 × ℝ) and on 

(𝛴 × ℝ) resp., and satisfy: 

 | 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟)| ≤  𝛾𝑙𝑟(𝜒, 𝑠) +  𝑐𝑙𝑟(𝑦𝑟)
2,  

 | 𝑘𝑙𝑟(𝜒, 𝑠, 𝑣𝑟)| ≤ 𝛿𝑙𝑟(𝜒, 𝑠) +  𝑑𝑙𝑟(𝑣𝑟)
2,  

where 𝑦𝑟, 𝑣𝑟 ∈ ℝ with  𝛾𝑙𝑟 ∈ 𝐿
1(𝑄), 𝛿𝑙𝑟 ∈ 𝐿

1(𝛴) . 

Lemma 1: With Assumptions (B), the functional 

𝐺𝑙(𝑢⃗⃗)  is continuous on 𝑳𝟐(𝜮) for each 𝑙 = 0,1,2. 

Proof: The continuity of the integrals 

∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟) 𝑑𝜒𝑑𝑠𝑄
, ∫ 𝑘𝑙𝑟(𝜒, 𝑠, 𝑣𝑟) 𝑑𝜎𝛴

  on 

𝐿2(𝑄),𝐿2(𝛴) respe, ∀𝑟 = 1,2,3,4 & 𝑙 = 0,1,2 are 

obtained from Assumptions (B), with using 

Proposition 1, and hence 𝐺𝑙(𝑣⃗) for each 𝑙 = 0,1,2 is 

continuous on 𝑳𝟐(𝜮) for each 𝑙 = 0,1,2. 
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Theorem 512: If 𝑉⃗⃗ is compact in 𝑈⃗⃗⃗𝐴 ≠ ∅. If 𝐺0(𝑣⃗) is 

convex w.r.t. 𝑣⃗ for fixed (𝜒, 𝑠, 𝑦⃗). Then there exists 

a quaternary continuous classical boundary optimal 

control vector.

 

Results and Discussion 

Main Results 

In this part, the existence theorem for a quaternary 

continuous classical boundary optimal control vector 

satisfying the equality and inequality constraints is 

stated and demonstrated. The mathematical 

formulation for the quaternary adjoint eqs. associated 

with the quaternary nonlinear state eqs. is 

discovered. Then the Fréchet derivative for the cost 

functional and the state constraints functions are 

obtained. The necessary and sufficient theorems for 

optimality are stated and demonstrated under 

suitable assumptions. 

Theorem 6: If 𝑈⃗⃗⃗𝐴 ≠ ∅, 𝐺𝑙(𝑣⃗) (for each 𝑙 = 0,2) is 

convex w.r.t. 𝑣⃗ and  for fixed (𝜒, 𝑠, 𝑦⃗), 𝐺1(𝑣⃗)  is 

independent of 𝑣⃗. Then there exists a constraints 

quaternary continuous classical boundary optimal 

control vector. 

Proof: From the hypotheses on 𝑉⃗⃗, 𝑈⃗⃗⃗𝐴 is weakly 

compact. Since 𝑈⃗⃗⃗𝐴 ≠ ∅, then there exists a 

minimizing sequence{𝑣⃗𝑘} ∈ 𝑈⃗⃗⃗𝐴 ,∀𝐾, s.t 

lim
𝑛→∞
 𝐺0(𝑣⃗𝑘) = 𝑖𝑛𝑓𝑣⃗⃗̅∈𝑊⃗⃗⃗⃗𝐴𝐺0(𝑣⃗̅). Then there exists a 

subsequence of {𝑣⃗𝑘} say again {𝑣⃗𝑘} s.t. 𝑣⃗𝑘
𝑤
→ 𝑣⃗ in 

𝑳𝟐(𝚺) and ‖𝑣⃗𝑘‖Σ ≤ 𝑐, ∀𝑘 .Hence by Theorem 3, 

there exists a sequence for the quaternary state 

solutions{𝑦⃗𝑘} corresponding to the sequence of the 

quaternary continuous classical boundary control 

vector {𝑣⃗𝑘}.  

In Theorem 3, it is proved that the 𝑦⃗𝑘
𝑆
→ 𝑦⃗ in 𝑳𝟐(𝑸), 

and 𝑦⃗ is a quaternary state solution of the Eq. 10- Eq. 

17, corresponding to the quaternary continuous 

classical boundary control vector 𝑣⃗. It remains to 

show that the limit 𝑣⃗ satisfies Eq.7- Eq.9. 

Since 𝐺1(𝑣⃗𝑘) = ∫ [𝑔11(𝜒, 𝑠, 𝑦1𝑘) +𝑄

𝑔12(𝜒, 𝑠, 𝑦2𝑘) +
𝑔13(𝜒, 𝑠, 𝑦3𝑘) +𝑔14(𝜒, 𝑠, 𝑦4𝑘)]𝑑𝜒𝑑𝑠. 

From Lemma 1, with  𝑦⃗𝑛
𝑆
→𝑦⃗ in 𝑳𝟐(𝑸), and by 

Proposition 1, one gets:  

 ∫ 𝑔1𝑟(𝜒, 𝑠, 𝑦𝑟𝑘)𝑑𝜒𝑑𝑠𝑄
→ ∫ 𝑔1𝑟(𝜒, 𝑠, 𝑦𝑟)𝑑𝜒𝑑𝑠𝑄

. 

Which gives, 𝐺1(𝑣⃗) = lim
𝑘→∞
 𝐺1(𝑣⃗𝑘) = 0. 

From Lemma 1, the function 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟) is 

continuous w.r.t. 𝑦𝑟 (∀𝑟 = 1,2,3,4 & 𝑙 = 0,2), and 

one obtains 

 ∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟𝑘)𝑑𝜒𝑑𝑠𝑄
→ ∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟)𝑑𝜒𝑑𝑠𝑄

. 18  

From the hypotheses on 𝑘𝑙𝑟, the function 

 𝑘𝑙𝑟(𝜒, 𝑠, 𝑣𝑟) is weakly lower semi continuous 

w.r.t. 𝑣𝑟, then by using (18), the following inequality 

is obtained: 

∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟)𝑑𝜒𝑑𝑠𝑄
+ ∫ 𝑘𝑙𝑟(𝜒, 𝑠, 𝑤𝑟)𝑑𝜎 ≤Σ

  

lim
𝑘→∞
𝑖𝑛𝑓 ∫ 𝑘𝑙𝑟(𝜒, 𝑠, 𝑤𝑟𝑘)𝑑𝜎Σ

+ ∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟)𝑑𝜒𝑑𝑠𝑄
  

= lim
𝑘→∞
𝑖𝑛𝑓 ∫ 𝑘𝑙𝑟(𝜒, 𝑠, 𝑤𝑟𝑘)𝑑𝜎 +Σ

  

lim
𝑘→∞
𝑖𝑛𝑓 ∫ 𝑔𝑙𝑟(𝜒, 𝑠, 𝑦𝑟𝑘)𝑑𝜒𝑑𝑠𝑄

. 

i.e. 𝐺𝑙(𝑣⃗) ≤ lim
𝑘→∞
𝑖𝑛𝑓 𝐺𝑙(𝑣⃗𝑘) , for 𝑙 = 0,2, but 

𝐺2(𝑣⃗𝑘) ≤ 0,then 𝐺2(𝑣⃗) ≤ 0  and one gets that 𝑣⃗ ∈

𝑊⃗⃗⃗⃗𝐴. 

And 

  𝐺0(𝑣⃗) ≤ lim
𝑘→∞
𝑖𝑛𝑓 𝐺0(𝑣⃗𝑘) = lim

𝑘→∞
 𝐺0(𝑣⃗𝑘) =

𝑖𝑛𝑓𝑣⃗⃗̅∈𝑊⃗⃗⃗⃗𝐴𝐺0(𝑣⃗̅)  ⟹ 𝐺0
(𝑣⃗) = 𝑚𝑖𝑛𝑣⃗⃗̅∈𝑊⃗⃗⃗⃗𝐴𝐺0(𝑣⃗̅). 

Thus 𝑣⃗  is a constraints quaternary continuous 

classical boundary optimal control vector.  

The Necessary and the sufficient theorems for 

Optimality: 

The following assumptions are needed to discover 

the Fréchet derivative for the cost function, which is 

used next in the proof of the necessary and the 

sufficient conditions for optimality. 

Assumptions (C): 

 If, 𝑓𝑟𝑦𝑟 , 𝑔𝑙𝑟𝑦𝑟and ℎ𝑙𝑟𝑦𝑟(for 𝑙 = 0,1,2 & 𝑟 = 1,2,3,4) 

are of the Carathѐdory type on (𝑄 × ℝ), and on (Σ ×

ℝ) respe, s.t. |𝑔𝑙𝑟𝑦𝑟(𝜒, 𝑠, 𝑦𝑟) | ≤  𝛾̅𝑙𝑟
(𝜒, 𝑠) +

 𝑐𝑙𝑟|𝑦𝑟|, |𝑘𝑙𝑟𝑦𝑟(𝜒, 𝑠, 𝑤𝑟) | ≤ 𝛿𝑙̅𝑟
(𝜒, 𝑠) +  𝑑𝑙𝑟|𝑤𝑟| and 

|𝑓𝑟𝑦𝑟(𝜒, 𝑠, 𝑦𝑟) | ≤  𝐿̅𝑟
(𝜒, 𝑠), 

where (𝜒, 𝑠) ∈ 𝑄, 𝑦𝑟, 𝑣𝑟 ∈ ℝ,  𝛾̅𝑙𝑟,  𝐿̅𝑟 ∈ 𝐿
2(Q) and 

𝛿𝑙̅𝑟 ∈ 𝐿
2(Σ). 
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Theorem 7: Dropping the index 𝑙 in 𝑔𝑙, ℎ𝑙, for each 

𝑙 = 0,1,2, consider Eq. 7, and: 

 𝐻(𝜒, 𝑠, 𝑦𝑟, 𝑧𝑟 , 𝑣𝑟) = ∑ (4𝑟=1 𝑧𝑟𝑓𝑟(𝜒, 𝑠, 𝑦𝑟) +
𝑔𝑟(𝜒, 𝑠, 𝑦𝑟) + 𝑘𝑟(𝜒, 𝑠, 𝑣𝑟)) . 

The adjoin  𝑧𝑟 = 𝑧𝑟𝑣𝑟 or 𝑧𝑣𝑟  associated with state 

eqs. are formulated  in Q as: 

−𝑧1𝑠 − ∑
𝜕

𝜕𝜒𝑖

𝑛
𝑖,𝑗=1 (𝑎𝑖𝑗

𝜕𝑧1

𝜕𝜒𝑗
) + 𝑏1𝑧1 − 𝑏5𝑧2 +

𝑏6𝑧3 + 𝑏7𝑧4 = 𝑧1𝑓1𝑦1
(𝑦1) + 𝑔𝑦1(𝑦1),                  19       

−𝑧2𝑠 − ∑
𝜕

𝜕𝜒𝑖

𝑛
𝑖,𝑗=1 (𝑏𝑖𝑗

𝜕𝑧2

𝜕𝜒𝑗
) + 𝑏2𝑧2 + 𝑏5𝑧1 − 𝑏9𝑧3 −

𝑏11𝑧4 = 𝑧2𝑓2𝑦2
(𝑦2) + 𝑔𝑦2(𝑦2),                            20        

−𝑧3𝑠 − ∑
𝜕

𝜕𝜒𝑖

𝑛
𝑖,𝑗=1 (𝑐𝑖𝑗

𝜕𝑧3

𝜕𝜒𝑗
) + 𝑏3𝑧3 + 𝑏9𝑧2 − 𝑏6𝑧1 +

𝑏15𝑧4 = 𝑧3𝑓3𝑦3
(𝑦3) + 𝑔𝑦3(𝑦3),                           21 

  −𝑧4𝑠 − ∑
𝜕

𝜕𝜒𝑖

𝑛
𝑖,𝑗=1 (𝑑𝑖𝑗

𝜕𝑧1

𝜕𝜒𝑗
) + 𝑏4𝑧4 − 𝑏7𝑧1 +

𝑏11𝑧2 − 𝑏15𝑧3 = 𝑧4𝑓4𝑦4
(𝑦4) + 𝑔𝑦4(𝑦4) .            22     

With the following conditions: 

𝜕𝑧𝑟

𝜕𝑛𝑟
= 0, on Σ,                                                         23 

𝑧𝑟(𝑇) = 0, on Ω.                                                    24     

Then the Fréchet derivative of 𝐺 is: 

𝐺′(𝑣⃗)∆𝑣⃗⃗ ⃗⃗ ⃗ =

∫

 
 
 
 

(

 
 

𝑧1 + 𝑘1𝑣1
𝑧2 + 𝑘2𝑣2
𝑧3 + 𝑘3𝑣3
𝑧4 + 𝑘4𝑣4)

 
 

Σ

. (

∆𝑣1
∆𝑣2
∆𝑣3
∆𝑣4

)𝑑𝜎.                 

Proof: The weak from of the quaternary adjoint eqs. 

for each 𝑣𝑟 ∈ 𝑉, ∀𝑟 = 1,2,3,4, is: 

−(𝑧1𝑠, 𝑤1) + 𝑎1(𝑠, 𝑧1, 𝑤1) + (𝑏1(𝑠)𝑧1, 𝑤1)Ω −
(𝑏5(𝑠)𝑧2, 𝑤1)Ω + (𝑏6(𝑠)𝑧3, 𝑤1)𝛺 +
(𝑏7(𝑠)𝑧4, 𝑤1)Ω = (𝑧1𝑓1𝑦1 , 𝑤1)Ω + (𝑔𝑦1 , 𝑤1)Ω,    25  

−(𝑧2𝑠, 𝑤2) + 𝑎2(𝑠, 𝑧2, 𝑤2) + (𝑏2(𝑠)𝑧2, 𝑤2)Ω +
(𝑏5(𝑠)𝑧1, 𝑤2)Ω − (𝑏9(𝑠)𝑧3, 𝑤2)𝛺 −
(𝑏11(𝑠)𝑧4, 𝑤2)Ω = (𝑧2𝑓2𝑦2 , 𝑤2)Ω + (𝑔𝑦2 , 𝑤2)Ω   26  

− (𝑧3𝑠, 𝑤3) + 𝑎3(𝑠, 𝑧3, 𝑤3) + (𝑏3(𝑠)𝑧3, 𝑤3)Ω +
(𝑏9(𝑠)𝑧2, 𝑤3)Ω − (𝑏6(𝑠)𝑧1, 𝑤3)𝛺 +
 (𝑏15(𝑠)𝑧4, 𝑤3)Ω =  

(𝑧3𝑓3𝑦3 , 𝑤3)Ω + (𝑔𝑦3 , 𝑤3)Ω ,                                 27  

−(𝑧4𝑠, 𝑤4) + 𝑎4(𝑠, 𝑧4, 𝑤4) + (𝑏4(𝑠)𝑧4, 𝑤4)Ω −
(𝑏7(𝑠)𝑧1, 𝑤4)Ω + (𝑏11(𝑠)𝑧2, 𝑤4)𝛺 −
 (𝑏15(𝑠)𝑧3, 𝑤)Ω =  

(𝑧4𝑓4𝑦4 , 𝑤4)Ω + (𝑔𝑦4 , 𝑤4)Ω ,                                 28  

Now, utilizing 𝑦𝑟 = ∆𝑦𝑟 , 𝑤𝑟 = 𝑧𝑟, ∀𝑟 = 1,2,3,4, in 

Eq.10, Eq.12, Eq.14& Eq.16 resp., integrating both 

sides w.r.t. t from 0 to T to get:     

∫ (∆𝑦1𝑠, 𝑧1)𝑑𝑡
𝑇

0
+ ∫ [
𝑇

0
𝑎1(𝑠, ∆𝑦1, 𝑧1) +

(𝑏1(𝑠)∆𝑦1, 𝑧1)Ω − (𝑏5(𝑠)∆𝑦2, 𝑧1)Ω +
(𝑏6(𝑠)∆𝑦3, 𝑧1)Ω +      (𝑏7(𝑠)∆𝑦4, 𝑧1)Ω]𝑑𝑠 =

∫ (𝑓1(𝑦1 + ∆𝑦1), 𝑧1)Ω𝑑𝑠 −
𝑇

0 ∫ (𝑓1(𝑦1), 𝑧1)Ω𝑑𝑠 +
𝑇

0

∫ (∆𝑣1, 𝑧1)
𝑇

0 Γ
𝑑𝑠 ,                                                   29  

∫  (∆𝑦2𝑠, 𝑧2)
𝑇

0
𝑑𝑠 + ∫ [

𝑇

𝑜
𝑎2(𝑠, ∆𝑦2, 𝑧2) +

(𝑏2(𝑠)∆𝑦2, 𝑧2)Ω +
(𝑏5(𝑠)∆𝑦1, 𝑧2)Ω−(𝑏9(𝑠)∆𝑦3, 𝑧2)Ω −  

(𝑏11(𝑠)∆𝑦4, 𝑧2)𝛺]𝑑𝑠 = ∫ (𝑓2(𝑦2 +
𝑇

0

∆𝑦2), 𝑧2)Ω𝑑𝑠 −∫ (𝑓2(𝑦2), 𝑧2)Ω𝑑𝑠 +
𝑇

0

∫ (∆𝑣2, 𝑧2)Γ𝑑𝑠
𝑇

0
,                            30  

∫ (∆𝑦3𝑠, 𝑧3)
𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑠, ∆𝑦3, 𝑧3) +

(𝑏3(𝑠)∆𝑦3, 𝑧3)Ω + (𝑏9(𝑠)∆𝑦2, 𝑧3)Ω −
(𝑏6(𝑠)∆𝑦1, 𝑧3)Ω +  (𝑏15(𝑠)∆𝑦4, 𝑧3)𝛺]𝑑𝑠 =

∫ (𝑓3(𝑦3 +
𝑇

0

∆𝑦3), 𝑧3)Ω𝑑𝑠 −∫ (𝑓3(𝑦3), 𝑧3)Ω𝑑𝑠 +
𝑇

0 ∫ (∆𝑣3, 𝑧3)Γ𝑑𝑠
𝑇

0

,                                                       31 

  

∫ (∆𝑦4𝑠, 𝑧4)
𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎4(𝑠, ∆𝑦4, 𝑧4) +

(𝑏4(𝑠)∆𝑦4, 𝑧4)Ω − (𝑏7(𝑠)∆𝑦1, 𝑧4)Ω +
(𝑏11(𝑠)∆𝑦2, 𝑧4)𝛺 −  

(𝑏15(𝑠)∆𝑦3, 𝑧4)Ω]𝑑𝑠 = ∫ (𝑓4(𝑦4 +
𝑇

0

∆𝑦4), 𝑧4)Ω𝑑𝑠 −∫ (𝑓4(𝑦4), 𝑧4)Ω𝑑𝑠 +
𝑇

0 ∫ (∆𝑣4, 𝑧4)Г
𝑇

0
𝑑𝑠

,                                                                              32  

Adding Eq.29-Eq.32 together, to get: 

∫ (∆𝑦⃗⃗⃗⃗⃗⃗ 𝑠, 𝑧)
𝑇

0
𝑑𝑠 + ∫ 𝑐(𝑡, 𝑦⃗, 𝑦⃗)𝑑𝑠

𝑇

0
= ∫ (𝑓1(𝑦1 +
𝑇

0

∆𝑦1), 𝑧1)Ω𝑑𝑠 − ∫ (𝑓1(𝑦1), 𝑧1)Ω𝑑𝑠 +
𝑇

0

∫ (∆𝑣1, 𝑧1)
𝑇

0 Γ
𝑑𝑠 + ∫ (𝑓2(𝑦2 +

𝑇

0

∆𝑦2), 𝑧2)Ω𝑑𝑠 −∫ (𝑓2(𝑦2), 𝑧2)Ω𝑑𝑠 +
𝑇

0

∫ (∆𝑣2, 𝑧2)Γ𝑑𝑠
𝑇

0
+ ∫ (𝑓3(𝑦3 + ∆𝑦3), 𝑧3)Ω𝑑𝑠 −
𝑇

0
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∫ (𝑓3(𝑦3), 𝑧3)Ω𝑑𝑠 +
𝑇

0 ∫ (∆𝑣3, 𝑧3)Γ𝑑𝑠 + ∫ (𝑓4(𝑦4 +
𝑇

0

𝑇

0

∆𝑦4), 𝑧4)Ω𝑑𝑠 − ∫ (𝑓4(𝑦4), 𝑧4)Ω𝑑𝑠 +
𝑇

0 ∫ (∆𝑣4, 𝑧4)Г
𝑇

0
𝑑𝑠

.                                                                             33 

Now, from Proposition 2: 

∫ (𝑓𝑟(𝑦𝑟 + ∆𝑦𝑟), 𝑧𝑟)Ω𝑑𝑠 −
𝑇

0 ∫ (𝑓𝑟(𝑦𝑟), 𝑧𝑟)Ω𝑑𝑠 =
𝑇

0

∫ (
𝑇

0
𝑓𝑟𝑦𝑟
∆𝑦𝑟, 𝑧𝑟)𝑑𝑠 + 𝜀𝑟1(∆𝑦𝑟)‖∆𝑦𝑟‖𝑄 , 

where 𝜀𝑟1(∆𝑦𝑟) → 0 & ‖∆𝑦𝑟‖𝑄 → 0, ∀𝑟 = 1,2,3. 

Hence  

∑ [∫ (𝑓𝑟(𝑦𝑟 +
𝑇

0
4
𝑟=1

∆𝑦𝑟), 𝑧𝑟)Ω𝑑𝑠 −∫ (𝑓𝑟(𝑦𝑟), 𝑧𝑟)Ω𝑑𝑠] =
𝑇

0

∑ (∫ (𝑓𝑟𝑦𝑟
∆𝑦𝑟, 𝑧𝑟)

𝑇

0
4
𝑟=1  𝑑𝑠) + 𝜀1(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ,      34   

where ∑ 𝜀𝑟1(∆𝑦𝑟)‖∆𝑦𝑟‖𝑄
4
𝑟=1 = 𝜀1(∆𝑦⃗⃗⃗⃗⃗⃗ )‖∆𝑦⃗⃗⃗⃗⃗⃗ ‖𝑄. 

Now, substituting Eq. 33 in Eq. 34, to get: 

∫ (∆𝑦⃗⃗⃗⃗⃗⃗ 𝑠, 𝑧)
𝑇

0
𝑑𝑠 + ∫ 𝑐(𝑡, 𝑦⃗, 𝑦⃗)𝑑𝑠

𝑇

0
=

∑ (∫ (𝑓𝑟𝑦𝑟
∆𝑦𝑟, 𝑧𝑟)

𝑇

0
4
𝑟=1 𝑑𝑠) + 𝜀1(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ +

∫ (∆𝑣1, 𝑧1)Г
𝑇

0
𝑑𝑠 +  +∫ (∆𝑣2, 𝑧2)Г

𝑇

0
𝑑𝑠 +

∫ (∆𝑣3, 𝑧3)Г
𝑇

0
𝑑𝑠 + ∫ (∆𝑣4, 𝑧4)Г

𝑇

0
𝑑𝑠,                    35  

where, ‖∆𝑣⃗⃗ ⃗⃗ ⃗‖
Σ
→ 0, 𝜀1(∆𝑣⃗⃗ ⃗⃗ ⃗) → 0 . 

Substituting 𝑤𝑟 = ∆𝑦𝑟 in the Eq.25- Eq.28 resp., 

integration of both sides w.r.t. t from 0 to T, 

integration by parts the first term in the L.H.S. of 

each one of them, and finally adding all the resulting 

eqs. together, to obtain: 

∫ (∆𝑦⃗⃗⃗⃗⃗⃗ 𝑠, 𝑧)
𝑇

0
𝑑𝑠 + ∫ 𝑐(𝑡, 𝑦⃗, 𝑦⃗)𝑑𝑠

𝑇

0
=

∫ (𝑧1𝑓1𝑦1 , ∆𝑦1)Ω
𝑑𝑠 + ∫ (𝑔1𝑦1

, ∆𝑦1)
Ω

𝑇

0

𝑇

0
𝑑𝑠 +

∫ (𝑧2𝑓2𝑦2 , ∆𝑦2)Ω
𝑑𝑠

𝑇

0
+ ∫ (𝑔2𝑦2

, ∆𝑦2)
Ω

𝑇

0
𝑑𝑠 +

∫ (𝑧3𝑓3𝑦3 , ∆𝑦3)Ω
𝑑𝑠 +

𝑇

0 ∫ (𝑔3𝑦3
, ∆𝑦3)Ω

𝑇

0
𝑑𝑠 +

∫ (𝑧4𝑓4𝑦4 , ∆𝑦4)Ω𝑑𝑠 + 
𝑇

0 ∫ (𝑔4𝑦4
, ∆𝑦4)Ω𝑑𝑠

𝑇

0
           36  

Subtracting Eq. 36 from Eq. 35, to get: 

 ∫ (𝑔1𝑦1
, ∆𝑦1)

Ω

𝑇

0
𝑑𝑠 + ∫ (𝑔2𝑦2

, ∆𝑦2)
Ω

𝑇

0
𝑑𝑠 +

∫ (𝑔3𝑦3
, ∆𝑦3)Ω

𝑇

0
𝑑𝑠 + ∫ (𝑔4𝑦4

, ∆𝑦4)Ω
𝑇

0
𝑑𝑠 =

𝜀1(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ +  

∫ (∆𝑣1, 𝑧1)Г
𝑇

0
𝑑𝑠 + ∫ (∆𝑣2, 𝑧2)Г

𝑇

0
𝑑𝑠 +

∫ (∆𝑣3, 𝑧3)Г
𝑇

0
𝑑𝑠 + ∫ (∆𝑣4, 𝑧4)Г𝑑𝑠

𝑇

0
.                       37  

By the definition of the Fréchet derivative and 

Theorem 4, one has: 

𝐺(𝑣⃗ + ∆𝑣⃗⃗ ⃗⃗ ⃗) − 𝐺(𝑣⃗) = ∑ ∫ 𝑔𝑟𝑦𝑟
∆𝑦𝑟 𝑑𝜒𝑑𝑠

 

𝑄
+4

𝑟=1

∑ ∫ 𝑘𝑟𝑣𝑟
∆𝑣𝑟 𝑑𝜎

 

Σ
4
𝑟=1  +𝜀4(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ,                    38 

where 𝜀4(∆𝑣⃗⃗ ⃗⃗ ⃗) = (𝜀2 + 𝜀3)(∆𝑣⃗⃗ ⃗⃗ ⃗) → 0 and ‖∆𝑣⃗⃗ ⃗⃗ ⃗‖
Σ
→

0 .                                   

Now, substituting Eq.37 in Eq.38, to get:   

𝐺(𝑣⃗ + ∆𝑣⃗⃗ ⃗⃗ ⃗) − 𝐺(𝑣⃗) =

∑ ∫ (∆𝑣𝑟, 𝑧𝑟) 𝑑𝜎 +Σ
4
𝑟=1 ∑ ∫ 𝑘𝑟𝑣𝑟

∆𝑣𝑟 𝑑𝜎
 

Σ
4
𝑟=1  

+𝜀4(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ . 

Since the Fréchet derivative of G is 𝐺(𝑣⃗ + ∆𝑣⃗⃗ ⃗⃗ ⃗) −

𝐺(𝑣⃗) = (𝐺′(𝑣⃗), ∆𝑣⃗⃗ ⃗⃗ ⃗) + 𝜀4(∆𝑣⃗⃗ ⃗⃗ ⃗)‖∆𝑣⃗⃗ ⃗⃗ ⃗‖Σ,  then 

𝐺′(𝑣⃗)∆𝑣⃗⃗ ⃗⃗ ⃗ =

∫

 
 
 
 

(

 
 

𝑧1 + 𝑘1𝑣1
𝑧2 + 𝑘2𝑣2
𝑧3 + 𝑘3𝑣3
𝑧4 + 𝑘4𝑣4)

 
 

Σ

. (

∆𝑣1
∆𝑣2
∆𝑣3
∆𝑣4

)𝑑𝜎. 

Theorem 8: If 𝑣⃗ ∈ 𝑊⃗⃗⃗⃗𝐴 is a quaternary continuous 

classical boundary optimal control vector, then there 

exist 𝜆𝑙 ∈ ℝ, 𝑙 = 0,1,2, with 𝜆0, 𝜆2 ≥ 0, ∑ |𝜆𝑙|
2
𝑙=0 =

1 , s.t. the following conditions are satisfied  

∑ 𝜆𝑙𝐺𝑙
′(𝑣⃗)(𝑣′⃗⃗ ⃗⃗ − 𝑣⃗) ≥ 02

𝑙=0 , 𝑣′⃗⃗ ⃗⃗ ∈ 𝑊⃗⃗⃗⃗ ,                    39  

 𝜆2𝐺2(𝑣⃗) = 0.                                                        40  

Moreover (35) is equivalent to  

𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗)𝑣⃗ = min
𝑣′⃗⃗⃗⃗⃗∈𝑉
𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗)𝑣

′⃗⃗ ⃗⃗ , on Σ. 41  

Proof: Since  𝐺𝑙(𝑣⃗) and 𝐺𝑙
′(𝑣⃗) are continuous and 

linear w.r.t.(𝑣′⃗⃗ ⃗⃗ − 𝑣⃗), then 𝐺𝑙(𝑣⃗) is 𝜌- differentiable 

at 𝑣⃗ ∈ 𝑈⃗⃗⃗, ∀𝜌  and then by theorem 2, there exist 𝜆𝑙 ∈
ℝ, for 𝑙 = 0,1,2 with𝜆0, 𝜆2 ≥ 0  and ∑ |𝜆𝑙|

2
𝑙=0 = 1, 

s.t Eq.39 and Eq.41 hold, i.e. 

∑ 𝜆𝑙𝐺𝑙
′(𝑣⃗)(𝑣′⃗⃗ ⃗⃗ − 𝑣⃗) ≥ 02

𝑙=0 , 𝑣′⃗⃗ ⃗⃗ ∈ 𝑈⃗⃗⃗ .                     42  

Applying Theorem 7, setting ∆𝑣⃗⃗ ⃗⃗ ⃗ = (𝑣′⃗⃗ ⃗⃗ − 𝑣⃗), then 

from Eq.42, one has  

∑ ∑ ∫ 𝜆𝑙 (𝑧𝑙𝑟 + 𝑘𝑙𝑟𝑣𝑟) (𝑣𝑟
′ − 𝑣𝑟) 𝑑𝜎 ≥ 0

 

Σ
4
𝑟=1

2
𝑙=0  . 
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Let 𝑧𝑟 = ∑ 𝜆𝑙𝑧𝑙𝑟
2
𝑙=0   and  𝑘𝑟𝑢𝑟 =

∑ 𝜆𝑙𝑘𝑙𝑟𝑣𝑟
2
𝑙=0 , ∀𝑟 =

1,2,3,4, then  

∫ 𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗) ∙ ∆𝑣⃗⃗ ⃗⃗ ⃗ 𝑑𝜎 ≥ 0Σ
 .                           43      

To prove Eq.43 is equivalent to Eq.41, let {𝑣𝑘
′⃗⃗⃗⃗⃗} be a 

dense sequence in 𝑈⃗⃗⃗𝐴, 𝜇 be the Lebesgue measure on 

Σ and let 𝑆 ⊂ Σ be a subset, s.t  

𝑣′⃗⃗ ⃗⃗ (𝜒, 𝑠) = {
𝑣⃗𝑘(𝜒, 𝑠)     , 𝑖𝑓(𝜒, 𝑠) ∈ 𝑆

𝑣⃗(𝜒, 𝑠)       , 𝑖𝑓(𝜒, 𝑠) ∉ 𝑆
 . 

Therefore (43) becomes: 

∫ 𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗) ∙ (𝑣⃗𝑘 − 𝑣⃗)𝑑𝜎 ≥ 0S
 . 

From Theorem 1, one obtains that:  

 𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗) ∙ (𝑣⃗𝑘 − 𝑣⃗) ≥ 0 , in Σ and then in 

𝑃 =∩𝑘 𝑃𝑘, with 𝑃𝑘 = Σ − 𝛴𝑘 and 𝜇(𝛴𝑘) = 0,∀𝑘, but 

𝑃 is independent on 𝑘, hence 𝜇(Σ − P) =

𝜇(∪𝑘 𝛴𝑘) = 0, but {𝑣𝑘
′⃗⃗⃗⃗⃗} is dense in 𝑈⃗⃗⃗𝐴, so the above 

inequality becomes 

𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗) ∙ (𝑣
′⃗⃗ ⃗⃗ − 𝑣⃗) ≥ 0, ∀𝑣′⃗⃗ ⃗⃗ ∈  𝑈⃗⃗⃗𝐴 , a.e. in Σ,  

⇛ 𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗)𝑣⃗ = min
𝑣′⃗⃗⃗⃗⃗∈𝑉
𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗)𝑣

′⃗⃗ ⃗⃗ ,on Σ. 

The converse is obtained directly.  

Theorem 9: Suppose for each 𝑟 = 1,2,3,4 that 𝑓𝑟, 
𝑔1𝑟 are affine w.r.t. 𝑦𝑟 ,∀(𝜒, 𝑠) ∈ 𝑄,  𝑘1𝑟 is affine 

w.r.t. 𝑣𝑟, ∀(𝜒, 𝑠) ∈ Σ and the functions 𝑔0𝑟, 𝑔2𝑟 are 

convex w.r.t. 𝑦𝑟, ∀(𝜒, 𝑠) ∈ 𝑄, the functions 𝑘0𝑟, 𝑘2𝑟 
are continuous w.r.t. 𝑣𝑟, ∀(𝜒, 𝑠) ∈ Σ. Then the 

necessary conditions in Theorem 6 with 𝜆0 > 0 are 

sufficient. 

Proof: Suppose 𝑣⃗ ∈ 𝑈⃗⃗⃗𝐴 and satisfies the following 

conditions: 

∫ 𝐻𝑣⃗⃗(𝜒, 𝑠, 𝑦⃗, 𝑧, 𝑣⃗) ∙ ∆𝑣⃗⃗ ⃗⃗ ⃗ 𝑑𝜎 ≥ 0Σ
, ∀𝑣′⃗⃗ ⃗⃗ ∈ 𝑈⃗⃗⃗𝐴,                                                

𝜆2𝐺2(𝑣⃗) = 0 . 

Let 𝐺(𝑣⃗) = ∑ 𝜆𝑙𝐺𝑙(𝑣⃗)
2
𝑙=0 , then from Theorem 7, one 

has  

𝐺′(𝑣⃗) ∙ ∆𝑣⃗⃗ ⃗⃗ ⃗ = ∑ 𝜆𝑙𝐺𝑙
′(𝑣⃗)2

𝑙=0 ∙ ∆𝑣⃗⃗ ⃗⃗ ⃗ =

∑ ∑ ∫ 𝜆𝑙 (𝑧𝑙𝑟 + 𝑘𝑙𝑟𝑣𝑟)∆𝑣𝑟 𝑑𝜎
 

Σ
4
𝑟=1

2
𝑙=0 .                                                       

Since the functions 𝑓𝑟 (in the R.H.S. of the Eq.1- 

Eq.4) are affine, then 

𝑓𝑟(𝜒, 𝑠, 𝑦𝑟) = 𝑓𝑟1(𝜒, 𝑠)𝑦𝑟 + 𝑓𝑟2(𝜒, 𝑠), ∀𝑟 = 1,2,3,4. 

Let 𝑣⃗ and 𝑣⃗̅ be two quaternary continuous classical 

boundary control vectors, then 𝑦⃗ = 𝑦⃗𝑣⃗⃗ and 𝑦⃗̅ = 𝑦⃗̅𝑣⃗⃗̅ 
are their corresponding quaternary vector state 

solutions (by Theorem3), i.e., from the first eq. for 

𝑦1, one has: 

𝑦1𝑠 − ∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎1𝑖𝑗

𝜕𝑦1

𝜕𝜒𝑗
) + 𝑏1𝑦1 − 𝑏5𝑦2 + 𝑏6𝑦3 +

𝑏7𝑦4 = 𝑓11𝑦1 + 𝑓12, in   Q ,                                   44  

𝑦1(𝜒, 0) = 𝑦1
0(𝜒), on Ω ,                                       45  

∑ 𝑎1𝑖𝑗
2
𝑖,𝑗=1

𝜕𝑦1

𝜕𝜒𝑗
cos(𝑛1, 𝜒𝑖) = 𝑣1(𝜒, 𝑠), on Σ ,        46  

and  

𝑦̅1𝑠 − ∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎1𝑖𝑗

𝜕𝑦̅1

𝜕𝜒𝑗
) + 𝑏1𝑦̅1 − 𝑏5𝑦̅2 + 𝑏6𝑦̅3 +

𝑏7𝑦̅4 = 𝑓11𝑦̅1 + 𝑓12,  in   Q ,                                 47 

𝑦̅1(𝜒, 0) = 𝑦1
0(𝜒), on Ω,                                       48 

∑ 𝑎1𝑖𝑗
2
𝑖,𝑗=1

𝜕𝑦̅1

𝜕𝜒𝑗
cos(𝑛1, 𝜒𝑖) = 𝑣̅1(𝜒, 𝑠), on Σ .        49  

By multiplying Eq.44- Eq.46 by 𝜃 ∈ [0,1] and 

Eq.47- Eq.49 by (1 − 𝜃), resp. and then adding each 

pair of the obtained eqs. together, to get: 

(𝜃𝑦1 + (1 − 𝜃)𝑦̅1)𝑠 −

∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎1𝑖𝑗

𝜕(𝜃𝑦1+(1−𝜃)𝑦̅1)

𝜕𝜒𝑗
) + 𝑏1(𝜃𝑦1 + (1 −

𝜃)𝑦̅1) − 𝑏5(𝜃𝑦2 + (1 − 𝜃)𝑦̅2) + 𝑏6(𝜃𝑦3 + (1 −
𝜃)𝑦̅3) + 𝑏7(𝜃𝑦4 + (1 − 𝜃)𝑦̅4) = 𝑓11(𝜃𝑦1 + (1 −
𝜃)𝑦̅1) + 𝑓12,                      50 

𝜃𝑦1(𝜒, 0) + (1 − 𝜃)𝑦̅1(𝜒, 0) = 𝑦1
0,                     51 

∑ 𝑎1𝑖𝑗
2
𝑖,𝑗=1

𝜕(𝜃𝑦1+(1−𝜃)𝑦̅1)

𝜕𝜒𝑗
cos(𝑛1, 𝜒𝑖) = 𝜃𝑣1 + (1 −

𝜃)𝑣̅1 ,                                                          52  

For the remainder eqs. , the above same way can be 

used to get that: 

(𝜃𝑦2 + (1 − 𝜃)𝑦̅2)𝑠 −

∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎2𝑖𝑗

𝜕(𝜃𝑦2+(1−𝜃)𝑦̅2)

𝜕𝜒𝑗
) + 𝑏2(𝜃𝑦2 + (1 −

𝜃)𝑦̅2) + 𝑏5(𝜃𝑦1 + (1 − 𝜃)𝑦̅1) − 𝑏9(𝜃𝑦3 + (1 −
𝜃)𝑦̅3) − 𝑏11(𝜃𝑦4 + (1 − 𝜃)𝑦̅4) = 𝑓21(𝜃𝑦1 + (1 −
𝜃)𝑦̅1) + 𝑓22 ,                                              53  

(𝜃𝑦3 + (1 − 𝜃)𝑦̅3)𝑠 −

∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎3𝑖𝑗

𝜕(𝜃𝑦3+(1−𝜃)𝑦̅3)

𝜕𝜒𝑗
) + 𝑏3(𝜃𝑦3 + (1 −

𝜃)𝑦̅3) + 𝑏9(𝜃𝑦2 + (1 − 𝜃)𝑦̅2) − 𝑏6(𝜃𝑦1 + (1 −
𝜃)𝑦̅1) + 𝑏15(𝜃𝑦4 + (1 − 𝜃)𝑦̅4) = 𝑓31(𝜃𝑦1 + (1 −
𝜃)𝑦̅1) + 𝑓32,                                               54  
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(𝜃𝑦4 + (1 − 𝜃)𝑦̅4)𝑠 −

∑
𝜕

𝜕𝜒𝑖

2
𝑖,𝑗=1 (𝑎4𝑖𝑗

𝜕(𝜃𝑦3+(1−𝜃)𝑦̅3)

𝜕𝜒𝑗
) + 𝑏4(𝜃𝑦4 + (1 −

𝜃)𝑦̅4) − 𝑏7(𝜃𝑦1 + (1 − 𝜃)𝑦̅1) + 𝑏11(𝜃𝑦2 + (1 −
𝜃)𝑦̅2) − 𝑏15(𝜃𝑦3 + (1 − 𝜃)𝑦̅3) = 𝑓41(𝜃𝑦1 + (1 −
𝜃)𝑦̅1) + 𝑓42 ,              55  

𝜃𝑦𝑟(𝜒, 0) + (1 − 𝜃)𝑦̅𝑟(𝜒, 0) = 𝑦𝑟
0(𝜒), for 𝑟 =

2,3,4,                           56 

∑ 𝑎𝑟𝑖𝑗
2
𝑖,𝑗=1

𝜕(𝜃𝑦𝑟+(1−𝜃)𝑦̅𝑟)

𝜕𝜒𝑗
cos(𝑛𝑟, 𝜒𝑖) = 𝜃𝑣𝑟 + (1 −

𝜃)𝑣̅𝑟 , for 𝑟 = 2,3,4,                             57 

From Eq.50- Eq.57, one gets that the quaternary 

continuous classical boundary control vector 𝑣⃗̃ =

𝜃𝑣⃗ + (1 − 𝜃)𝑣⃗̅ has the corresponding quaternary 

state vector  𝑦̃⃗⃗⃗ ⃗ = 𝜃𝑦⃗ + (1 − 𝜃)𝑦⃗̅. 

Thus 𝑣⃗ → 𝑦⃗𝑣⃗⃗ is convex- linear w.r.t. (𝑦⃗, 𝑣⃗) for each 

(𝜒, 𝑠) ∈ 𝑄. 

Also, since 

 𝑔1𝑟(𝜒, 𝑠, 𝑦𝑟) = 𝐼1𝑟(𝜒, 𝑠)𝑦𝑟 +
𝐼2𝑟(𝜒, 𝑠), 𝑘1𝑟(𝜒, 𝑠, 𝑦𝑟) = 𝐼1𝑟(𝜒, 𝑠)𝑣𝑟 + 𝐼2𝑟(𝜒, 𝑠). 

Then for the two quaternary continuous classical 

boundary controls vectors 𝑣⃗ and 𝑣⃗̅  and their 

corresponding quaternary vector state 𝑦⃗ = 𝑦⃗𝑣⃗⃗ and 

𝑦⃗̅ = 𝑦⃗̅𝑣⃗⃗̅, one obtains  

𝐺1(𝜃𝑣⃗ + (1 − 𝜃)𝑣⃗̅) = ∑ ∫ 𝑔1𝑟(𝜒, 𝑠, 𝜃𝑦𝑟 + (1 −Q
4
𝑟=1

𝜃)𝑦𝑟̅)𝑑𝜒𝑑𝑠 +∑ ∫ 𝑘1𝑟(𝜒, 𝑠, 𝜃𝑣𝑟 + (1 −Σ
4
𝑟=1

𝜃)𝑣𝑟̅) 𝑑𝜎. Since the operator 𝑣⃗ → 𝑦⃗𝑢⃗⃗⃗ is convex 

linear, then: 

𝐺1(𝜃𝑣⃗ + (1 − 𝜃)𝑣⃗̅) = ∑ ∫ 𝐼1𝑟(𝜒, 𝑠)( 𝜃𝑦𝑟 +Q
4
𝑟=1

(1 − 𝜃)𝑦𝑟̅) + 𝐼2𝑟(𝜒, 𝑠)𝑑𝜒𝑑𝑠 +     

                                     

∑ ∫ 𝐼1𝑟(𝜒, 𝑠)( 𝜃𝑣𝑟 +Σ
4
𝑟=1 (1 − 𝜃)𝑣𝑟̅) + 𝐼2𝑟(𝜒, 𝑠) 𝑑𝜎 ,        

 = 𝜃𝐺1(𝑣⃗) + (1 − 𝜃)𝐺1(𝑣⃗̅), 

i.e., 𝐺1(𝑢⃗⃗) is convex- linear w.r.t. (𝑦⃗, 𝑣⃗).  

From the hypotheses on the functions 𝑔0𝑟 ,𝑔2𝑟 
(ℎ0𝑟,ℎ2𝑟) ∀𝑟 = 1,2,3,4, one gets that the integrals   

∑ ∫ 𝑔0𝑟 𝑑𝑥𝑑𝑡Q
4
𝑟=1 ,∑ ∫ 𝑔2𝑟 𝑑𝑥𝑑𝑡Q

4
𝑟=1  

(∑ ∫ 𝑘0𝑟 𝑑𝜎Σ
 4

𝑟=1  and ∑ ∫ ℎ2𝑟 𝑑𝜎Σ
4
𝑟=1 ) are convex 

w.r.t. 𝑦⃗(w.r.t. 𝑣⃗) , which gives 𝐺0(𝑣⃗) and  𝐺2(𝑣⃗)  are 

convex w.r.t. (𝑦⃗, 𝑣⃗), and hence 𝐺(𝑣⃗) is convex w.r.t. 

(𝑦⃗, 𝑣⃗).   

On the other hand, from Theorem 8 and Proposition 

2, the following is satisfied  

𝐺′(𝑣⃗) ∙ ∆𝑣⃗⃗ ⃗⃗ ⃗ ≥ 0, which means 𝐺(𝑣⃗) has a minimum 

at 𝑣⃗, i.e.  

∑ 𝜆𝑙𝐺𝑙(𝑣⃗)
2
𝑙=0 ≤ ∑ 𝜆𝑙𝐺𝑙(𝑣⃗̅)

2
𝑙=0 .                           58 

Let 𝑣⃗̅ ∈ 𝑈⃗⃗⃗𝐴 with 𝜆2 ≥ 0, then from Eq.40 and Eq.58: 

𝜆0𝐺0(𝑣⃗) ≤ 𝜆0𝐺0(𝑣⃗̅) ⇒ 𝐺0(𝑣⃗) ≤ 𝐺0(𝑣⃗̅), ∀𝑣⃗̅ ∈

𝑈⃗⃗⃗𝐴 & (𝜆0 > 0). 

Hence  𝑣⃗ is a quaternary continuous classical 

boundary optimal control vector.

Conclusion 

In this paper, the quaternary continuous classical 

boundary optimal control vector dominated by the 

quaternary nonlinear parabolic boundary value 

problem with state constraints is proposed. The 

existence theorem for a quaternary continuous 

classical boundary optimal control vector with 

equality and inequality constraints is stated and 

demonstrated under suitable hypotheses. The 

mathematical formulation of the adjoint quaternary 

eqs. associated with the quaternary nonlinear 

parabolic state eqs. is discovered. The Fréchet 

derivative for the objective function and the state 

constraints functions are obtained. Finally, under 

suitable hypotheses both the necessary (conditions) 

theorem and the sufficient (conditions) theorem for 

optimality of the quaternary continuous classical 

boundary optimal control vector problem are stated 

and demonstrated. 

The future scope of this paper is very interesting in 

the field of applied mathematics since the proposed 

model represents a generalization for the heat eq. 

Furthermore, it represents multi objectives problems 

which have many applications. On the other hand the 

results are very important because they give the 

green light for the ability to solve such problems 

numerically.  
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قابلية الحل للسيطرة الامثلية الحدودية الرباعية المستمرة التقليدية المسيطر بالنظام الرباعي 

 المكافيء

 فتان جعفر  ناجي  ،جميل امير علي الهواسي

 .العراق بغداد، ،المستنصرية جامعةال العلوم، كليةقسم الرياضيات، 

 

 ةالخلاص

البحث هو دراسة قابلية الحل لمتجه السيطرة الامثلية الحدودية الرباعية التقليدية المستمرة المسيطرة بمسالة القيم الحدودية  االهدف من هذ

تم ذكر وإثبات مبرهنة الوجود لمتجه السيطرة الامثلية الحدودية التقليدية المستمرة الرباعية  مع . الغير خطية المكافئة بوجود قيود الحالة

تم ايجاد الصيغة الرياضية لمسالة القيم الحدودية الرباعية المرافقة والمصاحبة  . لتساوي والتباين للحالة وبوجود شروط ملائمةقيدي ا

اسبة تم ذكر شروط من بوجود. لمسالة القيم الحدودية الرباعية الغير خطية المكافئة . تم ايجاد مشتقة فريشيه لدالة الكلفة ولدوال القيود

 .مبرهنتي الشروط الضرورية والشروط الكافية لوجود متجهة السيطرة الامثلية الحدودية الرباعية المستمرة التقليدية نص واثبات

لقطع المكافئ انظام  المقيدة، الشروط الضرورية المثلى، السيطرة الامثلية الحدودية الرباعية متجه ،مرافقةالمعادلات ال الكلمات المفتاحية:

 .مشتقة فريشيه الشروط المثلى الكافية،، الخطيالرباعي غير 
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